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“True Laws of Nature cannot be linear.”
“The search for truth is more precious than its possession.”

“Everything should be made as simple as possible, but not a bit sim-
pler.”

Albert Einstein

“No human investigation can be called real science if it cannot be demon-
strated mathematically.”

Leonardo Da Vinci

“First causes are not known to us, but they are subjected to simple
and constant laws that can be studied by observation and whose study is
the goal of Natural Philosophy ... Heat penetrates, as does gravity, all the
substances of the universe; its rays occupy all regions of space. The aim of
our work is to expose the mathematical laws that this element follows ... The
differential equations for the propagation of heat express the most general
conditions and reduce physical questions to problems in pure Analysis that
is properly the object of the theory.”

James Clerk Maxwell

“One of the properties inherent in mathematics is that any real progress
is accompanied by the discovery and development of new methods and sim-
plifications of previous procedures ... The unified character of mathematics
lies in its very nature; indeed, mathematics is the foundation of all exact
natural sciences.”

David Hilbert

“ ... partial differential equations are the basis of all physical theorems.
In the theory of sound in gases, liquid and solids, in the investigations
of elasticity, in optics, everywhere partial differential equations formulate
basic laws of nature which can be checked against experiments.”

Bernhard Riemann
“The effective numerical treatment of partial differential equations is
not a handicraft, but an art.”

Folklore

“The advantage of the principle of least action is that in one and the
same equation it relates the quantities that are immediately relevant not
only to mechanics but also to electrodynamics and thermodynamics; these
quantities are space, time and potential.”

Max Planck



“The thorough study of nature is the most ground for mathematical
discoveries.”

“The equations for the flow of heat as well as those for the oscillations of
acoustic bodies and of fluids belong to an area of analysis which has recently
been opened, and which is worth examining in the greatest detail.”

Joseph Fourier

“Of all the mathematical disciplines, the theory of differential equation
is the most important. All branches of physics pose problems which can be
reduced to the integration of differential equations. More generally, the way
of explaining all natural phenomena which depend on time is given by the
theory of differential equations.”

Sophus Lie

“Differential equations form the basis for the scientific view of the
world.”

V.I. Arnold

“What we know is not much. What we do not know is immense.”

“The algebraic analysis soon makes us forget the main object [of our
research| by focusing our attention on abstract combinations and it is only
at the end that we return to the original objective. But in abandoning one-
self to the operations of analysis, one is led to the generality of this method
and the inestimable advantage of transforming the reasoning by mechanical
procedures to results often inaccessible by geometry ... No other language
has the capacity for the elegance that arises from a long sequence of ex-
pressions linked one to the other and all stemming from one fundamental
idea.”

“It is India that gave us the ingenious method of expressing all numbers
by ten symbols, each symbol receiving a value of position, as well as an
absolute value. We shall appreciate the grandeur of the achievement when
we remember that it escaped the genius of Archimedes and Appolonius.”

P.S. Laplace
“The mathematician’s best work is art, a high perfect art, as daring

as the most secret dreams of imagination, clear and limpid. Mathematical
genius and artistic genius touch one another.”

Gosta Mittag-Leffler
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Preface to the Fourth Edition

“A teacher can never truly teach unless he is still learning himself. A lamp
can never light another lamp unless it continues to burn its own flame. The
teacher who has come to the end of his subject, who has no living traffic
with his knowledge but merely repeats his lessons to his students, can only
load their minds; he cannot quicken them.”

Rabindranath Tagore
An Indian Poet
1913 Nobel Prize Winner for Literature

The previous three editions of our book were very well received and used
as a senior undergraduate or graduate-level text and research reference in
the United States and abroad for many years. We received many comments
and suggestions from many students, faculty and researchers around the
world. These comments and criticisms have been very helpful, beneficial,
and encouraging. This fourth edition is the result of the input.

Another reason for adding this fourth edition to the literature is the fact
that there have been major discoveries of new ideas, results and methods
for the solution of linear and nonlinear partial differential equations in the
second half of the twentieth century. It is becoming even more desirable for
mathematicians, scientists and engineers to pursue study and research on
these topics. So what has changed, and will continue to change is the nature
of the topics that are of interest in mathematics, applied mathematics,
physics and engineering, the evolution of books such is this one is a history
of these shifting concerns.

This new and revised edition preserves the basic content and style of the
third edition published in 1989. As with the previous editions, this book has
been revised primarily as a comprehensive text for senior undergraduates
or beginning graduate students and a research reference for professionals in
mathematics, science and engineering, and other applied sciences. The main
goal of the book is to develop required analytical skills on the part of the
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reader, rather than to focus on the importance of more abstract formulation,
with full mathematical rigor. Indeed, our major emphasis is to provide
an accessible working knowledge of the analytical and numerical methods
with proofs required in mathematics, applied mathematics, physics, and
engineering. The revised edition was greatly influenced by the statements
that Lord Rayleigh and Richard Feynman made as follows:

“In the mathematical investigation I have usually employed such meth-
ods as present themselves naturally to a physicist. The pure mathematician
will complain, and (it must be confessed) sometimes with justice, of defi-
cient rigor. But to this question there are two sides. For, however important
it may be to maintain a uniformly high standard in pure mathematics, the
physicist may occasionally do well to rest content with arguments, which
are fairly satisfactory and conclusive from his point of view. To his mind,
exercised in a different order of ideas, the more severe procedure of the pure
mathematician may appear not more but less demonstrative. And further,
in many cases of difficulty to insist upon highest standard would mean
the exclusion of the subject altogether in view of the space that would be
required.”

Lord Rayleigh

“... However, the emphasis should be somewhat more on how to do the
mathematics quickly and easily, and what formulas are true, rather than
the mathematicians’ interest in methods of rigorous proof.”

Richard P. Feynman

We have made many additions and changes in order to modernize the
contents and to improve the clarity of the previous edition. We have also
taken advantage of this new edition to correct typographical errors, and to
update the bibliography, to include additional topics, examples of applica-
tions, exercises, comments and observations, and in some cases, to entirely
rewrite and reorganize many sections. This is plenty of material in the book
for a year-long course. Some of the material need not be covered in a course
work and can be left for the readers to study on their own in order to prepare
them for further study and research. This edition contains a collection of
over 900 worked examples and exercises with answers and hints to selected
exercises. Some of the major changes and additions include the following;:

1. Chapter 1 on Introduction has been completely revised and a new sec-
tion on historical comments was added to provide information about
the historical developments of the subject. These changes have been
made to provide the reader to see the direction in which the subject
has developed and find those contributed to its developments.

2. A new Chapter 2 on first-order, quasi-linear, and linear partial differ-
ential equations, and method of characteristics has been added with
many new examples and exercises.
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Two sections on conservation laws, Burgers’ equation, the Schrodinger
and the Korteweg-de Vries equations have been included in Chapter 3.
Chapter 6 on Fourier series and integrals with applications has been
completely revised and new material added, including a proof of the
pointwise convergence theorem.

A new section on fractional partial differential equations has been added
to Chapter 12 with many new examples of applications.

A new section on the Lax pair and the Zakharov and Shabat Scheme
has been added to Chapter 13 to modernize its contents.

Some sections of Chapter 14 have been revised and a new short section
on the finite element method has been added to this chapter.

A new Chapter 15 on tables of integral transforms has been added in
order to make the book self-contained.

The whole section on Answers and Hints to Selected Exercises has been
expanded to provide additional help to students. All figures have been
redrawn and many new figures have been added for a clear understand-
ing of physical explanations.

An Appendix on special functions and their properties has been ex-
panded.

Some of the highlights in this edition include the following:

The book offers a detailed and clear explanation of every concept and
method that is introduced, accompanied by carefully selected worked
examples, with special emphasis given to those topics in which students
experience difficulty.

A wide variety of modern examples of applications has been selected
from areas of integral and ordinary differential equations, generalized
functions and partial differential equations, quantum mechanics, fluid
dynamics and solid mechanics, calculus of variations, linear and nonlin-
ear stability analysis.

The book is organized with sufficient flexibility to enable instructors to
select chapters appropriate for courses of differing lengths, emphases,
and levels of difficulty.

A wide spectrum of exercises has been carefully chosen and included at
the end of each chapter so the reader may further develop both rigorous
skills in the theory and applications of partial differential equations and
a deeper insight into the subject.

Many new research papers and standard books have been added to the
bibliography to stimulate new interest in future study and research.
Index of the book has also been completely revised in order to include
a wide variety of topics.

The book provides information that puts the reader at the forefront of
current research.

With the improvements and many challenging worked-out problems and
exercises, we hope this edition will continue to be a useful textbook for
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students as well as a research reference for professionals in mathematics,
applied mathematics, physics and engineering.

It is our pleasure to express our grateful thanks to many friends, col-
leagues, and students around the world who offered their suggestions and
help at various stages of the preparation of the book. We offer special
thanks to Dr. Andras Balogh, Mr. Kanadpriya Basu, and Dr. Dambaru
Bhatta for drawing all figures, and to Mrs. Veronica Martinez for typing
the manuscript with constant changes and revisions. In spite of the best
efforts of everyone involved, some typographical errors doubtless remain.
Finally, we wish to express our special thanks to Tom Grasso and the staff
of Birkh&user Boston for their help and cooperation.

Tyn Myint-U
Lokenath Debnath



Preface to the Third Edition

The theory of partial differential equations has long been one of the most
important fields in mathematics. This is essentially due to the frequent
occurrence and the wide range of applications of partial differential equa-
tions in many branches of physics, engineering, and other sciences. With
much interest and great demand for theory and applications in diverse ar-
eas of science and engineering, several excellent books on PDEs have been
published. This book is written to present an approach based mainly on
the mathematics, physics, and engineering problems and their solutions,
and also to construct a course appropriate for all students of mathemati-
cal, physical, and engineering sciences. Our primary objective, therefore, is
not concerned with an elegant exposition of general theory, but rather to
provide students with the fundamental concepts, the underlying principles,
a wide range of applications, and various methods of solution of partial
differential equations.

This book, a revised and expanded version of the second edition pub-
lished in 1980, was written for a one-semester course in the theory and appli-
cations of partial differential equations. It has been used by advanced under-
graduate or beginning graduate students in applied mathematics, physics,
engineering, and other applied sciences. The prerequisite for its study is a
standard calculus sequence with elementary ordinary differential equations.
This revised edition is in part based on lectures given by Tyn Myint-U at
Manhattan College and by Lokenath Debnath at the University of Central
Florida. This revision preserves the basic content and style of the earlier
editions, which were written by Tyn Myint-U alone. However, the authors
have made some major additions and changes in this third edition in order
to modernize the contents and to improve clarity. Two new chapters added
are on nonlinear PDEs, and on numerical and approximation methods. New
material emphasizing applications has been inserted. New examples and ex-
ercises have been provided. Many physical interpretations of mathematical
solutions have been added. Also, the authors have improved the exposition
by reorganizing some material and by making examples, exercises, and ap-
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plications more prominent in the text. These additions and changes have
been made with the student uppermost in mind.

The first chapter gives an introduction to partial differential equations.
The second chapter deals with the mathematical models representing phys-
ical and engineering problems that yield the three basic types of PDEs.
Included are only important equations of most common interest in physics
and engineering. The third chapter constitutes an account of the classifi-
cation of linear PDEs of second order in two independent variables into
hyperbolic, parabolic, and elliptic types and, in addition, illustrates the de-
termination of the general solution for a class of relatively simple equations.

Cauchy’s problem, the Goursat problem, and the initial boundary-value
problems involving hyperbolic equations of the second order are presented in
Chapter 4. Special attention is given to the physical significance of solutions
and the methods of solution of the wave equation in Cartesian, spherical
polar, and cylindrical polar coordinates. The fifth chapter contains a fuller
treatment of Fourier series and integrals essential for the study of PDEs.
Also included are proofs of several important theorems concerning Fourier
series and integrals.

Separation of variables is one of the simplest methods, and the most
widely used method, for solving PDEs. The basic concept and separability
conditions necessary for its application are discussed in the sixth chap-
ter. This is followed by some well-known problems of applied mathematics,
mathematical physics, and engineering sciences along with a detailed anal-
ysis of each problem. Special emphasis is also given to the existence and
uniqueness of the solutions and to the fundamental similarities and differ-
ences in the properties of the solutions to the various PDEs. In Chapter
7, self-adjoint eigenvalue problems are treated in depth, building on their
introduction in the preceding chapter. In addition, Green’s function and its
applications to eigenvalue problems and boundary-value problems for or-
dinary differential equations are presented. Following the general theory of
eigenvalues and eigenfunctions, the most common special functions, includ-
ing the Bessel, Legendre, and Hermite functions, are discussed as exam-
ples of the major role of special functions in the physical and engineering
sciences. Applications to heat conduction problems and the Schrédinger
equation for the linear harmonic oscillator are also included.

Boundary-value problems and the maximum principle are described in
Chapter 8, and emphasis is placed on the existence, uniqueness, and well-
posedness of solutions. Higher-dimensional boundary-value problems and
the method of eigenfunction expansion are treated in the ninth chapter,
which also includes several applications to the vibrating membrane, waves
in three dimensions, heat conduction in a rectangular volume, the three-
dimensional Schrodinger equation in a central field of force, and the hydro-
gen atom. Chapter 10 deals with the basic concepts and construction of
Green’s function and its application to boundary-value problems.
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Chapter 11 provides an introduction to the use of integral transform
methods and their applications to numerous problems in applied mathe-
matics, mathematical physics, and engineering sciences. The fundamental
properties and the techniques of Fourier, Laplace, Hankel, and Mellin trans-
forms are discussed in some detail. Applications to problems concerning
heat flows, fluid flows, elastic waves, current and potential electric trans-
mission lines are included in this chapter.

Chapters 12 and 13 are entirely new. First-order and second-order non-
linear PDEs are covered in Chapter 12. Most of the contents of this chapter
have been developed during the last twenty-five years. Several new nonlinear
PDEs including the one-dimensional nonlinear wave equation, Whitham’s
equation, Burgers’ equation, the Korteweg—de Vries equation, and the non-
linear Schrédinger equation are solved. The solutions of these equations are
then discussed with physical significance. Special emphasis is given to the
fundamental similarities and differences in the properties of the solutions
to the corresponding linear and nonlinear equations under consideration.

The final chapter is devoted to the major numerical and approximation
methods for finding solutions of PDEs. A fairly detailed treatment of ex-
plicit and implicit finite difference methods is given with applications The
variational method and the Euler-Lagrange equations are described with
many applications. Also included are the Rayleigh—Ritz, the Galerkin, and
the Kantorovich methods of approximation with many illustrations and
applications.

This new edition contains almost four hundred examples and exercises,
which are either directly associated with applications or phrased in terms
of the physical and engineering contexts in which they arise. The exercises
truly complement the text, and answers to most exercises are provided at
the end of the book. The Appendix has been expanded to include some basic
properties of the Gamma function and the tables of Fourier, Laplace, and
Hankel transforms. For students wishing to know more about the subject
or to have further insight into the subject matter, important references are
listed in the Bibliography.

The chapters on mathematical models, Fourier series and integrals, and
eigenvalue problems are self-contained, so these chapters can be omitted for
those students who have prior knowledge of the subject.

An attempt has been made to present a clear and concise exposition
of the mathematics used in analyzing a variety of problems. With this in
mind, the chapters are carefully organized to enable students to view the
material in an orderly perspective. For example, the results and theorems
in the chapters on Fourier series and integrals and on eigenvalue problems
are explicitly mentioned, whenever necessary, to avoid confusion with their
use in the development of PDEs. A wide range of problems subject to
various boundary conditions has been included to improve the student’s
understanding.

In this third edition, specific changes and additions include the following:



xxii

1.

Preface to the Third Edition

Chapter 2 on mathematical models has been revised by adding a list of
the most common linear PDEs in applied mathematics, mathematical
physics, and engineering science.

The chapter on the Cauchy problem has been expanded by including the
wave equations in spherical and cylindrical polar coordinates. Examples
and exercises on these wave equations and the energy equation have
been added.

Eigenvalue problems have been revised with an emphasis on Green’s
functions and applications. A section on the Schrodinger equation
for the linear harmonic oscillator has been added. Higher-dimensional
boundary-value problems with an emphasis on applications, and a sec-
tion on the hydrogen atom and on the three-dimensional Schrédinger
equation in a central field of force have been added to Chapter 9.
Chapter 11 has been extensively reorganized and revised in order to
include Hankel and Mellin transforms and their applications, and has
new sections on the asymptotic approximation method and the finite
Hankel transform with applications. Many new examples and exercises,
some new material with applications, and physical interpretations of
mathematical solutions have also been included.

A new chapter on nonlinear PDEs of current interest and their applica-
tions has been added with considerable emphasis on the fundamental
similarities and the distinguishing differences in the properties of the
solutions to the nonlinear and corresponding linear equations.
Chapter 13 is also new. It contains a fairly detailed treatment of explicit
and implicit finite difference methods with their stability analysis. A
large section on the variational methods and the Euler—Lagrange equa-
tions has been included with many applications. Also included are the
Rayleigh—Ritz, the Galerkin, and the Kantorovich methods of approxi-
mation with illustrations and applications.

Many new applications, examples, and exercises have been added to
deepen the reader’s understanding. Expanded versions of the tables of
Fourier, Laplace, and Hankel transforms are included. The bibliography
has been updated with more recent and important references.

As a text on partial differential equations for students in applied mathe-
matics, physics, engineering, and applied sciences, this edition provides the
student with the art of combining mathematics with intuitive and physical
thinking to develop the most effective approach to solving problems.

In preparing this edition, the authors wish to express their sincere

thanks to those who have read the manuscript and offered many valuable
suggestions and comments. The authors also wish to express their thanks
to the editor and the staff of Elsevier—North Holland, Inc. for their kind
help and cooperation.

Tyn Myint-U
Lokenath Debnath
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Introduction

“If you wish to foresee the future of mathematics, our proper course is to
study the history and present condition of the science.”

Henri Poincaré

“However varied may be the imagination of man, nature is a thousand times
richer, ... Each of the theories of physics ... presents (partial differential)
equations under a new aspect ... without the theories, we should not know
partial differential equations.”

Henri Poincaré

1.1 Brief Historical Comments

Historically, partial differential equations originated from the study of sur-
faces in geometry and a wide variety of problems in mechanics. During the
second half of the nineteenth century, a large number of famous mathe-
maticians became actively involved in the investigation of numerous prob-
lems presented by partial differential equations. The primary reason for this
research was that partial differential equations both express many funda-
mental laws of nature and frequently arise in the mathematical analysis of
diverse problems in science and engineering.

The next phase of the development of linear partial differential equa-
tions was characterized by efforts to develop the general theory and various
methods of solution of linear equations. In fact, partial differential equa-
tions have been found to be essential to the theory of surfaces on the one
hand and to the solution of physical problems on the other. These two ar-
eas of mathematics can be seen as linked by the bridge of the calculus of
variations. With the discovery of the basic concepts and properties of dis-
tributions, the modern theory of linear partial differential equations is now
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well established. The subject plays a central role in modern mathematics,
especially in physics, geometry, and analysis.

Almost all physical phenomena obey mathematical laws that can be
formulated by differential equations. This striking fact was first discovered
by Isaac Newton (1642-1727) when he formulated the laws of mechanics
and applied them to describe the motion of the planets. During the three
centuries since Newton’s fundamental discoveries, many partial differential
equations that govern physical, chemical, and biological phenomena have
been found and successfully solved by numerous methods. These equations
include Euler’s equations for the dynamics of rigid bodies and for the mo-
tion of an ideal fluid, Lagrange’s equations of motion, Hamilton’s equations
of motion in analytical mechanics, Fourier’s equation for the diffusion of
heat, Cauchy’s equation of motion and Navier’s equation of motion in elas-
ticity, the Navier—Stokes equations for the motion of viscous fluids, the
Cauchy—Riemann equations in complex function theory, the Cauchy—Green
equations for the static and dynamic behavior of elastic solids, Kirchhoff’s
equations for electrical circuits, Maxwell’s equations for electromagnetic
fields, and the Schrédinger equation and the Dirac equation in quantum
mechanics. This is only a sampling, and the recent mathematical and sci-
entific literature reveals an almost unlimited number of differential equa-
tions that have been discovered to model physical, chemical and biological
systems and processes.

From the very beginning of the study, considerable attention has been
given to the geometric approach to the solution of differential equations.
The fact that families of curves and surfaces can be defined by a differ-
ential equation means that the equation can be studied geometrically in
terms of these curves and surfaces. The curves involved, known as charac-
teristic curves, are very useful in determining whether it is or is not possible
to find a surface containing a given curve and satisfying a given differen-
tial equation. This geometric approach to differential equations was begun
by Joseph-Louis Lagrange (1736-1813) and Gaspard Monge (1746-1818).
Indeed, Monge first introduced the ideas of characteristic surfaces and char-
acteristic cones (or Monge cones). He also did some work on second-order
linear, homogeneous partial differential equations.

The study of first-order partial differential equations began to receive
some serious attention as early as 1739, when Alex-Claude Clairaut (1713—
1765) encountered these equations in his work on the shape of the earth.
On the other hand, in the 1770s Lagrange first initiated a systematic study
of the first-order nonlinear partial differential equations in the form

fz,y,u,ug, uy) =0, (1.1.1)

where u = u (z,y) is a function of two independent variables.

Motivated by research on gravitational effects on bodies of different
shapes and mass distributions, another major impetus for work in partial
differential equations originated from potential theory. Perhaps the most
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important partial differential equation in applied mathematics is the poten-
tial equation, also known as the Laplace equation u,q + 1y, = 0, where sub-
scripts denote partial derivatives. This equation arose in steady state heat
conduction problems involving homogeneous solids. James Clerk Maxwell
(1831-1879) also gave a new initiative to potential theory through his fa-
mous equations, known as Mazwell’s equations for electromagnetic fields.

Lagrange developed analytical mechanics as the application of partial
differential equations to the motion of rigid bodies. He also described the
geometrical content of a first-order partial differential equation and de-
veloped the method of characteristics for finding the general solution of
quasi-linear equations. At the same time, the specific solution of physical
interest was obtained by formulating an initial-value problem (or a Cauchy
Problem) that satisfies certain supplementary conditions. The solution of an
initial-value problem still plays an important role in applied mathematics,
science and engineering. The fundamental role of characteristics was soon
recognized in the study of quasi-linear and nonlinear partial differential
equations. Physically, the first-order, quasi-linear equations often represent
conservation laws which describe the conservation of some physical quanti-
ties of a system.

In its early stages of development, the theory of second-order linear par-
tial differential equations was concentrated on applications to mechanics
and physics. All such equations can be classified into three basic categories:
the wave equation, the heat equation, and the Laplace equation (or po-
tential equation). Thus, a study of these three different kinds of equations
yields much information about more general second-order linear partial
differential equations. Jean d’Alembert (1717-1783) first derived the one-
dimensional wave equation for vibration of an elastic string and solved this
equation in 1746. His solution is now known as the d’Alembert solution. The
wave equation is one of the oldest equations in mathematical physics. Some
form of this equation, or its various generalizations, almost inevitably arises
in any mathematical analysis of phenomena involving the propagation of
waves in a continuous medium. In fact, the studies of water waves, acoustic
waves, elastic waves in solids, and electromagnetic waves are all based on
this equation. A technique known as the method of separation of variables is
perhaps one of the oldest systematic methods for solving partial differential
equations including the wave equation. The wave equation and its meth-
ods of solution attracted the attention of many famous mathematicians in-
cluding Leonhard Euler (1707-1783), James Bernoulli (1667-1748), Daniel
Bernoulli (1700-1782), J.L. Lagrange (1736-1813), and Jacques Hadamard
(1865-1963). They discovered solutions in several different forms, and the
merit of their solutions and relations among these solutions were argued in a
series of papers extending over more than twenty-five years; most concerned
the nature of the kinds of functions that can be represented by trigonomet-
ric (or Fourier) series. These controversial problems were finally resolved
during the nineteenth century.
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It was Joseph Fourier (1768-1830) who made the first major step to-
ward developing a general method of solutions of the equation describing
the conduction of heat in a solid body in the early 1800s. Although Fourier
is most celebrated for his work on the conduction of heat, the mathemati-
cal methods involved, particularly trigonometric series, are important and
very useful in many other situations. He created a coherent mathematical
method by which the different components of an equation and its solution
in series were neatly identified with the different aspects of the physical
solution being analyzed. In spite of the striking success of Fourier analysis
as one of the most useful mathematical methods, J.L. Lagrange and S.D.
Poisson (1781-1840) hardly recognized Fourier’s work because of its lack
of rigor. Nonetheless, Fourier was eventually recognized for his pioneering
work after publication of his monumental treatise entitled La Théorie Au-
atytique de la Chaleur in 1822.

It is generally believed that the concept of an integral transform origi-
nated from the Integral Theorem as stated by Fourier in his 1822 treatise.
It was the work of Augustin Cauchy (1789-1857) that contained the expo-
nential form of the Fourier Integral Theorem as

f(x) L /Oo ethe UOO e RS £ (€) df} dk. (1.1.2)
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This theorem has been expressed in several slightly different forms to better
adapt it for particular applications. It has been recognized, almost from the
start, however, that the form which best combines mathematical simplicity
and complete generality makes use of the exponential oscillating function
exp (ikz). Indeed, the Fourier integral formula (1.1.2) is regarded as one
of the most fundamental results of modern mathematical analysis, and it
has widespread physical and engineering applications. The generality and
importance of the theorem is well expressed by Kelvin and Tait who said:
“ ... Fourier’s Theorem, which is not only one of the most beautiful results
of modern analysis, but may be said to furnish an indispensable instrument
in the treatment of nearly every recondite question in modern physics.
To mention only sonorous vibrations, the propagation of electric signals
along a telegraph wire, and the conduction of heat by the earth’s crust, as
subjects in their generality intractable without it, is to give but a feeble
idea of its importance.” This integral formula (1.1.2) is usually used to
define the classical Fourier transform of a function and the inverse Fourier
transform. No doubt, the scientific achievements of Joseph Fourier have not
only provided the fundamental basis for the study of heat equation, Fourier
series, and Fourier integrals, but for the modern developments of the theory
and applications of the partial differential equations.

One of the most important of all the partial differential equations in-
volved in applied mathematics and mathematical physics is that associated
with the name of Pierre-Simon Laplace (1749-1827). This equation was
first discovered by Laplace while he was involved in an extensive study of
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gravitational attraction of arbitrary bodies in space. Although the main
field of Laplace’s research was celestial mechanics, he also made important
contributions to the theory of probability and its applications. This work
introduced the method known later as the Laplace transform, a simple and
elegant method of solving differential and integral equations. Laplace first
introduced the concept of potential, which is invaluable in a wide range of
subjects, such as gravitation, electromagnetism, hydrodynamics, and acous-
tics. Consequently, the Laplace equation is often referred to as the potential
equation. This equation is also an important special case of both the wave
equation and the heat equation in two or three dimensions. It arises in the
study of many physical phenomena including electrostatic or gravitational
potential, the velocity potential for an imcompossible fluid flows, the steady
state heat equation, and the equilibrium (time independent) displacement
field of a two- or three-dimensional elastic membrane. The Laplace equa-
tion also occurs in other branches of applied mathematics and mathematical
physics.

Since there is no time dependence in any of the mathematical problems
stated above, there are no initial data to be satisfied by the solutions of
the Laplace equation. They must, however, satisfy certain boundary con-
ditions on the boundary curve or surface of a region in which the Laplace
equation is to be solved. The problem of finding a solution of Laplace’s
equation that takes on the given boundary values is known as the Dirichlet
boundary-value problem, after Peter Gustav Lejeune Dirichlet (1805-1859).
On the other hand, if the values of the normal derivative are prescribed
on the boundary, the problem is known as Neumann boundary-value prob-
lem, in honor of Karl Gottfried Neumann (1832-1925). Despite great efforts
by many mathematicians including Gaspard Monge (1746-1818), Adrien-
Marie Legendre (1752-1833), Carl Friedrich Gauss (1777-1855), Simeon-
Denis Poisson (1781-1840), and Jean Victor Poncelet (1788-1867), very
little was known about the general properties of the solutions of Laplace’s
equation until 1828, when George Green (1793-1841) and Mikhail Ostro-
gradsky (1801-1861) independently investigated properties of a class of so-
lutions known as harmonic functions. On the other hand, Augustin Cauchy
(1789-1857) and Bernhard Riemann (1826-1866) derived a set of first-order
partial differential equations, known as the Cauchy—Riemann equations, in
their independent work on functions of complex variables. These equations
led to the Laplace equation, and functions satisfying this equation in a
domain are called harmonic functions in that domain. Both Cauchy and
Riemann occupy a special place in the history of mathematics. Riemann
made enormous contributions to almost all areas of pure and applied math-
ematics. His extraordinary achievements stimulated further developments,
not only in mathematics, but also in mechanics, physics, and the natural
sciences as a whole.

Augustin Cauchy is universally recognized for his fundamental contribu-
tions to complex analysis. He also provided the first systematic and rigorous
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investigation of differential equations and gave a rigorous proof for the exis-
tence of power series solutions of a differential equation in the 1820s. In 1841
Cauchy developed what is known as the method of majorants for proving
that a solution of a partial differential equation exists in the form of a power
series in the independent variables. The method of majorants was also in-
troduced independently by Karl Weierstrass (1815-1896) in that same year
in application to a system of differential equations. Subsequently, Weier-
strass’s student Sophie Kowalewskaya (1850-1891) used the method of ma-
jorants and a normalization theorem of Carl Gustav Jacobi (1804-1851) to
prove an exceedingly elegant theorem, known as the Cauchy—Kowalewskaya
theorem. This theorem quite generally asserts the local existence of solu-
tions of a system of partial differential equations with initial conditions on
a noncharacteristic surface. This theorem seems to have little practical im-
portance because it does not distinguish between well-posed and ill-posed
problems; it covers situations where a small change in the initial data leads
to a large change in the solution. Historically, however, it is the first exis-
tence theorem for a general class of partial differential equations.

The general theory of partial differential equations was initiated by A.R.
Forsyth (1858-1942) in the fifth and sixth volumes of his Theory of Differ-
ential Equations and by E.J.B. Goursat (1858-1936) in his book entitled
Cours d’ analyse mathematiques (1918) and his Lecons sur I’ integration
des equations auz dérivées, volume 1 (1891) and volume 2 (1896). Another
notable contribution to this subject was made by E. Cartan’s book, Lecons
sur les invariants intégraux, published in 1922. Joseph Liouville (1809—
1882) formulated a more tractable partial differential equation in the form

Uzg + Uyy = kexp (au), (1.1.3)

and obtained a general solution of it. This equation has a large number of
applications. It is a special case of the equation derived by J.L. Lagrange for
the stream function ¢ in the case of two-dimensional steady vortex motion
in an incompossible fluid, that is,

Vo +1l)yy =F (1/J) , (1.1.4)

where F'(¢) is an arbitrary function of ). When ¢ = w and F (u) = ke™,
equation (1.1.4) reduces to the Liouville equation (1.1.3). In view of the
special mathematical interest in the nonhomogeneous nonlinear equation
of the type (1.1.4), a number of famous mathematicians including Henri
Poincaré, E. Picard (1856-1941), Cauchy (1789-1857), Sophus Lie (1842
1899), L.M.H. Navier (1785-1836), and G.G. Stokes (1819-1903) made
many major contributions to partial differential equations.

Historically, Euler first solved the eigenvalue problem when he devel-
oped a simple mathematical model for describing the the ‘buckling’ modes
of a vertical elastic beam. The general theory of eigenvalue problems for
second-order differential equations, now known as the Sturm—Liouville The-
ory, originated from the study of a class of boundary-value problems due to
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Charles Sturm (1803-1855) and Joseph Liouville (1809-1882). They showed
that, in general, there is an infinite set of eigenvalues satisfying the given
equation and the associated boundary conditions, and that these eigen-
values increase to infinity. Corresponding to these eigenvalues, there is an
infinite set of orthogonal eigenfunctions so that the linear superposition
principle can be applied to find the convergent infinite series solution of
the given problem. Indeed, the Sturm-Liouville theory is a natural gener-
alization of the theory of Fourier series that greatly extends the scope of
the method of separation of variables. In 1926, the WKB approximation
method was developed by Gregor Wentzel, Hendrik Kramers, and Marcel-
Louis Brillouin for finding the approximate eigenvalues and eigenfunctions
of the one-dimensional Schrodinger equation in quantum mechanics. This
method is now known as the short-wave approximation or the geometrical
optics approrimation in wave propagation theory.

At the end of the seventeenth century, many important questions and
problems in geometry and mechanics involved minimizing or maximiz-
ing of certain integrals for two reasons. The first of these were several
existence problems, such as, Newton’s problem of missile of least resis-
tance, Bernoulli’s isoperimetric problem, Bernoulli’s problem of the brachis-
tochrone (brachistos means shortest, chronos means time), the problem of
minimal surfaces due to Joseph Plateau (1801-1883), and Fermat’s principle
of least time. Indeed, the variational principle as applied to the propaga-
tion and reflection of light in a medium was first enunciated in 1662 by one
of the greatest mathematicians of the seventeenth century, Pierre Fermat
(1601-1665). According to his principle, a ray of light travels in a homoge-
neous medium from one point to another along a path in a minimum time.
The second reason is somewhat philosophical, that is, how to discover a
minimizing principle in nature. The following 1744 statement of Euler is
characteristic of the philosophical origin of what is known as the principle
of least action: “As the construction of the universe is the most perfect
possible, being the handiwork of all-wise Maker, nothing can be met with
in the world in which some maximal or minimal property is not displayed.
There is, consequently, no doubt but all the effects of the world can be
derived by the method of maxima and minima from their final causes as
well as from their efficient ones.” In the middle of the eighteenth century,
Pierre de Maupertius (1698-1759) stated a fundamental principle, known
as the principle of least action, as a guide to the nature of the universe.
A still more precise and general formulation of Maupertius’ principle of
least action was given by Lagrange in his Analytical Mechanics published
in 1788. He formulated it as

ta
55 — 5/ (2T) dt = 0, (1.1.5)
ty

where T is the kinematic energy of a dynamical system with the constraint
that the total energy, (T'+ V'), is constant along the trajectories, and V is
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the potential energy of the system. He also derived the celebrated equation
of motion for a holonomic dynamical system

d (0T oT
— — = Qy, 1.1.6
7 () ~ 70 (116
where ¢; are the generalized coordinates, ¢; is the velocity, and @Q; is the
force. For a conservative dynamical system, Q; = —g—};, V=V (g), g—; =0,
then (1.1.6) can be expressed in terms of the Lagrangian, L =T — V, as
d (0L oL
— — =0. 1.1.7
dt <5Qi> 9q; (LL17)

This principle was then reformulated by Euler in a way that made it useful
in mathematics and physics.

The work of Lagrange remained unchanged for about half a century until
William R. Hamilton (1805-1865) published his research on the general
method in analytical dynamics which gave a new and very appealing form to
the Lagrange equations. Hamilton’s work also included his own variational
principle. In his work on optics during 1834-1835, Hamilton elaborated a
new principle of mechanics, known as Hamilton’s principle, describing the
stationary action for a conservative dynamical system in the form

t1 ty
6A:6/ (T—V)dtz&/ Ldt=0. (1.1.8)
to to

Hamilton’s principle (1.1.8) readily led to the Lagrange equation (1.1.6). In
terms of time ¢, the generalized coordinates ¢;, and the generalized momenta
p; = (OL/¢;) which characterize the state of a dynamical system, Hamilton
introduced the function

and then used it to represent the equation of motion (1.1.6) as a system of
first order partial differential equations
. OoH . 0H

= i = ——. 1.1.10
“= o P o, ( )

These equations are known as the celebrated Hamilton canonical equa-
tions of motion, and the function H (g;,p;,t) is referred to as the Hamilto-
nian which is equal to the total energy of the system. Following the work
of Hamilton, Karl Jacobi, Mikhail Ostrogradsky (1801-1862), and Henri
Poincaré (1854-1912) put forth new modifications of the variational princi-
ple. Indeed, the action integral S can be regarded as a function of general-
ized coordinates and time provided the terminal point is not fixed. In 1842,
Jacobi showed that S satisfies the first-order partial differential equation
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which is known as the Hamilton—Jacobi equation. In 1892, Poincaré defined
the action integral on the trajectories in phase space of the variable ¢; and
p; as

t1
5=/ lpidi — H (pi, ¢:)] dt, (1.1.12)
t

0

and then formulated another modification of the Hamilton variational prin-
ciple which also yields the Hamilton canonical equations (1.1.10). From
(1.1.12) also follows the celebrated Poincaré—Cartan invariant

I Z% (pi(Sqi —H(St), (1113)
C

where C' is an arbitrary closed contour in the phase space.

Indeed, the discovery of the calculus of variations in a modern sense
began with the independent work of Euler and Lagrange. The first neces-
sary condition for the existence of an extremum of a functional in a domain
leads to the celebrated FEuler—Lagrange equation. This equation in its var-
ious forms now assumes primary importance, and more emphasis is given
to the first variation, mainly due to its power to produce significant equa-
tions, than to the second variation, which is of fundamental importance
in answering the question of whether or not an extremal actually provides
a minimum (or a maximum). Thus, the fundamental concepts of the cal-
culus of variations were developed in the eighteenth century in order to
obtain the differential equations of applied mathematics and mathemati-
cal physics. During its early development, the problems of the calculus of
variations were reduced to questions of the existence of differential equa-
tions problems until David Hilbert developed a new method in which the
existence of a minimizing function was established directly as the limit of
a sequence of approximations.

Considerable attention has been given to the problem of finding a neces-
sary and sufficient condition for the existence of a function which extremized
the given functional. Although the problem of finding a sufficient condition
is a difficult one, Legendre and C.G.J. Jacobi (1804-1851) discovered a
second necessary condition and a third necessary condition respectively.
Finally, it was Weierstrass who first provided a satisfactory foundation to
the theory of calculus of variations in his lectures at Berlin between 1856
and 1870. His lectures were essentially concerned with a complete review
of the work of Legendre and Jacobi. At the same time, he reexamined
the concepts of the first and second variations and looked for a sufficient
condition associated with the problem. In contrast to the work of his pre-
decessors, Weierstrass introduced the ideas of ‘strong variations’ and ‘the
excess function’ which led him to discover a fourth necessary condition
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and a satisfactory sufficient condition. Some of his outstanding discoveries
announced in his lectures were published in his collected work. At the con-
clusion of his famous lecture on ‘Mathematical Problems’ at the Paris Inter-
national Congress of Mathematicians in 1900, David Hilbert (1862-1943),
perhaps the most brilliant mathematician of the late nineteenth century,
gave a new method for the discussion of the minimum value of a functional.
He obtained another derivation of Weierstrass’s excess function and a new
approach to Jacobi’s problem of determining necessary and sufficient con-
ditions for the existence of a minimum of a functional; all this without the
use of the second variation. Finally, the calculus of variations entered the
new and wider field of ‘global’ problems with the original work of George
D. Birkhoff (1884-1944) and his associates. They succeeded in liberating
the theory of calculus of variations from the limitations imposed by the
restriction to ‘small variations’, and gave a general treatment of the global
theory of the subject with large variations.

In 1880, George Fitzgerald (1851-1901) probably first employed the vari-
ational principle in electromagnetic theory to derive Maxwell’s equations
for an electromagnetic field in a vacuum. Moreover, the variational principle
received considerable attention in electromagnetic theory after the work of
Karl Schwarzchild in 1903 as well as the work of Max Born (1882-1970)
who formulated the principle of stationary action in electrodynamics in
a symmetric four-dimensional form. On the other hand, Poincaré showed
in 1905 that the action integral is invariant under the Lorentz transfor-
mations. With the development of the special theory of relativity and the
relativistic theory of gravitation in the beginning of the twentieth century,
the variational principles received tremendous attention from many great
mathematicians and physicists including Albert Einstein (1879-1955), Hen-
drix Lorentz (1853-1928), Hermann Weyl (1885-1955), Felix Klein (1849-
1925), Amalie Noether (1882-1935), and David Hilbert. Even before the
use of variational principles in electrodynamics, Lord Rayleigh (1842-1919)
employed variational methods in his famous book, The Theory of Sound,
for the derivation of equations for oscillations in plates and rods in order to
calculate frequencies of natural oscillations of elastic systems. In his pioneer-
ing work in the 1960’s, Gerald Whitham first developed a general approach
to linear and nonlinear dispersive waves using a Lagrangian. He success-
fully formulated the averaged variational principle, which is now known as
the Whitham averaged variational principle, which was employed to derive
the basic equations for linear and nonlinear dispersive wave propagation
problems. In 1967, Luke first explicitly formulated a variational principle
for nonlinear water waves. In 1968, Bretherton and Garret generalized the
Whitham averaged variational principle to describe the conservation law for
the wave action in a moving medium. Subsequently, Ostrovsky and Peli-
novsky (1972) also generalized the Whitham averaged variational principle
to nonconservative systems.
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With the rapid development of the theory and applications of differen-
tial equations, the closed form analytical solutions of many different types
of equations were hardly possible. However, it is extremely important and
absolutely necessary to provide some insight into the qualitative and quan-
titative nature of solutions subject to initial and boundary conditions. This
insight usually takes the form of numerical and graphical representatives of
the solutions. It was E. Picard (1856-1941) who first developed the method
of successive approximations for the solutions of differential equations in
most general form and later made it an essential part of his treatment of
differential equations in the second volume of his Traité d’Analyse published
in 1896. During the last two centuries, the calculus of finite differences in
various forms played a significant role in finding the numerical solutions of
differential equations. Historically, many well known integration formulas
and numerical methods including the Euler—-Maclaurin formula, Gregory
integration formula, the Gregory—Newton formula, Simpson’s rule, Adam—
Bashforth’s method, the Jacobi iteration, the Gauss—Seidel method, and the
Runge-Kutta method have been developed and then generalized in various
forms.

With the development of modern calculators and high-speed electronic
computers, there has been an increasing trend in research toward the numer-
ical solution of ordinary and partial differential equations during the twen-
tieth century. Special attention has also given to in depth studies of conver-
gence, stability, error analysis, and accuracy of numerical solutions. Many
well-known numerical methods including the Crank—Nicolson methods, the
Lax—Wendroff method, Richtmyer’s method, and Stone’s implicit iterative
technique have been developed in the second half of the twentieth century.
All finite difference methods reduce differential equations to discrete forms.
In recent years, more modern and powerful computational methods such
as the finite element method and the boundary element method have been
developed in order to handle curved or irregularly shaped domains. These
methods are distinguished by their more general character, which makes
them more capable of dealing with complex geometries, allows them to
use non-structured grid systems, and allows more natural imposition of the
boundary conditions.

During the second half of the nineteenth century, considerable attention
was given to problems concerning the existence, uniqueness, and stability
of solutions of partial differential equations. These studies involved not
only the Laplace equation, but the wave and diffusion equations as well,
and were eventually extended to partial differential equations with variable
coefficients. Through the years, tremendous progress has been made on
the general theory of ordinary and partial differential equations. With the
advent of new ideas and methods, new results and applications, both an-
alytical and numerical studies are continually being added to this subject.
Partial differential equations have been the subject of vigorous mathemat-
ical research for over three centuries and remain so today. This is an active
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area of research for mathematicians and scientists. In part, this is moti-
vated by the large number of problems in partial differential equations that
mathematicians, scientists, and engineers are faced with that are seemingly
intractable. Many of these equations are nonlinear and come from such
areas of applications as fluid mechanics, plasma physics, nonlinear optics,
solid mechanics, biomathematics, and quantum field theory. Owing to the
ever increasing need in mathematics, science, and engineering to solve more
and more complicated real world problems, it seems quite likely that partial
differential equations will remain a major area of research for many years
to come.

1.2 Basic Concepts and Definitions

A differential equation that contains, in addition to the dependent variable
and the independent variables, one or more partial derivatives of the de-
pendent variable is called a partial differential equation. In general, it may
be written in the form

Flzy, U U, Uy, ey Ug, Uy -+ ) = 0, (1.2.1)
involving several independent variables z, y, ..., an unknown function u of
these variables, and the partial derivatives uz, uy, ..., Uzg, Ugy, - .., Of the

function. Subscripts on dependent variables denote differentiations, e.g.,
uy = Ou/0w, Uyy = 07 /Oy Ox.

Here equation (1.2.1) is considered in a suitable domain D of the n-
dimensional space R™ in the independent variables z, y, . ... We seek func-
tions u = u (x,y,...) which satisfy equation (1.2.1) identically in D. Such
functions, if they exist, are called solutions of equation (1.2.1). From these
many possible solutions we attempt to select a particular one by introducing
suitable additional conditions.

For instance,

Ulgy + uy =y,
Ugas + 2YUgy + 30Uy, = 4sinz, (1.2.2)
2 2
(uz) + (uy> =1,
Uggy — Uyy = 0,
are partial differential equations. The functions
3

u(z,y) = (z+y)",

u(x,y) =sin(z —y),

are solutions of the last equation of (1.2.2), as can easily be verified.
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The order of a partial differential equation is the order of the highest-
ordered partial derivative appearing in the equation. For example

Ugz + 2TUgy + Uyy = €Y
is a second-order partial differential equation, and
Ugzy + TUyy + B8u =Ty

is a third-order partial differential equation.

A partial differential equation is said to be linear if it is linear in the
unknown function and all its derivatives with coefficients depending only
on the independent variables; it is said to be quasi-linear if it is linear in
the highest-ordered derivative of the unknown function. For example, the
equation

Ylzg + 2TYUyy +u =1
is a second-order linear partial differential equation, whereas
Ug Uy + TUU, = SiDY

is a second-order quasi-linear partial differential equation. The equation
which is not linear is called a nonlinear equation.

We shall be primarily concerned with linear second-order partial dif-
ferential equations, which frequently arise in problems of mathematical
physics. The most general second-order linear partial differential equation
in n independent variables has the form

i Al-jumirj + i Biumi + Fu= G, (123)
i=1

ij=1

where we assume without loss of generality that A;; = A;;. We also assume
that B;, F', and G are functions of the n independent variables x;.

If G is identically zero, the equation is said to be homogeneous; otherwise
it is nonhomogeneous.

The general solution of a linear ordinary differential equation of nth or-
der is a family of functions depending on n independent arbitrary constants.
In the case of partial differential equations, the general solution depends on
arbitrary functions rather than on arbitrary constants. To illustrate this,
consider the equation

Ugy = 0.
If we integrate this equation with respect to y, we obtain

g (2, y) = f(2) .
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A second integration with respect to z yields

u(z,y) =g(x)+h(y),

where ¢ (z) and h (y) are arbitrary functions.
Suppose u is a function of three variables, =, y, and z. Then, for the
equation
=2

Uyy = 4

one finds the general solution

u (2,9, 2) :y2+yf(x,z)+g(a:,z),

where f and g are arbitrary functions of two variables x and z.

We recall that in the case of ordinary differential equations, the first task
is to find the general solution, and then a particular solution is determined
by finding the values of arbitrary constants from the prescribed conditions.
But, for partial differential equations, selecting a particular solution satis-
fying the supplementary conditions from the general solution of a partial
differential equation may be as difficult as, or even more difficult than, the
problem of finding the general solution itself. This is so because the gen-
eral solution of a partial differential equation involves arbitrary functions;
the specialization of such a solution to the particular form which satis-
fies supplementary conditions requires the determination of these arbitrary
functions, rather than merely the determination of constants.

For linear homogeneous ordinary differential equations of order n, a
linear combination of n linearly independent solutions is a solution. Unfor-
tunately, this is not true, in general, in the case of partial differential equa-
tions. This is due to the fact that the solution space of every homogeneous
linear partial differential equation is infinite dimensional. For example, the
partial differential equation

Uy — Uy = 0 (1.2.4)
can be transformed into the equation
2u, =0
by the transformation of variables
E=z+y, n=z—y.
The general solution is
u(z,y) = f(z+y),

where f(x +y) is an arbitrary function. Thus, we see that each of the
functions
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(z+y)",
sinn (x +y),
cosn(x+y),
expn(z+y), n=1,2,3,...

is a solution of equation (1.2.4). The fact that a simple equation such as
(1.2.4) yields infinitely many solutions is an indication of an added difficulty
which must be overcome in the study of partial differential equations. Thus,
we generally prefer to directly determine the particular solution of a partial
differential equation satisfying prescribed supplementary conditions.

1.3 Mathematical Problems

A problem consists of finding an unknown function of a partial differential
equation satisfying appropriate supplementary conditions. These conditions
may be initial conditions (I1.C.) and/or boundary conditions (B.C.). For ex-
ample, the partial differential equation (PDE)

Up — Ugy = 0, O<z<l, t>0,

with LC. wu(z,0)=sinz, 0<z<Il, t>0,
B.C. w(0,t) =0, >0,

B.C. wu(l,t)=0, t>0,

constitutes a problem which consists of a partial differential equation and
three supplementary conditions. The equation describes the heat conduc-
tion in a rod of length [. The last two conditions are called the boundary
conditions which describe the function at two prescribed boundary points.
The first condition is known as the initial condition which prescribes the
unknown function u (z,t) throughout the given region at some initial time
t, in this case t = 0. This problem is known as the initial boundary-value
problem. Mathematically speaking, the time and the space coordinates are
regarded as independent variables. In this respect, the initial condition is
merely a point prescribed on the t-axis and the boundary conditions are
prescribed, in this case, as two points on the x-axis. Initial conditions are
usually prescribed at a certain time ¢t = tg or ¢ = 0, but it is not customary
to consider the other end point of a given time interval.

In many cases, in addition to prescribing the unknown function, other
conditions such as their derivatives are specified on the boundary and/or
at time tg.

In considering the problem of unbounded domain, the solution can be
determined uniquely by prescribing initial conditions only. The correspond-
ing problem is called the initial-value problem or the Cauchy problem. The
mathematical definition is given in Chapter 5. The solution of such a prob-
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lem may be interpreted physically as the solution unaffected by the bound-
ary conditions at infinity. For problems affected by the boundary at infinity,
boundedness conditions on the behavior of solutions at infinity must be pre-
scribed.

A mathematical problem is said to be well-posed if it satisfies the fol-
lowing requirements:

1. Existence: There is at least one solution.
2. Uniqueness: There is at most one solution.
3. Continuity: The solution depends continuously on the data.

The first requirement is an obvious logical condition, but we must keep in
mind that we cannot simply state that the mathematical problem has a
solution just because the physical problem has a solution. We may well be
erroneously developing a mathematical model, say, consisting of a partial
differential equation whose solution may not exist at all. The same can be
said about the uniqueness requirement. In order to really reflect the physical
problem that has a unique solution, the mathematical problem must have
a unique solution.

For physical problems, it is not sufficient to know that the problem has
a unique solution. Hence the last requirement is not only useful but also
essential. If the solution is to have physical significance, a small change in
the initial data must produce a small change in the solution. The data in a
physical problem are normally obtained from experiment, and are approxi-
mated in order to solve the problem by numerical or approximate methods.
It is essential to know that the process of making an approximation to the
data produces only a small change in the solution.

1.4 Linear Operators

An operator is a mathematical rule which, when applied to a function,
produces another function. For example, in the expressions

0%u  O%u
Llul = 522 * g2

2
M[u]:au_au ou

92 9z "oy’
L = (0?/02® + 9%/0y?) and M = (0?/02® — 0/0x) + x (9/dy) are called

the differential operators.
An operator is said to be linear if it satisfies the following:

1. A constant ¢ may be taken outside the operator:

Lcu] = cL[u]. (1.4.1)
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2. The operator operating on the sum of two functions gives the sum of
the operator operating on the individual functions:

Luy +us] = L{ut] + L[us]. (1.4.2)
We may combine (1.4.1) and (1.4.2) as
L [clul —+ CQUQ] = ClL [Ul] + CQL [UQ] 5 (143)

where ¢; and ¢y are any constants. This can be extended to a finite
number of functions. If uy, ug, ..., uy are k functions and ¢y, co, ..., &
are k constants, then by repeated application of equation (1.4.3)

k

L Z Ciuj| = Z CjL [u]} . (144)

j=1 j=1

We may now define the sum of two linear differential operators formally.
If L and M are two linear operators, then the sum of L and M is defined
as

(L+M)[u] =L+ M lu, (1.4.5)

where v is a sufficiently differentiable function. It can be readily shown
that L + M is also a linear operator.

The product of two linear differential operators L and M is the operator
which produces the same result as is obtained by the successive operations
of the operators L and M on u, that is,

LM [u] = L (M [u]), (1.4.6)

in which we assume that M [u] and L (M [u]) are defined. It can be readily
shown that LM is also a linear operator.
In general, linear differential operators satisfy the following:

1. L+M=M+L (commutative) (1.4.7)
2. (L+ M)+ N=L+(M+ N) (associative) (1.4.8)
3. (LM)N =L(MN) (associative) (1.4.9)
4. L(ciM + caN) =1 LM + co LN (distributive) . (1.4.10)
For linear differential operators with constant coefficients,
5. LM =ML (commutative). (1.4.11)

FExample 1.4.1. Let L = 86722 era% and M = 88722 — ya%.
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BE o\ (0%u  Ou
LM =z
] = (3 2 +x5y) (f)y y8y>

T PR
- 0x20y? yax2ay oy’ yayQ’

0?2 0 0% ou
ML) = <3y yay) (WJF%:L/)

O s P3u Bu - 0%u
-~ 0y20x2 Ay3 y8y8x2 y8y2 ’
which shows that LM # ML.

Now let us consider a linear second-order partial differential equation.
In the case of two independent variables, such an equation takes the form

A(@,y) tax + B (2,y) tay + C (,y) uyy

where A, B, C, D, E, and F are the coefficients, and G is the nonhomoge-
neous term.
If we denote

02 02 02 0 0
L=Ags+ By g+ Cyt Dy + Eg 4 F,

then equation (1.4.12) may be written in the form
L] =G. (1.4.13)
Very often the square bracket is omitted and we simply write
Lu=G.
Let vy, vg, ..., v, be n functions which satisfy
L [vj] = Gy, j=1,2,...,n
and let wy, ws, ..., w, be n functions which satisfy
L [wj;] =0, i=12....n

If we let
Uj = ’Uj + wj

then, the function
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satisfies the equation

This is called the principle of linear superposition.

In particular, if v is a particular solution of equation (1.4.13), that is,
L [v] = G, and w is a solution of the associated homogeneous equation, that
is, L {w] = 0, then u = v + w is a solution of L [u] = G.

The principle of linear superposition is of fundamental importance in
the study of partial differential equations. This principle is used extensively
in solving linear partial differential equations by the method of separation
of variables.

Suppose that there are infinitely many solutions u; (z,y), us (z,y), ...
U (z,y), ... of a linear homogeneous partial differential equation Lu = 0.
Can we say that every infinite linear combination ciuq +coug + -+ -+ cpthy, +

- of these solutions, where c1, co, ..., ¢y, ... are any constants, is again
a solution of the equation? Of course, by an infinite linear combination, we
mean an infinite series and we must require that the infinite series

Z CL UL = nh_)rréo Z C, U, (1.4.14)
k=0 k=0

must be convergent to u. In general, we state that the infinite series is a
solution of the homogeneous equation.

There is another kind of infinite linear combination which is also used
to find the solution of a given linear equation. This is concerned with a
family of solutions u (x,y; k) of the linear equation, where k is any real
number, not just the values 1,2,3,.... If ¢x = ¢ (k) is any function of the
real parameter k such that

b o
/ c(k) u(z,y; k) dk  or /_ c(k) u(z,y; k) dk (1.4.15)

is convergent, then, under suitable conditions, the integral (1.4.15), again,
is a solution. This may be called the linear integral superposition principle.
To illustrate these ideas, we consider the equation

Lu = uy + 2uy, = 0. (1.4.16)
It is easy to verify that, for every real k, the function
u(z,y; k) = ey (1.4.17)

is a solution of (1.4.16).
Multiplying (1.4.17) by e~* and integrating with respect to k over —1 <
k <1 gives
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- k(2x—1) e*r—vt
= refErTY dk = ———— 1.4.18
uay) = [ e e (1418)

It is easy to verify that u (z,y) given by (1.4.18) is also a solution of (1.4.16).
It is also easy to verify that u(z,y; k) = e " cos(kx), k € R is a
one-parameter family of solutions of the Laplace equation

VU = Ugy + Uy = 0 (1.4.19)

It is also easy to check that

v(z,y; k) = S-u(z,y; k) (1.4.20)

9
ok
is also a one-parameter family of solutions of (1.4.19), k € R. Further, for
any (z,y) in the upper half-plane y > 0, the integral

v(:v,y)E/ u(z,y, k) dk:/ e " cos (kx) dk, (1.4.21)
0 0

is convergent, and v (z,y) is a solution of (1.4.19) for z € R and y > 0.
This follows from direct computation of v, and vy,. The solution (1.4.21)
is another example of the linear integral superposition principle.

1.5 Superposition Principle

We may express supplementary conditions using the operator notation. For
instance, the initial boundary-value problem

Ugp — gy = G (2,8)  0<z <, t>0,
u(,0) =g () 0<z<l,
w (2,0) = g2 (x) 0<z<l, (1.5.1)
u(0,t) = g3 (t) t>0,
u(l,t) =ga (1) >0,

may be written in the form

Lu] =G,
M [u] = g1,
M [u] = go, (1.5.2)
Mj [u] = g3,
My [u] = g4,

where g; are the prescribed functions and the subscripts on operators are
assigned arbitrarily.
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Now let us consider the problem

Lu] =G,
M [u] = g1,
M [u] = g2, (1.5.3)
My, [u] = gp.

By virtue of the linearity of the equation and the supplementary condi-
tions, we may divide problem (1.5.3) into a series of problems as follows:

L[u] =G,
M1 [Ul] = O,
M2 [ul] = O, (154)
Mn [Ul] = O,

L [’U,g} = 07
My [ug] = g1,
My [ug] = 0, (1.5.5)
Mn [UQ} - 07

Luy,] =0,
Ml [un] = 07
Ms [un] =0, (1.5.6)
M, [Un] = Jgn-

Then the solution of problem (1.5.3) is given by

u= z”: Uj. (1.5.7)
i=1

Let us consider one of the subproblems, say, (1.5.5). Suppose we find a
sequence of functions ¢1,¢9, ..., which may be finite or infinite, satisfying
the homogeneous system
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L{¢:] =0,
M; [¢;] = 0, (1.5.8)
M, [¢;] =0, i=1,2,3,...
and suppose we can express ¢g; in terms of the series
g1 = 1My [¢1] + oMy [Pa] + .. .. (1.5.9)
Then the linear combination
Up = C1¢01 + Cadpa + ..., (1.5.10)

is the solution of problem (1.5.5). In the case of an infinite number of terms
in the linear combination (1.5.10), we require that the infinite series be
uniformly convergent and sufficiently differentiable, and that all the series
Ny (u;) where No = L, N; = M, for j =1, 2, ..., n convergence uniformly.

1.6 Exercises
1. For each of the following, state whether the partial differential equa-

tion is linear, quasi-linear or nonlinear. If it is linear, state whether it
is homogeneous or nonhomogeneous, and gives its order.

(a) Ugy + zUYy =¥, (b) uuy — 2zyu, =0,

(¢) uf +uuy =1, (d) Uazaa + 2Uaayy + Uyyyy =0,
(€) Ugy + 2Ugy + uyy =sinz, (f) Ugze + Ugyy +logu =0,

(g) u2, +u2 +sinu = eY, (h) ws + uuy + Ugze = 0.

2. Verify that the functions

u(z,y) =a? —y?
u(z,y) = e siny

u(x,y) = 2wy

—~

are the solutions of the equation
Ugg + Uyy = 0.

3. Show that u = f (zy), where f is an arbitrary differentiable function
satisfies
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11.
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TUy — YUy = 0

and verify that the functions sin (zy), cos (xy), log (zy), ¥, and (my)?’
are solutions.

Show that w = f (x) g (y) where f and g are arbitrary twice differen-
tiable functions satisfies

Ulgy — Ugly = 0.

Determine the general solution of the differential equation

Uyy +u = 0.
Find the general solution of

Upy + Uy = 0,
by setting u, = v.
Find the general solution of

Ugy — Hgy + 3Uyy = 0,

by assuming the solution to be in the form u (x,y) = f (Ax + y), where
A is an unknown parameter.

Find the general solution of
Ugy — Uyy = 0.
Show that the general solution of

Pu 0%

w2 Cam Y

is u(x,t) = f(z—ct) + g(x+ct), where f and g are arbitrary twice
differentiable functions.

Verify that the function

)
u=o(ay) +av (4),
is the general solution of the equation
x2um — y2uyy =0.

If uy = vy and v, = —uy, show that both u and v satisfy the Laplace
equations

V2u=0 and VZv=0.
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12.

13.

14.

15.

16.
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If u (z,y) is a homogeneous function of degree n, show that u satisfies

the first-order equation
LUz + YUy = NU.

Verify that

u(z,y,t) = Acos (kz) cos (ly) cos (nct) + B sin (kx) sin (ly) sin (nct) ,

where k2 4 1% = n?2, is a solution of the equation
gy = ¢ (Ugg + Uyy) -
Show that
w(x,y k) =e ®sin(kr), zeR, y>0,
is a solution of the equation
VU = ugy + Uyy =0

for any real parameter k. Verify that

u(z,y) = /OOO c(k)e " sin (kx) dk

is also a solution of the above equation.
Show, by differentiation that,

u(x,t) =

1‘2
exp (_4kt>7 J)ER, t>0,

1
vVarkt

is a solution of the diffusion equation
Uty = kuxmy

where k is a constant.

(a) Verify that

u(z,y) = log (vx2 + y2) ;
satisfies the equation
Ugg + Uyy = 0

for all (z,y) # (0,0).
(b) Show that
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u(z,y,2) = (22 +9y° + 22)_%
is a solution of the Laplace equation
Uggy + Uyy + Uz, =0
except at the origin.
(c) Show that
u(r)=ar"”
satisfies the equation
r?u’ +2rd —n(n+1)u=0.
Show that
Up (r,0) = 1" cos (nf) and wuy, (r,0) =r"sin(nf), n=0,1,2,3,---
are solutions of the Laplace equation
Viu = up + lur+ %ueg =0.
r r
Verify by differentiation that u (x,y) = cos x cosh y satisfies the Laplace
equation
Ugg + Uyy = 0.

Show that u (z,y) = f (2y +2?) 4+ g (2y — 2?) is a general solution of
the equation

1 2
um—guw—m Uyy = 0.

If u satisfies the Laplace equation V2u = gy +uy, = 0, show that both
zu and yu satisfy the biharmonic equation

Tu

\% =0,

Yyu
but zu and yu will not satisfy the Laplace equation.
Show that

u(z,y,t) = f(z+iky —iwt) + g (x — iky — iwt)
is a general solution of the wave equation
Uty = € (Ugg + Uyy) »

where f and g are arbitrary twice differentiable functions, and w? =
¢® (k* = 1), k, w, ¢ are constants.
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22.

23.

24.

25.
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Verify that

u(x,y) = x> + y? + €* (cos x sin y cosh y — sin z cos y sinh )

is a classical solution of the Poisson equation

Upg + Uyy = (62 4 2).
Show that

(o) = exp (~2) F ez — )
satisfies the equation
buy +auy +u=0.

Show that

Uy — gy + 2bup =0
has solutions of the form

u(x,t) = (Acoskx + Bsinkx) V (t),

where ¢, b, A and B are constants.

Show that
(e 5)
| Upr +—Up | —uy =0
T

has solutions of the form

V(r)

u(r,t) =

Find a differential equation for V (r).

cos (nct) n=0,1,2,....
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First-Order, Quasi-Linear Equations and
Method of Characteristics

“As long as a branch of knowledge offers an abundance of problems, it is
full of vitality.”

David Hilbert

“Since a general solution must be judged impossible from want of analysis,
we must be content with the knowledge of some special cases, and that all
the more, since the development of various cases seems to be the only way
to bringing us at last to a more perfect knowledge.”

Leonhard Euler

2.1 Introduction

Many problems in mathematical, physical, and engineering sciences deal
with the formulation and the solution of first-order partial differential equa-
tions. From a mathematical point of view, first-order equations have the
advantage of providing a conceptual basis that can be utilized for second-,
third-, and higher-order equations.

This chapter is concerned with first-order, quasi-linear and linear partial
differential equations and their solution by using the Lagrange method of
characteristics and its generalizations.

2.2 Classification of First-Order Equations

The most general, first-order, partial differential equation in two indepen-
dent variables z and y is of the form
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F(z,y,u,ug, uy) =0, (r,y) € D C R?, (2.2.1)

where F is a given function of its arguments, and u = u (x, y) is an unknown
function of the independent variables z and y which lie in some given do-
main D in R?, u, = g—; and u, = g—;. Equation (2.2.1) is often written in
terms of standard notation p = u, and ¢ = u, so that (2.2.1) takes the
form

Similarly, the most general, first-order, partial differential equation in
three independent variables x, y, z can be written as

F(x7yvz7u7uz7uyauz) =0. (223)

Equation (2.2.1) or (2.2.2) is called a quasi-linear partial differential
equation if it is linear in first-partial derivatives of the unknown function
u (z,y). So, the most general quasi-linear equation must be of the form

a (xvyvu) Uy + b (.13, Z/7U) Uy = C(J?, y7u)7 (224)

where its coefficients a, b, and ¢ are functions of z, y, and u.
The following are examples of quasi-linear equations:

z(y® +u)uy —y (2® +u)uy = (22 —y?) v, (2.2.5)
Uty + up + nu* =0, (2.2.6)
(y2 — u2) Uy — TY Uy = TU. (2.2.7)

Equation (2.2.4) is called a semilinear partial differential equation if its
coefficients a and b are independent of u, and hence, the semilinear equation
can be expressed in the form

a(:zr,y) Uy +b(3§,y) Uy = C(xvy7u)' (228)

Examples of semilinear equations are

TUg + YUy = u? 4 22, (2.2.9)
@+ 1% up + (y— 1) uy = (2 + ), (2.2.10)
w + aug +u? =0, (2.2.11)

where @ is a constant.

Equation (2.2.1) is said to be linear if F' is linear in each of the variables
U, Uz, and u,, and the coefficients of these variables are functions only of the
independent variables x and y. The most general, first-order, linear partial
differential equation has the form

a(z,y)ug +b(z,y)uy +c(z,y)u=d(z,y), (2.2.12)
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where the coefficients a, b, and ¢, in general, are functions of z and y and
d(x,y) is a given function. Unless stated otherwise, these functions are
assumed to be continuously differentiable. Equations of the form (2.2.12)
are called homogeneous if d (x,y) = 0 or nonhomogeneous if d (x,y) # 0.

Obviously, linear equations are a special kind of the quasi-linear equa-
tion (2.2.4) if a, b are independent of u and c is a linear function in wu.
Similarly, semilinear equation (2.2.8) reduces to a linear equation if ¢ is
linear in w.

Examples of linear equations are

LUz + Yuy —nu = 0, (2.2.13)

nug + (x +y) uy —u = e*, (2.2.14)

YUy + TUy = TY, (2.2.15)

(y—2)us + (2 —z)uy + (. —y)u, = 0. (2.2.16)

An equation which is not linear is often called a nonlinear equation. So,
first-order equations are often classified as linear and nonlinear.

2.3 Construction of a First-Order Equation

We consider a system of geometrical surfaces described by the equation
f(@,y,2,a,b) =0, (2.3.1)

where a and b are arbitrary parameters. We differentiate (2.3.1) with respect
to x and y to obtain

fotpf-=0, fy+af:=0, (2.32)

where p = % and ¢ = g—;.

The set of three equations (2.3.1) and (2.3.2) involves two arbitrary
parameters a and b. In general, these two parameters can be eliminated
from this set to obtain a first-order equation of the form

F(z,y,2p,q) =0. (2.3.3)

Thus the system of surfaces (2.3.1) gives rise to a first-order partial dif-
ferential equation (2.3.3). In other words, an equation of the form (2.3.1)
containing two arbitrary parameters is called a complete solution or a com-
plete integral of equation (2.3.3). Its role is somewhat similar to that of a
general solution for the case of an ordinary differential equation.

On the other hand, any relationship of the form

f(8,4) =0, (2.3.4)
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which involves an arbitrary function f of two known functions ¢ = ¢ (z, y, 2)
and ¥ = ¢ (x,y, z) and provides a solution of a first-order partial differential
equation is called a general solution or general integral of this equation.
Clearly, the general solution of a first-order partial differential equation
depends on an arbitrary function. This is in striking contrast to the situation
for ordinary differential equations where the general solution of a first-
order ordinary differential equation depends on one arbitrary constant. The
general solution of a partial differential equation can be obtained from
its complete integral. We obtain the general solution of (2.3.3) from its
complete integral (2.3.1) as follows.

First, we prescribe the second parameter b as an arbitrary function of
the first parameter a in the complete solution (2.3.1) of (2.3.3), that is,
b = b(a). We then consider the envelope of the one-parameter family of
solutions so defined. This envelope is represented by the two simultaneous
equations

f(z,y,2,a,b(a)) =0, (2.3.5)
fo @3 50,0 (@) + o (59,5 b @)Y (@) =0, (236)
where the second equation (2.3.6) is obtained from the first equation (2.3.5)
by partial differentiation with respect to a. In principle, equation (2.3.5) can
be solved for a = a (x,y, z) as a function of z, y, and z. We substitute this

result back in (2.3.5) to obtain

Az, y,z,a(z,y,2), bla(z,y,2))} =0, (2.3.7)

where b is an arbitrary function. Indeed, the two equations (2.3.5) and
(2.3.6) together define the general solution of (2.3.3). When a definite b (a)
is prescribed, we obtain a particular solution from the general solution.
Since the general solution depends on an arbitrary function, there are in-
finitely many solutions. In practice, only one solution satisfying prescribed
conditions is required for a physical problem. Such a solution may be called
a particular solution.

In addition to the general and particular solutions of (2.3.3), if the enve-
lope of the two-parameter system (2.3.1) of surfaces exists, it also represents
a solution of the given equation (2.3.3); the envelope is called the singular
solution of equation (2.3.3). The singular solution can easily be constructed
from the complete solution (2.3.1) representing a two-parameter family of
surfaces. The envelope of this family is given by the system of three equa-
tions

f (95’(%27@,5) = Oa fa ($7yazva’b) = 07 fb ('r7yazaa7b> =0. (238)

In general, it is possible to eliminate a and b from (2.3.8) to obtain
the equation of the envelope which gives the singular solution. It may be
pointed out that the singular solution cannot be obtained from the general
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solution. Its nature is similar to that of the singular solution of a first-order
ordinary differential equation.

Finally, it is important to note that solutions of a partial differential
equation are expected to be represented by smooth functions. A function
is called smooth if all of its derivatives exist and are continuous. However,
in general, solutions are not always smooth. A solution which is not ev-
erywhere differentiable is called a weak solution. The most common weak
solution is the one that has discontinuities in its first partial derivatives
across a curve, so that the solution can be represented by shock waves as
surfaces of discontinuity. In the case of a first-order partial differential equa-
tion, there are discontinuous solutions where z itself and not merely p = %
and ¢ = g—; are discontinuous. In fact, this kind of discontinuity is usually
known as a shock wave. An important feature of quasi-linear and nonlinear
partial differential equations is that their solutions may develop disconti-
nuities as they move away from the initial state. We close this section by
considering some examples.

Example 2.3.1. Show that a family of spheres
4P+ (z—c) =12 (2.3.9)
satisfies the first-order linear partial differential equation
yp —xq = 0. (2.3.10)
Differentiating the equation (2.3.9) with respect to z and y gives
z+p(z—c)=0 and y+q(z—c)=0.

Eliminating the arbitrary constant ¢ from these equations, we obtain the
first-order, partial differential equation

yp —xq = 0.
Ezxample 2.3.2. Show that the family of spheres
(z—a)’ +@y—0b)>+22=r? (2.3.11)
satisfies the first-order, nonlinear, partial differential equation
2P+ +1) =r% (2.3.12)

We differentiate the equation of the family of spheres with respect to x
and y to obtain

(x—a)+zp=0, (y—>b)+zq=0.

Eliminating the two arbitrary constants a and b, we find the nonlinear
partial differential equation
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52 (p2+q2 + 1) — 2

All surfaces of revolution with the z-axis as the axis of symmetry satisfy
the equation

z=f(2®+y?), (2.3.13)

where f is an arbitrary function. Writing u = x? + y? and differentiating
(2.3.13) with respect to  and y, respectively, we obtain

p=2xf (u), q=2yf (u).

Eliminating the arbitrary function f (u) from these results, we find the
equation

yp —xq = 0.

Theorem 2.3.1. If ¢ = ¢ (x,y,2) and ¥ = ¢ (x,y, z) are two given func-
tions of z, y, and z and if f (¢, 1) = 0, where f is an arbitrary function of ¢
and 1, then z = z (x,y) satisfies a first-order, partial differential equation

0 (¢,) (o, 0)  0(9,0)
P o2 1oz 9@y (2.3.14)
where
(d,0) | bu ¢y
d(x,y) |z ty| (2.3.15)

Proof. We differentiate f (¢, 1) = 0 with respect to x and y respectively
to obtain the following equations:

af (0¢ ¢ of (oY o\
9 (ax +paz> * o (a *paz) =0 (2:3.16)
af (0¢ o of (oY o\
9 <ay * qaz> * 90 (ay * qaz> =0 (2:3.17)

Nontrivial solutions for % and g—jj) can be found if the determinant of

the coefficients of these equations vanishes, that is,

Gz + DOz Yo + P2
¢y +q¢. 1/)@; + qi,

Expanding this determinant gives the first-order, quasi-linear equation
(2.3.14).

= 0. (2.3.18)
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2.4 Geometrical Interpretation of a First-Order
Equation

To investigate the geometrical content of a first-order, partial differential
equation, we begin with a general, quasi-linear equation

a(z,y,u)us +b(x,y,u)uy —c(z,y,u) =0. (2.4.1)

We assume that the possible solution of (2.4.1) in the form u = u (z,y)
or in an implicit form

fr,y,u)=u(z,y) —u=0 (2.4.2)

represents a possible solution surface in (z,y,u) space. This is often called
an integral surface of the equation (2.4.1). At any point (z,y,u) on the
solution surface, the gradient vector Vf = (fg, fy, fu) = (ug,uy,—1) is
normal to the solution surface. Clearly, equation (2.4.1) can be written as
the dot product of two vectors

aty +buy, —c=(a,b,¢) - (ug,uy —1) =0. (2.4.3)

This clearly shows that the vector (a, b, c) must be a tangent vector of
the integral surface (2.4.2) at the point (x,y,u), and hence, it determines
a direction field called the the characteristic direction or Monge azis. This
direction is of fundamental importance in determining a solution of equation
(2.4.1). To summarize, we have shown that f (z,y,u) = u(z,y) —u =0,
as a surface in the (z,y,u)-space, is a solution of (2.4.1) if and only if the
direction vector field (a, b, ¢) lies in the tangent plane of the integral surface
f(z,y,u) = 0 at each point (z,y,u), where V[ # 0, as shown in Figure
2.4.1.

A curve in (z,y, u)-space, whose tangent at every point coincides with
the characteristic direction field (a,b,c), is called a characteristic curve. If
the parametric equations of this characteristic curve are

r=xz(), y=y@t), u=u(), (2.4.4)

de dy du
dt’ dt>’ dt

to (a, b, c). Therefore, the system of ordinary differential equations of the
characteristic curve is given by

then the tangent vector to this curve is ( ) which must be equal

d d d

T=alwyu), =blyw), T=c@yu).  (245)
These are called the characteristic equations of the quasi-linear equation
(2.4.1).
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u

(a,b,¢)

X

Figure 2.4.1 Tangent and normal vector fields of solution surface at a point
(z,y,u).

In fact, there are only two independent ordinary differential equations
in the system (2.4.5); therefore, its solutions consist of a two-parameter
family of curves in (z,y, u)-space.

The projection on u = 0 of a characteristic curve on the (z,t)-plane is
called a characteristic base curve or simply characteristic.

Equivalently, the characteristic equations (2.4.5) in the nonparametric
form are

ar _dy _ au (2.4.6)

The typical problem of solving equation (2.4.1) with a prescribed u on
a given plane curve C is equivalent to finding an integral surface in (z,y, u)
space, satisfying the equation (2.4.1) and containing the three-dimensional
space curve I defined by the values of u on C, which is the projection on
u=0of I

Remark 1. The above geometrical interpretation can be generalized for
higher-order partial differential equations. However, it is not easy to visu-
alize geometrical arguments that have been described for the case of three
space dimensions.

Remark 2. The geometrical interpretation is more complicated for the case
of nonlinear partial differential equations, because the normals to possible
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solution surfaces through a point do not lie in a plane. The tangent planes
no longer intersect along one straight line, but instead, they envelope along
a curved surface known as the Monge cone. Any further discussion is beyond
the scope of this book.

We conclude this section by adding an important observation regarding
the nature of the characteristics in the (x,t)-plane. For a quasi-linear equa-
tion, characteristics are determined by the first two equations in (2.4.5)
with their slopes

dy _ blwyu) (2.4.7)
de  a(z,y,u)
If (2.4.1) is a linear equation, then a and b are independent of u, and the
characteristics of (2.4.1) are plane curves with slopes

dy _ b(z,y)
dr  a(z,y)

(2.4.8)

By integrating this equation, we can determine the characteristics which
represent a one-parameter family of curves in the (x,t)-plane. However, if
a and b are constant, the characteristics of equation (2.4.1) are straight
lines.

2.5 Method of Characteristics and General Solutions

We can use the geometrical interpretation of first-order, partial differential
equations and the properties of characteristic curves to develop a method
for finding the general solution of quasi-linear equations. This is usually
referred to as the method of characteristics due to Lagrange. This method
of solution of quasi-linear equations can be described by the following result.

Theorem 2.5.1. The general solution of a first-order, quasi-linear partial
differential equation

a(z,y,u)uy +b(x,y,u)uy, = c(z,y,u) (2.5.1)
is
f(¢.4) =0, (2.5.2)

where f is an arbitrary function of ¢ (z,y,u) and ¢ (z,y,u), and ¢ =
constant = ¢; and ¥ = constant = ¢, are solution curves of the charac-
teristic equations

dr dy du

— === 2.5.3

a b c ( )

The solution curves defined by ¢ (z,y,u) = ¢; and ¢ (x,y,u) = ¢ are

called the families of characteristic curves of equation (2.5.1).
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Proof. Since ¢ (z,y,u) = ¢; and ¢ (x, y, u) = ¢ satisfy equations (2.5.3),
these equations must be compatible with the equation

dp = ¢ dx + ¢ydy + ¢,du = 0. (2.5.4)
This is equivalent to the equation
a ¢y +boy +cp, =0. (2.5.5)
Similarly, equation (2.5.3) is also compatible with
ay + by +cip, = 0. (2.5.6)

We now solve (2.5.5), (2.5.6) for a, b, and ¢ to obtain

a b c
) . 0w) | 0ed) (2.5.7)
d(y,u) B (u,r) a(z,y)

It has been shown earlier that f (¢,1) = 0 satisfies an equation similar to
(2.3.14), that is,

(6.0) ,  0(60) _ 9(6.0) (255)

(yu) 7 O(w,z)  O(zy)

Substituting, (2.5.7) in (2.5.8), we find that f(¢,%) = 0 is a solution of
(2.5.1). This completes the proof.

Note that an analytical method has been used to prove Theorem 2.5.1.
Alternatively, a geometrical argument can be used to prove this theorem.
The geometrical method of proof is left to the reader as an exercise.

Many problems in applied mathematics, science, and engineering involve
partial differential equations. We seldom try to find or discuss the properties
of a solution to these equations in its most general form. In most cases of
interest, we deal with those solutions of partial differential equations which
satisfy certain supplementary conditions. In the case of a first-order partial
differential equation, we determine the specific solution by formulating an
initial-value problem or a Cauchy problem.

P
)

Theorem 2.5.2. (The Cauchy Problem for a First-Order Partial Differen-
tial Equation). Suppose that C' is a given curve in the (x,y)-plane with its
parametric equations

z=w0(t), y=yol(t), (2.5.9)

where t belongs to an interval I C R, and the derivatives z( (t) and y; (t) are
piecewise continuous functions, such that (m6)2 + (y6)2 = 0. Also, suppose
that w = wg (¢) is a given function on the curve C. Then, there exists a
solution u = u (x,y) of the equation
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F (2,9, u, ug, uy) = 0 (2.5.10)

in a domain D of R? containing the curve C for all ¢ € I, and the solution
u (z,y) satisfies the given initial data, that is,

u (o (1), yo (1)) = uo (t) (2.5.11)

for all values of t € I.

In short, the Cauchy problem is to determine a solution of equation
(2.5.10) in a neighborhood of C, such that the solution u = u (z,y) takes a
prescribed value ug (¢) on C. The curve C is called the initial curve of the
problem, and g (¢) is called the initial data. Equation (2.5.11) is called the
initial condition of the problem.

The solution of the Cauchy problem also deals with such questions as
the conditions on the functions F, zq (t), yo (t), and ug (¢) under which a
solution exists and is unique.

We next discuss a method for solving a Cauchy problem for the first-
order, quasi-linear equation (2.5.1). We first observe that geometrically
x = xo(t), y = yo(t), and u = wg () represent an initial curve I" in
(z,y,u)-space. The curve C, on which the Cauchy data is prescribed, is
the projection of I" on the (x,y)-plane. We now present a precise formula-
tion of the Cauchy problem for the first-order, quasi-linear equation (2.5.1).

Theorem 2.5.3. (The Cauchy Problem for a Quasi-linear Equation). Sup-
pose that ¢ (t), yo (t), and ug () are continuously differentiable functions
of t in a closed interval, 0 < ¢t < 1, and that a, b, and ¢ are functions of
x, y, and u with continuous first-order partial derivatives with respect to
their arguments in some domain D of (z,y, u)-space containing the initial
curve

I':z=x0(t), y=yo(t), u=uo(t), (2.5.12)
where 0 < t < 1, and satisfying the condition
Yo (t) a(zo (t) ;o () ,uo (1) — 24 (t) b (20 (), yo0 () ,uo () # 0. (2.5.13)

Then there exists a unique solution u = u (x, y) of the quasi-linear equation
(2.5.1) in the neighborhood of C': & = x¢ (t), y = yo (t), and the solution
satisfies the initial condition

uo (t) =u(xo(t),yo (), for 0<t<1. (2.5.14)

Note: The condition (2.5.13) excludes the possibility that C' could be a
characteristic.

FEzample 2.5.1. Find the general solution of the first-order linear partial
differential equation.
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TUy + YUy = U. (2.5.15)

The characteristic curves of this equation are the solutions of the char-
acteristic equations

d d d
oot (2.5.16)
x Y U
This system of equations gives the integral surfaces
p=2=0Cy and =2 =0y,
x x

where C7 and Cy are arbitrary constants. Thus, the general solution of
(2.5.15) is

f (g’ g) —0, (2.5.17)
x x

where f is an arbitrary function. This general solution can also be written

as

u(z,y)=xg (g) , (2.5.18)
x

where ¢ is an arbitrary function.

Ezample 2.5.2. Obtain the general solution of the linear Euler equation

T Uy + YUy = NU. (2.5.19)

The integral surfaces are the solutions of the characteristic equations

de. _dy _ du

2.5.20
x y nu ( )

From these equations, we get
U
g = Cla — = 023
T "

where C; and Cy are arbitrary constants. Hence, the general solution of
(2.5.19) is

f (9, %) ~0. (2.5.21)
z’ T
This can also be written as
u Yy
2=
T T
or
_on (Y
u(z,y) =2"g (;) . (2.5.22)

This shows that the solution u (z,y) is a homogeneous function of z and y
of degree n.
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Example 2.5.3. Find the general solution of the linear equation
2?uy +y*uy = (v +y)u. (2.5.23)
The characteristic equations associated with (2.5.23) are

dx_@_ du

— =—. 2.5.24
>y (wtyu ( )
From the first two of these equations, we find
et -yt =, (2.5.25)
where (] is an arbitrary constant.
It follows from (2.5.24) that
dr —dy du
o @ty
or
d(x—y) du
r—y  u
This gives
TV _ o, (2.5.26)
u

where Cj is a constant. Furthermore, (2.5.25) and (2.5.26) also give

o, (2.5.27)
u

where Cj3 is a constant.
Thus, the general solution (2.5.23) is given by

f (my x_y> -0, (2.5.28)

u u

where f is an arbitrary function. This general solution representing the
integral surface can also be written as

u(z,y)=ayg (x;y> (2.5.29)

where ¢ is an arbitrary function, or, equivalently,

u(z,y) =y h (xxyy) : (2.5.30)

where h is an arbitrary function.
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FEzample 2.5.4. Show that the general solution of the linear equation
(y—2)uz+(z—2)uy+(x—y)u, =0 (2.5.31)
is
u(z,y,2) = flz+y+z 2> +y°+2%), (2.5.32)

where f is an arbitrary function.
The characteristic curves satisfy the characteristic equations

dx dy dz 7d7u
y—z z—x x—vy 0

(2.5.33)

or
du=0, dr+dy+dz=0, xdx+ydy-+ zdz=0.
Integration of these equations gives
u=Cy, x4+y+z=0Cy and z2+y?+22=0Cs,

where C7, Cy and C3 are arbitrary constants.
Thus, the general solution can be written in terms of an arbitrary func-
tion f in the form

u(z,y,2) = f(z+y+z2°+y*+27).

We next verify that this is a general solution by introducing three inde-
pendent variables &, n, ¢ defined in terms of x, y, and z as

E=x4y+z,n=2>+1y*+2% and (=y+z, (2.5.34)

where ( is an arbitrary combination of y and z. Clearly the general solution
becomes

u=f(mn),

and hence,

oz

0z

ue = o (2.5.35)

dy
+ Uy 754_ + U,
It follows from (2.5.34) that

dx Oy 0z 0_2< Ox Ay 82) dy Oz

0:87C+67C+87<’ — 4+ 22— a—c—ka—cz

It follows from the first and the third results that g—‘z = —1 and, therefore,

ooy 02 v 0e Oy 02



2.5 Method of Characteristics and General Solutions 41

Clearly, it follows by subtracting that

0z dy
soy=G-D G vo= -2 g
Using the values for 62, gz, and ay in (2.5.35), we obtain
ou ou ou ou
) = (y—2) et (z—a) et (z—y) = (25,
(-9 ==+ -0 G+ -y g (2530)

If u = u (&, n) satisfies (2.5.31), then %Z = 0 and, hence, (2.5.36) reduces
0 (2.5.31). This shows that the general solution (2.5.32) satisfies equation
(2.5.31).

Ezample 2.5.5. Find the solution of the equation
u (@ +y)up +u (@ —y)uy, =2 + 4%, (2.5.37)

with the Cauchy data u =0 on y = 2z.
The characteristic equations are

dx B dy _du ydr+axdy —udu  xdr —ydy —udu
u(z+y)  u(@—y) a2+y? 0 B 0 '
Consequently,

d[(my—;u )]_o and d{ (2 —y* —u?)| =0. (2.5.38)

These give two integrals
w? -2 +y? =01 and 22y —u? = Co, (2.5.39)
where C] and C5 are constants. Hence, the general solution is

f(x2 —y? —u? 2acy—u2) =0,

where f is an arbitrary function.
Using the Cauchy data in (2.5.39), we obtain 4C; = 3C5y. Therefore

4 (u? — 2 +y%) = 3 (2zy —u?).
Thus, the solution of equation (2.5.37) is given by
Tu® = 6zy + 4 (2° — y?). (2.5.40)
Ezxample 2.5.6. Obtain the solution of the linear equation

Uy — Uy = 1, (2.5.41)
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with the Cauchy data
u(z,0) = 22

The characteristic equations are

der d du

T = jyl =T (2.5.42)
Obviously,

Z—Z =—1 and j— =1
Clearly,
x4y = constant = C; and wu — x = constant = Cj.
Thus, the general solution is given by
u—xz=f(zx+y), (2.5.43)

where f is an arbitrary function.
We now use the Cauchy data to find f (z) = 22 — x, and hence, the
solution is

u(a,y) = (@+y)* —y. (2.5.44)

The characteristics z + y = C are drawn in Figure 2.5.1. The value of u
must be given at one point on each characteristic which intersects the line
y = 0 only at one point, as shown in Figure 2.5.1.

yl\

S
N

O > X

Figure 2.5.1 Characteristics of equation (2.5.41).
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FEzample 2.5.7. Obtain the solution of the equation
(y—wugs+(u—2)uy=2—y, (2.5.45)

with the condition v =0 on zy = 1.

The characteristic equations for equation (2.5.45) are

dx dy du

= = . (2.5.46)
y—u u—x T—y
The parametric forms of these equations are
dx dy du
— =y—u —=u-—-x — =z —y.
at " dt ’ dt 4
These lead to the following equations:
t+y+4=0 and xi+yy+uit=0, (2.5.47)

where the dot denotes the derivative with respect to t.
Integrating (2.5.47), we obtain

z+y+u=const. =C; and z*+y?+u?® =const. = Cy. (2.5.48)

These equations represent circles.
Using the Cauchy data, we find that

C?=(x+y)’=a®+1y>+2zy=Co+2.
Thus, the integral surface is described by
(z+y+u)? =2>+1y>+u>+2.

Hence, the solution is given by

u(z,y) = 196;33; (2.5.49)
Ezxzample 2.5.8. Solve the linear equation
YUy + T Uy = u, (2.5.50)
with the Cauchy data
u(z,0) =2 and wu(0,y) =y (2.5.51)

The characteristic equations are

di dy du
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or

du dr—dy dr+dy
u y—x N y+x '
Solving these equations, we obtain

Cy

or

C
u=Cy(z+y), x2—y2:C—1:constant:C.
2

So the characteristics are rectangular hyperbolas for C > 0 or C' < 0.
Thus, the general solution is given by

u 2 2
9 - :O
f(x+yx y)

u(z,y) = (x+y)g(z* —y?). (2.5.52)

Using the Cauchy data, we find that g (gcQ) =22, that is, g (z) = .
Consequently, the solution becomes

or, equivalently,

u(z,y)=(x+y) (2> —y*) on 2°—y*=C>0.
Similarly,
u(z,y)=(x+y) (y*—2°) on y*—2>=C>0.

It follows from these results that w — 0 in all regions, as * — *y
(or y — ), and hence, u is continuous across y = +x which represent
asymptotes of the rectangular hyperbolas 2 — y?> = C. However, u, and
uy are not continuous, as y — . For 22—y =C >0,

Uy =322 + 22y — 9 = (x +y) Bz —y) -0, as y— —x.
uy, = =3y —2xy+2° = (r+y)(r—3y) =0, as y— —u.

Hence, both u, and u, are continuous as y — —z. On the other hand,
2 2
Uy — 427, uy — —4x° as y — x.

This implies that u, and u, are discontinuous across y = x.

Combining all these results, we conclude that u (z,y) is continuous ev-
erywhere in the (z,t)-plane, and u,, u, are continuous everywhere in the
(x,t)-plane except on the line y = x. Hence, the partial derivatives u,, u,
are discontinuous on y = x. Thus, the development of discontinuities across
characteristics is a significant feature of the solutions of partial differential
equations.
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FEzample 2.5.9. Determine the integral surfaces of the equation
T (y2 +u) uy — y (332 +u)uy, = (2% — yz) u, (2.5.53)

with the data

z+y=0, u=1.
The characteristic equations are
v R B P O T (2559
or
W +u)  —(@?+u) (22 —y?) 0
Consequently,
log (zyu) = log C;
or
zyu = C.
From (2.5.54), we obtain
xdx B ydy B du _ zdr +ydy — du
2 (y? +u)  —y?(@?+u) (@2 -yHu 0 ’

whence we find that

3:2+y2 —2u = (.
Using the given data, we obtain

C,=—-2> and Cy=222-2,

so that

Cy=-2(C1+1).
Thus the integral surface is given by

22+ y? — 2u= -2 — 2zyu

or

2eyu + 2° +y* —2u+2=0. (2.5.55)
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FEzample 2.5.10. Obtain the solution of the equation
T Uy + YUy = Texp (—u) (2.5.56)
with the data
2

u=0 on y==z".

The characteristic equations are

d d d
=2 (2.5.57)
x y  xexp(—u)
or
Y-an.
x

We also obtain from (2.5.57) that dx = e“du which can be integrated to
find

e =z + C.
Thus, the general solution is given by

ferent) -

or, equivalently,
et =x+yg (%) . (2.5.58)

Applying the Cauchy data, we obtain g () = 1 — z. Thus, the solution of
(2.5.56) is given by

et=g+1-7
x
or
_ Y
u = log (m vl E) . (2.5.59)
Example 2.5.11. Solve the initial-value problem

U+ Uty =, u(z,0) = f(x), (2.5.60)

where (a) f(z) =1 and (b) f(x) = z.
The characteristic equations are
dt dx du d(x+u)

= —=—7, 2.5.61
1 Uu x T+ u ( )
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Integration gives
t =log (z +u) —log Cy
or
(u+z)e ' =Ch.

Similarly, we get

For case (a), we obtain
l1+42=C, and 1—2?=0C5 andhence Csy=2C; — 012.

Thus,

or
u—x=2"—(u+tx)e .
A simple manipulation gives the solution
u(x,t) = xtanht + secht. (2.5.62)
Case (b) is left to the reader as an exercise.
Example 2.5.12. Find the integral surface of the equation
Ulg +Uuy = 1, (2.5.63)

so that the surface passes through an initial curve represented parametri-
cally by

x=x0(8), y=uyo(s), u=mwup(s), (2.5.64)

where s is a parameter.
The characteristic equations for the given equations are

de _ dy _ du
w 117

which are, in the parametric form,

dx dy du
— -2 =1 — =1 2.5.
ar " dr 7’ ’ (2.5.65)



48 2 First-Order, Quasi-Linear Equations and Method of Characteristics

where 7 is a parameter. Thus the solutions of this parametric system in
general depend on two parameters s and 7. We solve this system (2.5.65)
with the initial data

z(s,O):xo(s), 9(570)290(5% U(S,O):Uo(s).

The solutions of (2.5.65) with the given initial data are

z(s,7) = L; + Tup (s) + zo (s)
y(s,7) =T+ o (s) : (2.5.66)
u(s,7) =7+ uo(s)

We choose a particular set of values for the initial data as
z(s,0) =2s% y(s5,0)=2s, u(s,00=0, s>0.

Therefore, the solutions are given by

1
T = §T2+282, y:’r+25, u=r. (2567)

Eliminating 7 and s from (2.5.67) gives the integral surface

2 =92

(w—y)* +u
or
1
2u=y+ (dz—y*)=. (2.5.68)

The solution surface satisfying the data u = 0 on y? = 2z is given by

N|=

2u =y — (4o — y?) (2.5.69)
This represents the solution surface only when y? < 4z. Thus, the solution
does not exist for y? > 4z and is not differentiable when 3? = 4. We verify
that y? = 4x represents the envelope of the family of characteristics in the
(z,t)-plane given by the 7-eliminant of the first two equations in (2.5.67),
that is,

F(z,y,5) =2z — (y — 25)° —4s” = 0. (2.5.70)

This represents a family of parabolas for different values of the parameter
s. Thus, the envelope is obtained by eliminating s from equations %—f =0

and F = 0. This gives y? = 4x, which is the envelope of the characteristics
for different s, as shown in Figure 2.5.2.
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y s

yr=dx o

s=0

Figure 2.5.2 Dotted curve is the envelope of the characteristics.

2.6 Canonical Forms of First-Order Linear Equations

It is often convenient to transform the more general first-order linear partial
differential equation (2.2.12)

a(z,y) ug +b(z,y) uy+c(z,y) u=d(z,y), (2.6.1)

into a canonical (or standard) form which can be easily integrated to find
the general solution of (2.6.1). We use the characteristics of this equation
(2.6.1) to introduce the new transformation by equations

§:£($,y), 77:77(337:0)’ (2'6'2)

where & and 7 are once continuously differentiable and their Jacobian
J(x,y) = &ny — &ne is nonzero in a domain of interest so that x and
y can be determined uniquely from the system of equations (2.6.2). Thus,
by chain rule,

Ug = U + Uy, Uy = U8y + UnTy, (2.6.3)

we substitute these partial derivatives (2.6.3) into (2.6.1) to obtain the
equation
Aue +Bu, +cu=d, (2.6.4)

where
A = u&, + bEy, B = an, + bn,. (2.6.5)

From (2.6.5) we see that B = 0 if 7 is a solution of the first-order equation
ang + bny = 0. (2.6.6)

This equation has infinitely many solutions. We can obtain one of them
by assigning initial condition on a non-characteristic initial curve and solv-
ing the resulting initial-value problem according to the method described
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earlier. Since n(z,y) satisfies equation (2.6.6), the level curves 7 (x,y) =
constant are always characteristic curves of equation (2.6.1). Thus, one set
of the new transformations are the characteristic curves of (2.6.1). The sec-
ond set, £ (z,y) = constant, can be chosen to be any one parameter family
of smooth curves which are nowhere tangent to the family of the character-
istic curves. We next assert that A # 0 in a neighborhood of some point in
the domain D in which 7 (z,y) is defined and J # 0. For, if A = 0 at some
point of D, then B = 0 at the same point. Consequently, equations (2.6.5)
would form a system of linear homogeneous equations in a and b, where the
Jacobian J is the determinant of its coefficient matrix. Since J # 0, both a
and b must be zero at that point which contradicts the original assumption
that a and b do not vanish simultaneously. Finally, since B =0 and A # 0
in D, we can divide (2.6.4) by A to obtain the canonical form

ug +a (&) u=p4(mn), (2.6.7)

where a (¢,n) = % and B(¢,n) = 4.

Equation (2.6.7) represents an ordinary differential equation with £ as
the independent variable and 1 as a parameter which may be treated as
constant. This equation (2.6.7) is called the canonical form of equation
(2.6.1) in terms of the coordinates (£, 7). Generally, the canonical equation
(2.6.7) can easily be integrated and the general solution of (2.6.1) can be
obtained after replacing £ and n by the original variables x and y.

We close this section by considering some examples that illustrate this
procedure. In practice, it is convenient to choose £ = £ (z,y) and n (z,y) =y
or { =x and n =7 (x,y) so that J # 0.

Ezample 2.6.1. Reduce each of the following equations

—~
N
D

Uy — Uy = U,

Yuz +uy = x, (2.6.9
to canonical form, and obtain the general solution.

In (2.6.8),a=1,b= —1,¢c = —1and d = 0. The characteristic equations
are

der  dy du
TS T
The characteristic curves are £ = x + y = ¢1, and we choose 1 = y = co
where ¢; and cp are constants. Consequently, u, = ug and uy = ug + uy),
and hence, equation (2.6.8) becomes

Uy = u.

Integrating this equation gives
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Inu(é,n)=-n+1In f(§),

where f (£) is an arbitrary function of £ only.
Equivalently,

u(&mn) = f(&e "

In terms of the original variables x and y, the general solution of equa-
tion (2.6.8) is

u(z,y)=f(z+y)e™, (2.6.10)

where f is an arbitrary function.
The characteristic equations of (2.6.9) are

dr. dy du

y 1 oz’
It follows from the first two equations that & (z,y) = = — % = ¢1; we choose
n(z,y) = y = co. Consequently, u, = u¢ and uy, = —yue + u,; and hence,
equation (2.6.9) reduces to

L
Uy = —n-.
n=8&+5m
Integrating this equation gives the general solution

1
u(&m) = &n+en’ + £,
where f is an arbitrary function.
Thus, the general solution of (2.6.9) in terms of x and y is

1 2
U(x,y)=wy—3y3+f(w—y2>-

2.7 Method of Separation of Variables

During the last two centuries several methods have been developed for solv-
ing partial differential equations. Among these, a technique known as the
method of separation of variables is perhaps the oldest systematic method
for solving partial differential equations. Its essential feature is to transform
the partial differential equations by a set of ordinary differential equations.
The required solution of the partial differential equations is then exposed as
a product u (z,y) = X (z)Y (y) # 0, or as a sum u (z,y) = X (z) + Y (y),
where X (z) and Y (y) are functions of = and y, respectively. Many signifi-
cant problems in partial differential equations can be solved by the method
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of separation of variables. This method has been considerably refined and
generalized over the last two centuries and is one of the classical techniques
of applied mathematics, mathematical physics and engineering science.

Usually, the first-order partial differential equation can be solved by sep-
aration of variables without the need for Fourier series. The main purpose
of this section is to illustrate the method by examples.

Ezample 2.7.1. Solve the initial-value problem
Uy + 2u, = 0, u(0,y) =4e 2, (2.7.1ab)

We seek a separable solution v (z,y) = X (z) Y (y) # 0 and substitute
into the equation to obtain

X' ()Y (y) +2X ()Y (y) = 0.
This can also be expressed in the form

X'(z) _ Y'(y)
X = TG (2.7.2)

Since the left-hand side of this equation is a function of x only and the
right-hand is a function of y only, it follows that (2.7.2) can be true if both
sides are equal to the same constant value A which is called an arbitrary
separation constant. Consequently, (2.7.2) gives two ordinary differential
equations

X' (z) = 2)\X (z) =0, Y' (y) + \Y (y) = 0. (2.7.3)
These equations have solutions given, respectively, by
X () =Ae*® and Y (y) = Be Y, (2.7.4)

where A and B are arbitrary integrating constants.
Consequently, the general solution is given by

u(z,y) = ABexp (2 x — A\y) = C'exp (2\x — Ay), (2.7.5)

where C' = AB is an arbitrary constant.
Using the condition (2.7.1b), we find

4e” =u(0,y) = Ce™,

and hence, we deduce that C = 4 and A = 2. Therefore, the final solution
is

u(x,y) =4dexp (4o — 2y). (2.7.6)
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FEzample 2.7.2. Solve the equation
yPuZ + xzuz = (ayu)®. (2.7.7)

We assume v (z,y) = f(z)g(y) # 0 is a separable solution of (2.7.7),
and substitute into the equation. Consequently, we obtain

VA (@) W) + 22 {f (@) d )} = 2 {f (x) g (v)}°,

or, equivalently,

or

1{fuq211{wwrv
a? | f(x) y> Lg(y) ’
where A2 is a separation constant. Thus,

1/@ _y g 90 - e
- f(x)*’\ d 17 ) V1-2A2. (2.7.8)

Solving these ordinary differential equations, we find

f(a:)erxp(/Q\gﬂ) and g(y):Bexp(;y 1_)\2>7

where A and B are arbitrary constant. Thus, the general solution is

u(z,y) = Cexp (; z? + %y2\/1 - /\2) , (2.7.9)

where C' = AB is an arbitrary constant.

Using the condition u (z,0) = 3exp (2?/4), we can determine both C
and A in (2.7.9). It turns out that C' = 3 and A = (1/2), and the solution
becomes

u(z,y) = 3exp E (:172 + y2\/§)] . (2.7.10)

Ezxample 2.7.3. Use the separation of variables u (z,y) = f(x) + g (y) to
solve the equation

u? 4+ u? = 1. (2.7.11)

Obviously,
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{f (@) =1-1{¢ ()} =X,

where A? is a separation constant. Thus, we obtain

ff(z)y=X and ¢ (y)=+v1-)\2.

Solving these ordinary differential equations, we find

f@)=Xx+A and g¢g(y)=yvV1-—A+B,

where A and B are constants of integration. Finally, the solution of (2.7.11)

is given by
u(z,y) = )\x—i—ym +C,
where C' = A + B is an arbitrary constant.
Ezample 2.7.4. Use u (z,y) = f () + g (y) to solve the equation
u? + Uy + 2 = 0.
Obviously, equation (2.7.13) has the separable form
(/' @) +a° = —¢' (v) = X,

where A? is a separation constant.
Consequently,

fl(x)=vX—22 and ¢ (y) = -\
These can be integrated to obtain
f(z) = / VA2 —22dz + A

:A2/cos20d0+A, (x = Asin#)

= 1/\2 [sin_1 (E) —|—§ 1 v + A

2 A a2

and
9(y) =Ny + B.

Finally, the general solution is given by

1
u(z,y) = §>\2 sin™* (;) + g\/m Ay +C,

where C' = A + B is an arbitrary constant.

(2.7.12)

(2.7.13)

(2.7.14)
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Ezample 2.7.5. Use v =lnw and v = f (z) 4+ ¢ (y) to solve the equation
r2u? + y2u§ = u?. (2.7.15)

In view of v = Inu, v, = %u, and v, = %uy, and hence, equation (2.7.15)
becomes

2?0 +yPvl = 1. (2.7.16)
Substitute v (z,y) = f () + ¢ (y) into (2.7.16) to obtain
2 @)+ {d W)} =1
or
2{f (@)} =11 {g ()} =\,

where A\? is a separation constant. Thus, we obtain
, A , 1
f (1’):5 and g (y)zg\/l*)\Q-
Integrating these equations gives

f@)=Alnz+A and ¢g(y)=+v1—-XIny+ B,

where A and B are integrating constants. Therefore, the general solution
of (2.7.16) is given by

v(z,y) =Alnz++v/1 - X2 Iny+InC
~—In (x)‘ VIR C) , (2.7.17)
where InC' = A + B. The final solution is
u(z,y) =e’ =Cat -y, (2.7.18)

where C' is an integrating constant.

2.8 Exercises
1. (a) Show that the family of right circular cones whose axes coincide
with the z-axis

2

2+ 192 = (2 — )’ tan’ o

satisfies the first-order, partial differential equation
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yp —xq = 0.

(b) Show that all the surfaces of revolution, z = f (2 + y?) with the
z-axis as the axis of symmetry, where f is an arbitrary function, satisfy
the partial differential equation

yp —xq = 0.

(c) Show that the two-parameter family of curves u —ax — by —ab =0
satisfies the nonlinear equation

zp +yq +pq = u.

. Find the partial differential equation arising from each of the following

surfaces:
(a) z =z +y+ f (zy), (b) z=f(z —y),
(¢) z=ay+ [ (+* +9?), (d) 22 = (az +y)* + 6.

Find the general solution of each of the following equations:

(a) uy =0, (b) aug +buy = 0; a, b, are constant,
(€) uz +yuy =0, (d) (1+2%) ug +uy =0,

(€) 2zyus + (2 +y?) uy =0, (F) (y+u)us +yuy, =z —y,

(8) v*uy — zyuy, =z (u—2y), (h) yu, —zu, =1,

(i) y?up +uPxq = —ay?, () (y—azu)p+ (z+yu)g=2®+y*
Find the general solution of the equation

Uy + 2xy2uy =0.
Find the solution of the following Cauchy problems:
(a) 3uy + 2uy =0, with u (z,0) =sinz,
(b) yus + zuy =0, with u (0,y) = exp (—y?),
(¢) Tuy + yu, = 2zy, with u =2 ony = 22,
(d) ug +zuy =0, with « (0,y) = siny,

(e) yuy +zuy =y, >0, y >0, with u (0,y) = exp (—y2)

for y > 0, and u (z,0) = exp (—z?) for x > 0,
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(f) ug +zruy = (y — %:172)2, with u (0,y) = exp (y),
(8) Tuy + yuy, =u+ 1, with u(z,y) = 22 on y = 22,
(h) vug —uwuy, =u+ (z+y)°, withu=1ony=0,
(i) zuy + (x +y)uy =u+1, with u (z,y) = 2% on y = 0.
() VTuy +uuy +u? =0, u(z,0)=1,0<z < oco.
(k) uzPu, + e Yuy +u? =0, u(z,0)=1,0<z < oc0.
. Solve the initial-value problem

U + Uy =0
with the initial curve

r= -7’ t=T,u=".

. Find the solution of the Cauchy problem

2ry ug + (1'2 +y2) Uy = 0, with u = exp (l‘) onz+y=1.
r—y

. Solve the following equations:

(a) Tuz +yuy +2zu, =0,

() 2% uy + y? uy + 2 (x + y) u, =0,

() z(y—2)us+y(z—a)uy +2(x—y)u, =0,

(d) yzuy — xzuy + Y (a:2 + y2) u, =0,

(e) z(y* — 2 up +y (22 —y*) uy + 2 (22 — y*) u. = 0.
. Solve the equation

Uy + T Uy =Y

with the Cauchy data

(a) U(O,y) = y2> (b) ’U,(Ly) = 2y.

57
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10.

11.

12.

13.

14.
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Show that u; = e® and us = e~ ¥ are solutions of the nonlinear equation

(ux +uy)2 —u?=0

but that their sum (e* + e~Y) is not a solution of the equation.

Solve the Cauchy problem

(y+uwus +yuy, =(r—y), with u=14+z on y=1

Find the integral surfaces of the equation u u, 4+ u, = 1 for each of the

following initial data:
(a) Z (570) =5Y (870) = 2s, U(S,O) =5,

(b) 2 (s,0) = 52, y(s,0) = 2s, u(s,0) = s,

2

(c) (5,0) = 5, y(s,0) =5, u(s,0) = s.

Draw characteristics in each case.
Show that the solution of the equation

YUy — T Uy =0

2

containing the curve z2 + y? = a2, u = ¥, does not exist.

Solve the following Cauchy problems:

(a) 22uy — y?uy =0, u — € as y — oo,

(b) yuy + Tuy =0, u =sinz on 22 + y? =1,

(¢) —zuy +yuy, =1for 0 <z <y, u=2zony=3z,

(d) 2zug + (z+1uy=yforz>0,u=2yonz=1,

(e) zuy —2yuy =2> +y*forz >0,y >0, u=2>ony=1,

(f) ug +2uy =14+u, u(z,y) =sinz on y = 3z + 1,
(g) ug +3uy =u, u(z,y) =cosz on y =z,

(h) ug + 2z uy = 2zu, u (x,0) = 22,

(i) vug +uy =u, u(z,0)=2z,1 <z <2,

(j) us +uy = u?, u(z,0) = tanhu.
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16.

17.

18.

19.

20.
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Show that the solution of (j) is unbounded on the critical curve
ytanh (x —y) = 1.

Find the solution surface of the equation

(uz—yz)uachxyuqu:cu:O, with u=y=z, 2 > 0.

(a) Solve the Cauchy problem
uz +uuy =1, w(0,y) =ay,

where a is a constant.
(b) Find the solution of the equation in (a) with the data

z(s,0)=2s, y(s,0)=5> u(0,5°)=s.
Solve the following equations:
(&) (y +w)ue + (x +u)uy =z +y,

(b) zu (u? + zy) uy — yu (u? + zy) uy = z*,
(c) (@ +y)us + (z —y)uy =0,

(d) yug + xuy =y (m2 — y2),
(e) (cy —bz) z + (az — cx) 2y = bxr — ay.
Solve the equation

T2y +Y2y =2,

59

and find the curves which satisfy the associated characteristic equations

and intersect the helix z + y2 = a2, 2 = b tan™! (%)

Obtain the family of curves which represent the general solution of the

partial differential equation

(2x — 4y + 3u) uy + (z — 2y — 3u) uy = =3 (z — 2y) .

Determine the particular member of the family which contains the line

u=2x and y = 0.
Find the solution of the equation
YUy — 2TY Uy = 27U

with the condition u (0,y) = 3>.
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22.

23.

24.

25.

26.
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Obtain the general solution of the equation

(x+y+dz)p+dzq+(x+y+2) =0 (p=24 q¢=2),
and find the particular solution which passes through the circle

2=0, 2>+y*>=ad"
Obtain the general solution of the equation
(2 =2z =y )pra(y+2)g=a(y—2) =2, 9=2).

Find the integral surfaces of this equation passing through
(a) the z-axis, (b) the y-axis, and (c) the z-axis.

Solve the Cauchy problem

(+y)ug + (r—y)uy, =1, u(l,y)zi.

>

Solve the following Cauchy problems:

(a) 3uz +2uy =0, u(z,0) = f (),

(b) aug +buy = cu, u(x,0) = f (x), where a, b, ¢ are constants,
(€) zug +yuy =cu, u(z,0) = f(x),

(d) vug +uy =1, u(s,0) =as, z(s,0) =s, y(s,0) =0.

Apply the method of separation of variables u(z,y) = f(x)g(y) to
solve the following equations:

(a) up +u=1uy, u(z,0)=4e 3 (b) uzuy = u?,
(¢) uy +2uy, =0, wu(0,y) =3e"2, (d) y?us + 2*ul = (zyu)?
(e) 2%ugzy + 9y*u =0, u(z,0)=exp (%), (f) yuy —zuy =0,

(8) ur = 2 (Uugs + uyy), (h) Ugs + uyy = 0.

Use a separable solution u (z,y) = f () + g (y) to solve the following
equations:

(a) u2 +uy =1, (b) u2 +u2 = u,
c) uZ +u, +22=0, d) 2%u2 + y?u? =1,
T Yy x Y

(€) yuz +xuy =0, u(0,y) = 2.
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Apply v = Inu and then v (z,y) = f (z) + g (y) to solve the following
equations:

(a) 2% + Pl =,

2
(b) z2u + y*ul = (zyu)”.
Apply Vu =v and v (z,y) = f (x) + g (y) to solve the equation

4,2 2.2 _
ziuy +yuy, = du.

Using v = Inu and v = f(x) + ¢ (y), show that the solution of the
Cauchy problem
2

yiuZ + x2u§ = (zyu)®, u(z,0)=e"

is
3
u(x,y) = exp <x2 —|—i§ y2> .

Reduce each of the following equations into canonical form and find the
general solution:

(a) uy +uy = u, (b) ug +zuy =y,
(€) ug + 22y uy =z, (d) ug —yuy —u=1.

Find the solution of each of the following equations by the method of
separation of variables:

(a) ug —uy =0, u(0,y) = 2¢%,
(b) ug —uy =u, u(z,0) = de37,
(¢) auy +buy, =0, u(x,0) = el
where a, b, « and ( are constants.
Find the solution of the following initial-value systems
(a) us + 3uu, =v —x, vy — cvy = 0 with u (z,0) = z and v (z,0) = z.

(b) ut + 2uu, =v —x, vy — cv, = 0 with u (z,0) = z and v (z,0) = z.



62

33.

34.

2 First-Order, Quasi-Linear Equations and Method of Characteristics
Solve the following initial-value systems
(a) ur + uuy = e *v, vy — avy = 0 with w (2,0) =z and v (z,0) = €*.
(b) uy — 2uu, = v — x, vy + cv, = 0 with w (2,0) = 2 and v (2,0) = z.

Consider the Fokker—Planck equation (See Reif (1965)) in statistical me-
chanics to describe the evolution of the probability distribution function
in the form

U = Uge + (T ), ,

u(z,0) = f(z).
Neglecting the term w,,, solve the first-order linear equation

up — ruy, =u with wu(z,0)=f(x).



3

Mathematical Models

“Physics can’t exist without mathematics which provides it with the only
language in which it can speak. Thus, services are continuously exchanged
between pure mathematical analysis and physics. It is really remarkable
that among works of analysis most useful for physics were those cultivated
for their own beauty. In exchange, physics, exposing new problems, is as
useful for mathematics as it is a model for an artist.”

Henri Poincaré

“It is no paradox to say in our most theoretical models we may be nearest
to our most practical applications.”

A. N. Whitehead

“... builds models based on data from all levels: gene expression, protein
location in the cell, models of cell function, and computer representations
of organs and organisms.”

E. Pennisi

3.1 Classical Equations

Partial differential equations arise frequently in formulating fundamental
laws of nature and in the study of a wide variety of physical, chemical,
and biological models. We start with a special type of second-order linear
partial differential equation for the following reasons. First, second-order
linear equations arise more frequently in a wide variety of applications.
Second, their mathematical treatment is simpler and easier to understand
than that of first-order equations in general. Usually, in almost all physical
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phenomena (or physical processes), the dependent variable u = u (x,y, 2, t)
is a function of three space variables, z, y, z and time variable t.
The three basic types of second-order partial differential equations are:
(a) The wave equation

gy — €2 (Uge + Uyy + Uzz) = 0. (3.1.1)
(b) The heat equation
U — k (Ugg + Uyy + Uszz) = 0. (3.1.2)
(¢) The Laplace equation
Ugz + Uyy + Uz = 0. (3.1.3)

In this section, we list a few more common linear partial differential equa-
tions of importance in applied mathematics, mathematical physics, and en-
gineering science. Such a list naturally cannot ever be complete. Included
are only equations of most common interest:

(d) The Poisson equation

Viu = f(x,y,2). (3.1.4)
(e) The Helmholtz equation
VZu+ M = 0. (3.1.5)
(f) The biharmonic equation
Viu = V? (Vu) = 0. (3.1.6)
(g) The biharmonic wave equation
ug + V4 = 0. (3.1.7)
(h) The telegraph equation
wst 4+ auy + bu = gy (3.1.8)

(i) The Schrodinger equations in quantum physics

2
iy = {(;) V?+ V(x,y,z)] Y, (3.1.9)
v2w+2h—zl[E—V(x,y,z)m:0. (3.1.10)

(j) The Klein-Gordon equation

Ou + \u = 0, (3.1.11)
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where

2
2 __ Y -~ -~
V =02 T T2 (8.1.12)

is the Laplace operator in rectangular Cartesian coordinates (x,y, ),
1 02
c? o2’

is the d’Alembertian, and in all equations A, a, b, ¢, m, E are constants
and h = 2xh is the Planck constant.
(k) For a compressible fluid flow, Euler’s equations

O=vVv? (3.1.13)

1
u+ (u-Viu= f;Vp, pt + div (pu) =0, (3.1.14)

where u = (u, v, w) is the fluid velocity vector, p is the fluid density,

and p = p(p) is the pressure that relates p and p (the constitutive

equation or equation of state).

Many problems in mathematical physics reduce to the solving of partial
differential equations, in particular, the partial differential equations listed
above. We will begin our study of these equations by first examining in
detail the mathematical models representing physical problems.

3.2 The Vibrating String

One of the most important problems in mathematical physics is the vi-
bration of a stretched string. Simplicity and frequent occurrence in many
branches of mathematical physics make it a classic example in the theory
of partial differential equations.

Let us consider a stretched string of length [ fixed at the end points. The
problem here is to determine the equation of motion which characterizes
the position u (z,t) of the string at time ¢ after an initial disturbance is
given.

In order to obtain a simple equation, we make the following assumptions:

1. The string is flexible and elastic, that is the string cannot resist bending
moment and thus the tension in the string is always in the direction of
the tangent to the existing profile of the string.

2. There is no elongation of a single segment of the string and hence, by
Hooke’s law, the tension is constant.

3. The weight of the string is small compared with the tension in the
string.

4. The deflection is small compared with the length of the string.

5. The slope of the displaced string at any point is small compared with
unity.
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6. There is only pure transverse vibration.

We consider a differential element of the string. Let T" be the tension at the
end points as shown in Figure 3.2.1. The forces acting on the element of
the string in the vertical direction are

Tsinf — Tsina.
By Newton’s second law of motion, the resultant force is equal to the
mass times the acceleration. Hence,
Tsinff—Tsina = pdsuy (3.2.1)

where p is the line density and ds is the smaller arc length of the string.
Since the slope of the displaced string is small, we have

0s ~ .

Since the angles a and 3 are small

sin o ~ tan o, sin 8 ~ tan 3.
Y
a b
0 >
/ X
UuA
0

=y

Figure 3.2.1 An Element of a vertically displaced string.
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Thus, equation (3.2.1) becomes

]
tanf —tana = PTIU”. (3.2.2)

But, from calculus we know that tan o and tan 3 are the slopes of the string
at x and x + dx:

tana = u, (z,t)
and
tan 8 = uy (z + dz,t)

at time ¢. Equation (3.2.2) may thus be written as

1 p 1 p
o [(ur>w+6z — (ur)L] = ?utt, o [ug (z + 0z, t) — uy (z,1)] = ?utt.

In the limit as dx approaches zero, we find
Ut = gy (3.2.3)

where ¢ = T/p. This is called the one-dimensional wave equation.
If there is an external force f per unit length acting on the string.
Equation (3.2.3) assumes the form

g = Cuge + F, F = f/p, (3.2.4)

where f may be pressure, gravitation, resistance, and so on.

3.3 The Vibrating Membrane

The equation of the vibrating membrane occurs in a large number of prob-
lems in applied mathematics and mathematical physics. Before we derive
the equation for the vibrating membrane we make certain simplifying as-
sumptions as in the case of the vibrating string:

1. The membrane is flexible and elastic, that is, the membrane cannot
resist bending moment and the tension in the membrane is always in
the direction of the tangent to the existing profile of the membrane.

2. There is no elongation of a single segment of the membrane and hence,
by Hooke’s law, the tension is constant.

3. The weight of the membrane is small compared with the tension in the
membrane.

4. The deflection is small compared with the minimal diameter of the
membrane.
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5. The slope of the displayed membrane at any point is small compared
with unity.
6. There is only pure transverse vibration.

We consider a small element of the membrane. Since the deflection and
slope are small, the area of the element is approximately equal to dzdy. If
T is the tensile force per unit length, then the forces acting on the sides of
the element are T dx and T dy, as shown in Figure 3.3.1.
The forces acting on the element of the membrane in the vertical direc-
tion are
Toxsin—Téxsina+ T oy sind — T dy sin~y.

Since the slopes are small, sines of the angles are approximately equal to
their tangents. Thus, the resultant force becomes

Tz (tan B — tana) + T dy (tand — tan-y) .

By Newton’s second law of motion, the resultant force is equal to the
mass times the acceleration. Hence,

Tz (tan B — tana) + T dy (tand — tany) = pdA uy (3.3.1)

where p is the mass per unit area, 0 A ~ Jxdy is the area of this element,
and us is computed at some point in the region under consideration. But
from calculus, we have

Figure 3.3.1 An element of vertically displaced membrane.
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1,Y)
T2,y + 0Y)
T, Y1)
x + 0z, yo)

tan a = u,
tan 8 = u,

tany = ug

tand = uy

where x1 and zo are the values of x between x and z+dx, and y; and y, are
the values of y between y and y + dy. Substituting these values in (3.3.1),
we obtain

T bx [uy (z2,y + 0y) — uy (z1,y)] + T 0y [ux (z 4 62, y2) — ta (2,51)]
= poxdy ust.

Division by pdzdy yields

Z Uy($27y+5y)_uy(331>y)+Ux($+5$7y2)_uz($»yl)
p oy ox

= Utt-
(3.3.2)

In the limit as dx approaches zero and dy approaches zero, we obtain
Uty = € (Ugy + Uyy) (3.3.3)

where ¢? = T'/p. This equation is called the two-dimensional wave equation.
If there is an external force f per unit area acting on the membrane.
Equation (3.3.3) takes the form

Ut = C2 (uzz + Uyy) + F, (334)

where F' = f/p.

3.4 Waves in an Elastic Medium

If a small disturbance is originated at a point in an elastic medium, neigh-
boring particles are set into motion, and the medium is put under a state
of strain. We consider such states of motion to extend in all directions. We
assume that the displacements of the medium are small and that we are
not concerned with translation or rotation of the medium as a whole.

Let the body under investigation be homogeneous and isotropic. Let 6V
be a differential volume of the body, and let the stresses acting on the faces
of the volume be Ty, Tyy, Tazs Tay, Taz, Tyws Tyz> Tza> Tzy- Lhe first three
stresses are called the normal stresses and the rest are called the shear
stresses. (See Figure 3.4.1).

We shall assume that the stress tensor 7;; is symmetric describing the
condition of the rotational equilibrium of the volume element, that is,
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ZA
AT,
I
sz/ Tyz
Txz ryy
|
Txy Tyx |
Txx |
0 ! ! | >
I I I | ')}
< _ —_ e o e —_— =
_:- / _: /
/
| | Ax
| ~ | ~
X Ay

Figure 3.4.1 Volume element of an elastic body.

Tij = Tji, 1FJ 5] =292 (3.4.1)

Neglecting the body forces, the sum of all the forces acting on the volume
element in the z-direction is

[(Tm)g”""sw o (Tm)ﬂc] oydz + |:(T$y)y+6y - (Txy)y:| 0z20x
+ [(Tzz)z+5z - (Tmz)z} 51’5y

By Newton’s law of motion this resultant force is equal to the mass times
the acceleration. Thus, we obtain

(o) s = (Tea)] 999% + | (Fan)y 5y = (7), | 9202
+ [(Tm)z”z — (Twz)z] dxdy = p dxdydz Uy (3.4.2)

where p is the density of the body and u is the displacement component in
the z-direction. Hence, in the limit as §V approaches zero, we obtain

0w OTuy | OTuz @
or | oy | a8z Fae

(3.4.3)

Similarly, the following two equations corresponding to y and z directions
are obtained:
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71

OTye  OTyy  OTy. 0%v
‘ R 3.4.4
Ox Oy 0z Paz ( )

0Ty  OTyy = OT.. 0w
ar oy | 0z o (34.5)

where v and w are the displacement components in the y and z directions

respectively.

We may now define linear strains [see Sokolnikoff (1956)] as

e 1w o
o) Y 2\ gy 0z2)]
ov 1 /0u Ow
L 1w
2= g T o\ o oy )’

in which €., €yy, €., Tepresent unit elongations and €., €,4, €2y represent

unit shearing strains.

In the case of an isotropic body, generalized Hooke’s law takes the form

Tex = A0+ 2M5zma
Tyy = A+ 2peyy,
Tez = M+ 2ue .,

Tyz = 2,U/€yz7
Tzx = 2,“45zz7

Tey = 2U5xya

(3.4.7)

where 0 = €., + €y + €, is called the dilatation, and X and p are Lame’s

constants.

Expressing stresses in terms of displacements, we obtain

Ju
T — A0+ 2 a
g + oy
Jdv  Ou
P T 4.
Toy u<8m+8y) (3.4.8)
(v, o
Tez =M\ 9r T 82 )
By differentiating equations (3.4.8), we obtain
OTrs o0 0%u
oo~ or T o
OTyy 0% 0?u
= — 3.4.9
o~ "oway Mo (3.4.9)
0Tz 9w . @
9.  HMora: T Hanz

Substituting equation (3.4.9) into equation (3.4.3) yields
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00 0%u 9%v 9w 0%u  0%u  O%u 0%u
I +

Aor TP\ a2t Geay T oo o "o T a2) TP
(3.4.10)

‘We note that

827u+82v+82w_£ du O 8710 _@
0x2  0xdy 0xdz Oz oz’

oz oy 02
and introduce the notation

0? 0? 0?
AN=V= —— 4+ —— 4 —.
v ox?  Oy? * 022
The symbol A or V2 is called the Laplace operator. Hence, equation (3.4.10)
becomes
00 0%u
A — U= p——s. 4.11
(At p) 5o +uVu = pon (3.4.11)

In a similar manner, we obtain the other two equations which are

00 R

A+ p) % + uV3o = PoE (3.4.12)
o7} 0w

(A +p) 5T uV3iw = TR (3.4.13)

The set of equations (3.4.11)—(3.4.13) is called the Navier equations of mo-
tion. In vector form, the Navier equations of motion assume the form

(A + p) grad divu + pVu = puy, (3.4.14)

where u = ui + vj + wk and 0 = divu.
(i) If divu = 0, the general equation becomes

puV2u = puy,
or

uy = V3, (3.4.15)
where cr is called the transverse wave velocity given by

cr =\ 1/p.

This is the case of an equivoluminal wave propagation, since the volume
expansion 6 is zero for waves moving with this velocity. Sometimes these
waves are called waves of distortion because the velocity of propagation
depends on p and p; the shear modulus p characterizes the distortion and
rotation of the volume element.
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(ii) When curl u = 0, the vector identity
curl curlu = grad divu — V?u,
gives
grad divu = V?u,
Then the general equation becomes
(A +2p) Vu = puy,

or

uy; = 2V, (3.4.16)

where cy, is called the longitudinal wave velocity given by

A2
Cr, = .
p

This is the case of irrotational or dilatational wave propagation, since
curlu = 0 describes irrotational motion. Equations (3.4.15) and (3.4.16)
are called the three-dimensional wave equations.

In general, the wave equation may be written as

g = V3, (3.4.17)

where the Laplace operator may be one, two, or three dimensional. The
importance of the wave equation stems from the facts that this type of
equation arises in many physical problems; for example, sound waves in
space, electrical vibration in a conductor, torsional oscillation of a rod,
shallow water waves, linearized supersonic flow in a gas, waves in an elec-
tric transmission line, waves in magnetohydrodynamics, and longitudinal
vibrations of a bar.

To give a more general method of decomposing elastic waves into trans-
verse and longitudinal wave forms, we write the Navier equations of motion
in the form

GV + (¢ — cf) grad (div u) = ug. (3.4.18)

We now decompose this equation into two vector equations by defining
u = ur + uy, where ur and uy, satisfy the equations

divur =0 and curlug =0. (3.4.19ab)

Since ur is defined by (3.4.19a) that is divergenceless, it follows from vector
analysis that there exists a rotation vector % such that



74 3 Mathematical Models
uyp = curl ¥, (3.4.20)

where 9 is called the vector potential.
On the other hand, uy, is irrotational as given by (3.4.19b), so there
exists a scalar function ¢ (x,t), called the scalar potential such that

ur, = grad ¢. (3.4.21)
Using (3.4.20) and (3.4.21), we can write
u = curl ¥ + grad ¢. (3.4.22)

This means that the displacement vector field is decomposed into a diver-
genceless vector and irrotational vector.

Inserting u = ur + uy, into (3.4.18), taking the divergence of each term
of the resulting equation, and then using (3.4.19a) gives

div [} V?ur, — (ug),] = 0. (3.4.23)

It is noted that the curl of the square bracket in (3.4.23) is also zero.
Clearly, any vector whose divergence and curl both vanish is identically a
zero vector. Consequently,

ciV2ur, = (ur),, . (3.4.24)

This shows that uy, satisfies the vector wave equation with the wave velocity
cr,. Since uy, = grad ¢, it is clear that the scalar potential ¢ also satisfies the
wave equation with the same wave speed. All solutions of (3.4.24) represent
longitudinal waves that are irrotational (since ¥ = 0).

Similarly, we substitute u = uy, + ur into (3.4.18), take the curl of the
resulting equation, and use the fact that curl uy, = 0 to obtain

curl [¢3V?ur — (ur),] = 0. (3.4.25)

Since the divergence of the expression inside the square bracket is also zero,
it follows that

4 V?ur = (ur),, . (3.4.26)

This is a vector wave equation for ur whose solutions represent transverse
waves that are irrotational but are accompanied by no change in volume
(equivoluminal, transverse, rotational waves). These waves propagate with
a wave velocity cr.

We close this section by seeking time-harmonic solutions of (3.4.18) in
the form

u=Re[U(z,y,z2)e""]. (3.4.27)
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Invoking (3.4.27) into equation (3.4.18) gives the following equation for
the function U

crV2U + (cr, — er) grad (div U) + w?U = 0. (3.4.28)

Inserting, u = uy + uy, and using the above method of taking the
divergence and curl of (3.4.28) respectively leads to equation for Uy and
Ur as follows

VUL + k2 V2UL =0, V2Ur+k3Ur =0, (3.4.29)
where
2 2
k2 = ‘:—2 and k2 = ‘;)—2 (3.4.30)
L T

Equations (3.4.29) are called the reduced wave equations (or the Helmholtz
equations) for Uy, and Ug. Obviously, equations (3.4.29) can also be de-
rived by assuming time-harmonic solutions for uy, and ur in the form

uy, . UL
=t , (3.4.31)
ur UT

and substituting these results into (3.4.24) and (3.4.26) respectively.

3.5 Conduction of Heat in Solids

We consider a domain D* bounded by a closed surface B*. Let u (z,y, z,t)
be the temperature at a point (z,y, z) at time ¢. If the temperature is not
constant, heat flows from places of higher temperature to places of lower
temperature. Fourier’s law states that the rate of flow is proportional to
the gradient of the temperature. Thus the velocity of the heat flow in an
isotropic body is

v = —Kgradu, (3.5.1)

where K is a constant, called the thermal conductivity of the body.
Let D be an arbitrary domain bounded by a closed surface B in D*.
Then the amount of heat leaving D per unit time is

// vnds,
B

where v,, = v - n is the component of v in the direction of the outer unit
normal n of B. Thus, by Gauss’ theorem (Divergence theorem)
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//B vnds = ///D div (—Kgradu) da dy dz
-t ///D V2udz dy dz. (3.5.2)

But the amount of heat in D is given by

///D opudz dydz, (3.5.3)

where p is the density of the material of the body and o is its specific heat.
Assuming that integration and differentiation are interchangeable, the rate
of decrease of heat in D is

Ou
—///D Tpoy dzx dydz. (3.5.4)

Since the rate of decrease of heat in D must be equal to the amount of heat
leaving D per unit time, we have

—/// aputdacdydz:—K/// Vudx dydz,
D D

7///13 [opus — KV?u| dxdydz = 0, (3.5.5)

for an arbitrary D in D*. We assume that the integrand is continuous. If we
suppose that the integrand is not zero at a point (zo, yo, 20) in D, then, by
continuity, the integrand is not zero in a small region surrounding the point
(0, Y0, z0). Continuing in this fashion we extend the region encompassing
D. Hence the integral must be nonzero. This contradicts (3.5.5). Thus, the
integrand is zero everywhere, that is,

or

uy = kV?u, (3.5.6)

where k = K/op. This is known as the heat equation.

This type of equation appears in a great variety of problems in math-
ematical physics, for example the concentration of diffusing material, the
motion of a tidal wave in a long channel, transmission in electrical cables,
and unsteady boundary layers in viscous fluid flows.

3.6 The Gravitational Potential

In this section, we shall derive one of the most well-known equations in the
theory of partial differential equations, the Laplace equation.
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%6

3

Figure 3.6.1 Two particles at P and Q.

We consider two particles of masses m and M, at P and @ as shown
in Figure 3.6.1. Let r be the distance between them. Then, according to
Newton’s law of gravitation, a force proportional to the product of their
masses, and inversely proportional to the square of the distance between
them, is given in the form

(3.6.1)

where G is the gravitational constant.
It is customary in potential theory to choose the unit of force so that
G = 1. Thus, F becomes

(3.6.2)

If r represents the vector PQ, the force per unit mass at ) due to the mass
at P may be written as

F — _:;r —v (%) , (3.6.3)

which is called the intensity of the gravitational field of force.

We suppose that a particle of unit mass moves under the attraction of
the particle of mass m at P from infinity up to ). The work done by the
force F is
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/r Fdr = /Tv (%) dr = . (3.6.4)

oo oo

This is called the potential at @) due to the particle at P. We denote this
by

m
V=—— 3.6.5
" (36.5)
so that the intensity of force at P is
m
F=V (—) — V. (3.6.6)
r
We shall now consider a number of masses mi, mao, ..., m,, whose
distances from @) are rq, 7o, .. ., ry, respectively. Then the force of attraction
per unit mass at @) due to the system is
" _m " m
k k
F= V— =V —. 3.6.7
S gy 367)
k=1 k=1
The work done by the forces acting on a particle of unit mass is
T n m
/ F-dr=)Y —=_V. (3.6.8)
o0 k=1 'k

Then the potential satisfies the equation

n

21, o2 %:_n 2 (M _
ViV = vzm ;v (m) 0, s £0.  (3.6.9)

k=1

In the case of a continuous distribution of mass in some volume R, we have,

as in Figure 3.6.2.
V(z,y,z2) = ///R Md}%, (3.6.10)

where r = \/(a: &’ +(y—n)’+(2—¢)? and Q is outside the body. It
immediately follows that

V2V =0. (3.6.11)

This equation is called the Laplace equation, also known as the potential
equation. It appears in many physical problems, such as those of electro-
static potentials, potentials in hydrodynamics, and harmonic potentials in
the theory of elasticity. We observe that the Laplace equation can be viewed
as the special case of the heat and the wave equations when the dependent
variables involved are independent of time.
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T

Figure 3.6.2 Continuous Mass Distribution.

3.7 Conservation Laws and The Burgers Equation

A conservation law states that the rate of change of the total amount of
material contained in a fixed domain of volume V' is equal to the flux of
that material across the closed bounding surface S of the domain. If we
denote the density of the material by p (x,t) and the flux vector by q (x,t),
then the conservation law is given by

4 pdV = 7/ (q-n)ds, (3.7.1)
where dV is the volume element and dS is the surface element of the bound-
ary surface S, n denotes the outward unit normal vector to S as shown in
Figure 3.7.1, and the right-hand side measures the outward flux — hence,
the minus sign is used.

Applying the Gauss divergence theorem and taking % inside the integral
sign, we obtain

/ <8p + divq> dav =0. (3.7.2)
v \ Ot

This result is true for any arbitrary volume V', and, if the integrand is
continuous, it must vanish everywhere in the domain. Thus, we obtain the
differential form of the conservation law

pt +divg = 0. (3.7.3)
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n
q (x, 1)

;x1

X2

Figure 3.7.1 Volume V of a closed domain bounded by a surface S with surface
element dS and outward normal vector n.

The one-dimensional version of the conservation law (3.7.3) is

% 90 _
ot Ox

To investigate the nature of the discontinuous solution or shock waves,
we assume a functional relation ¢ = @ (p) and allow a jump discontinuity
for p and ¢. In many physical problems of interest, it would be a better
approximation to assume that ¢ is a function of the density gradient p, as
well as p. A simple model is to take

q=Q(p) —vpa, (3.7.5)

where v is a positive constant. Substituting (3.7.5) into (3.7.4), we obtain
the nonlinear diffusion equation

0. (3.7.4)

pi+c(p) pe = Vpax, (3.7.6)

where ¢(p) = Q' (p)
We multiply (3.7.6) by ¢’ (p) to obtain

et +ceg =vd (p) pas,
=v{c— " (p)p2}. (3.7.7)

If Q (p) is a quadratic function in p, then ¢ (p) is linear in p, and ¢’ (p) = 0.
Consequently, (3.7.7) becomes

Ct+cCy = VCgy. (3.7.8)
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As a simple model of turbulence, ¢ is replaced by the fluid velocity field
u (z,t) to obtain the well-known Burgers equation

Up + UUy = VUgy, (3.7.9)

where v is the kinematic viscosity.

Thus the Burgers equation is a balance between time evolution, non-
linearity, and diffusion. This is the simplest nonlinear model equation for
diffusive waves in fluid dynamics. Burgers (1948) first developed this equa-
tion primarily to shed light on the study of turbulence described by the
interaction of the two opposite effects of convection and diffusion. However,
turbulence is more complex in the sense that it is both three dimensional
and statistically random in nature. Equation (3.7.9) arises in many phys-
ical problems including one-dimensional turbulence (where this equation
had its origin), sound waves in a viscous medium, shock waves in a viscous
medium, waves in fluid-filled viscous elastic tubes, and magnetohydrody-
namic waves in a medium with finite electrical conductivity. We note that
(3.7.9) is parabolic provided the coefficient of u, is constant, whereas the
resulting (3.7.9) with » = 0 is hyperbolic. More importantly, the proper-
ties of the solution of the parabolic equation are significantly different from
those of the hyperbolic equation.

3.8 The Schrodinger and the Korteweg—de Vries
Equations

We consider the following Fourier integral representation of a quasi-mono-
chromatic plane wave solution

w(z,t) :/OO F (k) exp i {ka — w (k) )] dk, (3.8.1)

—00

where the spectrum function F (k) is determined from the given ini-
tial or boundary conditions and has the property F'(—k) = F* (k), and
w = w (k) is the dispersion relation. We assume that the initial wave is
slowly modulated as it propagates in a dispersive medium. For such a quasi-
monochromatic wave, most of the energy is confined in a neighborhood of
a specified wave number k = ko, so that spectrum function F (k) has a
sharp peak around the point k = ky with a narrow wave number width
k — ko = 6k = O (e), and the dispersion relation w (k) can be expanded
about kg in the form

1

— Wl (6K +---,  (3.82)

1
w = wo + wj (k) + o wi (k)% + 27 0

2!

where wy = w (ko), wy = ' (ko), wj = w” (ko), and wf’ = "’ (ko).
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Substituting (3.8.2) into (3.8.1) gives a new form
u(z,t) = A(z,t)exp[i (kox — wot)] + c.c., (3.8.3)
where c.c. stands for the complex conjugate and A (z,t) is the complex

wave amplitude given by

Wil (8k)*t

A(z,t) = /OOO F (ko + 0k) exp [i{(x—w(’)t) (5k) _%

_%wg/ (51@%}] d(5k), (3.8.4)

where it has been assumed that w (—k) = — w (k). Since (3.8.4) depends on
(x — wit) Ok, (6k)?t, (6k)> t where 6k = O (¢) is small, the wave amplitude
A (x,t) is a slowly varying function of 2* = (z — w{t) and time ¢.

We keep only the term with (dk) in (3.8.4) and neglect all terms with
(0k)", n =2,3,---, so that (3.8.4) becomes

Az, t) = /OOO F (ko + 0k) exp [i {(z — wit)} (6k)] d (5k).  (3.8.5)

A simple calculation reveals that A (z,t) satisfies the evolution equation

0A 0A

E + Cg% = O7 (386)

where ¢, = wy, is the group velocity.
In the next step, we retain only terms with (6k) and (5k)” in (3.8.4) to
obtain

Az t) = /OOO F (ko + 8k) exp [z {(x — Wht) (5k) — %w(')l (51@)2” d (o).
(3.8.7)

A simple calculation shows that A (x,t) satisfies the linear Schrédinger
equation

(OA ., 0A\ 1 ,0*A

Using the slow variables
E=ce(x—wit), T =€t (3.8.9)

the modulated wave amplitude A (£, 7) satisfies the linear Schrodinger equa-
tion

1
1A + iwé/Agg = 0. (3810)
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On the other hand, for the frequencies at which the group velocity wy
reaches an extremum, wj = 0. In this case, the cubic term in the dispersion
relation (3.7.2) plays an important role. Consequently, equation (3.8.4) re-
duces to a form similar to (3.8.7) with w{ = 0 in the exponential factor.
Once again, a simple calculation from the resulting integral (3.8.4) reveals
that A (z,t) satisfies the linearized Korteweg—de Vries (KdV) equation

0A , 04 1,034
R T
By transferring to the new variables £ = x —w(t and 7 = ¢ which correspond
to a reference system moving with the group velocity w(, we obtain the
linearized KdV equation

(3.8.11)

oA 1 ,, 034
— 4= — =0. 3.8.12
ar 6“0 o (3812)
This describes waves in a dispersive medium with a weak high frequency
dispersion.

One of the remarkable nonlinear model equations is the Korteweg—de
Vries (KdV) equation in the form

U + auty + Pugee = 0, —co<x<oo, t>0. (3.8.13)

This equation arises in many physical problems including water waves, ion
acoustic waves in a plasma, and longitudinal dispersive waves in elastic rods.
The exact solution of this equation is called the soliton which is remarkably
stable. We shall discuss the soliton solution in Chapter 13.

Another remarkable nonlinear model equation describing solitary waves
is known as the nonlinear Schrédinger (NLS) equation written in the stan-
dard form

1
iut+§w()’umx+7|u|2u=0, —oo <z <oo, t>0.(3.8.14)

This equation admits a solution called the solitary waves and describes the
evolution of the water waves; it arises in many other physical systems that
include nonlinear optics, hydromagnetic and plasma waves, propagation of
heat pulse in a solid, and nonlinear instability problems. The solution of
this equation will be discussed in Chapter 13.

3.9 Exercises
1. Show that the equation of motion of a long string is

_ 2
Ut = C Ugy — 9,

where g is the gravitational acceleration.
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Derive the damped wave equation of a string
_ 2
Utt + QU = C Usgg,

where the damping force is proportional to the velocity and a is a
constant. Considering a restoring force proportional to the displacement
of a string, show that the resulting equation is

Ug + aug + bu = gy,
where b is a constant. This equation is called the telegraph equation.

Consider the transverse vibration of a uniform beam. Adopting Euler’s
beam theory, the moment M at a point can be written as

M = —FET ug,,

where FI is called the flexural rigidity, F is the elastic modulus, and
I is the moment of inertia of the cross section of the beam. Show that
the transverse motion of the beam may be described by

2 —
Ut +c Ugpre = Oa

where ¢ = EI/pA, p is the density, and A is the cross-sectional area
of the beam.

Derive the deflection equation of a thin elastic plate
Viu =q/D,

where ¢ is the uniform load per unit area, D is the flexural rigidity of
the plate, and

4
VU = Uggar + 2Ugzyy + Uyyyy-
Derive the one-dimensional heat equation
U = KUz, Where k is a constant.

Assuming that heat is also lost by radioactive exponential decay of the
material in the bar, show that the above equation becomes

Up = Klgy + he” 7,
where h and « are constants.

Starting from Mazwell’s equations in electrodynamics, show that in
a conducting medium electric intensity E, magnetic intensity H, and
current density J satisfy

V2X = ngxtt + ,LLO'Xt,

where X represents E, H, and J, p is the magnetic inductive capacity,
€ is the electric inductive capacity, and o is the electrical conductivity.
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Derive the continuity equation
pt +div (pu) = 0,
and Euler’s equation of motion
plus + (u-grad)u] 4+ gradp = 0,
in fluid dynamics.

In the derivation of the Laplace equation (3.6.11), the potential at @
which is outside the body is ascertained. Now determine the potential
at () when it is inside the body, and show that it satisfies the Poisson
equation

V2u = —4mp,
where p is the density of the body.

Settzing U = e*y in the wave equation Uy = V2U and setting U =
e %%y in the heat equation U; = V2U, show that u (z,y, 2) satisfies
the Helmholtz equation

V2u + k?u = 0.
The Maxwell equations in vacuum are

0B OE
E = —— B — _
V x 5 V x ue o
V-E=0, V-B=0,
where p and ¢ are universal constants. Show that the magnetic field
B = (0,By (z,t),0) and the electric field E = (0,0, E, (z,t)) satisfy
the wave equation
Pu _ i
oz ox?’

where u = By, or E, and ¢ = (us)_% is the speed of light.

The equations of gas dynamics are linearized for small perturbations
about a constant state u = 0, p = pg, and pg = p (po) with ¢ = p’ (po).
In terms of velocity potential ¢ defined by u = V¢, the perturbation
equations are

pt + podivu = 0,
p—po=—pod = ci(p—po),

p—po=—23 o0
0
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Show that f and u satisfy the three dimensional wave equations
fie = A V2f, and uy = ¢ Vu,
where f = p, p, or ¢ and

, 07 0? 0?

V= Ox2 + Oy? * 022
Consider a slender body moving in a gas with arbitrary constant ve-
locity U, and suppose (21,2, x3) represents the frame of reference in
which the motion of the gas is small and described by the equations of
problem 11. The body moves in the negative x; direction, and (z,y, z)
denotes the coordinates fixed with respect to the body so that the co-
ordinate transformation is (x,y,z) = (1 + Ut, 22, x3). Show that the
wave equation ¢y = c2V2¢ reduces to the form

(M2 - 1) Dpp = éyy + ¢zza

where M = U/cy is the Mach number and @ is the potential in the new
frame of reference (z,y, 2).

Consider the motion of a gas in a taper tube of cross section A (z).
Show that the equation of continuity and the equation of motion are

p=po<1—8§—€a‘;1>=po [1—18(%)],

or A D A Oz
and
¢ op
PO B = T ag

where x is the distance along the length of the tube, £ (z) is the dis-
placement function, p = p (p) is the pressure-density relation, pg is the
average density, and p is the local density of the gas.

Hence derive the equation of motion

o1 0 dp

= 2 —_— —_— A 2 = —.

S = o [ ( 5)} C T,
Find the equation of motion when A is constant. If A (x) = ag exp (2ax)

where ag and « are constants, show that the above equation takes the
form

€y =C? (€xx +20&,) .

Consider the current I (x,t) and the potential V (z,t) at a point x
and time ¢t of a uniform electric transmission line with resistance R,
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inductance L, capacity C, and leakage conductance G per unit length.
(a) Show that both I and V satisfy the system of equations

LI+ RI = -V,
CVi+ GV = —1,.

Derive the telegraph equation
Uy — € 2uy —aug —bu=0, for u=I or V,
where ¢2 = (LC) ™", a = RC + LG and b = RG.
(b) Show that the telegraph equation can be written in the form
g — gy + (p 4 q) up +pgu =0,
where p = & and ¢ = £.

(¢) Apply the transformation

U = vexp [—;(p—i-q)t}

to transform the above equation into the form

1
1 (p— Q)QU-

2
Vit — C Vgg =

(d) When p = ¢, show that there exists an undisturbed wave solution
in the form

u(x,t) =e P f(vtct),

which propagates in either direction, where f is an arbitrary twice dif-
ferentiable function of its argument.
If w(x,t) = Aexp i (kz — wt)] is a solution of the telegraph equation

Utt_C2Um —au —pPu=0, a=p+gq, B=pqg,
show that the dispersion relation holds
w? +iow — (02k2 + 62) =0.

Solve the dispersion relation to show that

u(z,t) = exp <—;pt> exp {z <I<:x - g\/402k2 + (4q — p?) )] .

When p? = 4q, show that the solution represents attenuated nondisper-
sive waves.
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(e) Find the equations for I and V in the following cases:

(i) Lossless transmission line (R = G = 0),

(ii) Ideal submarine cable (L = G = 0),

(iii) Heaviside’s distortionless line (R/L = G/C = constant = k).

The Fermi—Pasta—Ulam model is used to describe waves in an anhar-
monic lattice of length [ consisting of a row of n identical masses m,
each connected to the next by nonlinear springs of constant k. The
masses are at a distance h = [/n apart, and the springs when extended
or compressed by an amount d exert a force F' = k (d + ad2) where «
measures the strength of nonlinearity. The equation of motion of the
1th mass is

mij; = K |:(yz'+1 —yi) — (¥ —yi—1) +« {(yi+1 — i) — (yi — yi—l)QH )

where ¢ = 1,2,3...n, y; is the displacement of the ith mass from its
equilibrium position, and «, « are constants with yg =y, = 0.
Assume a continuum approximation of this discrete system so that the
Taylor expansions

h2 3 4 5
2 h3 h4
e . — _ o _ 5

can be used to derive the nonlinear differential equation

Yt = C2 [1 + 2ahyw] Yxx +o0 <h4) 5
212

Yt = 02 [1 + 2ahyw] Yxax + ?yxa:ww +o (hs) ’

where

2

rkh

A==
m

Using a change of variables £ = = — ct, 7 = caht, show that u = y¢
satisfies the Korteweg—de Vries (KdV) equation

h

Ur 4+ utg + Pugee = o (€2), € = ah, ﬁ:%.

The one-dimensional isentropic fluid flow is obtained from Euler’s equa-
tions (3.1.14) in the form

1
Uy + UUy = P pi+ (pu), =0, p=p(p).
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(a) Show that u and p satisfy the one-dimensional wave equation

<u> ¢ <u‘>
tt TT
2 __ dp

where ¢ 2 is the velocity of sound.
p

(b) For a compressible adiabatic gas, the equation of state is p = Ap?,
where A and v are constants; show that
2_ P

p

(a) Obtain the two-dimensional unsteady fluid flow equations from
(3.1.14).

C

(b) Find the two-dimensional steady fluid flow equations from (3.1.14).
Hence or otherwise, show that

(= u?) up —uv (uy + vz) + (¢ = v*) vy, =0,
where
¢ =p'(p).

(c) Show that, for an irrotational fluid flow (u = V¢), the above equa-
tion reduces to the quasi-linear partial differential equations

(02 - ¢i) Duaw — 2¢w¢y¢azy + (C2 - ¢g2/) ¢yy =0.
(d) Show that the slope of the characteristic C satisfies the quadratic

equation
2 2 dy ? dy 2,2\ _
(c U ) (da:) + 2uv e + (c v ) =0.

Hence or otherwise derive

(¢ —0?) (flz)z ~2uv (32) (@ —u?) =0,

For an inviscid incompressible fluid flow under the body force, F =
—V&, the Euler equations are
ou

1
— +u-Vu=-V®—--Vp, divu=0.
ot p

(a) Show that the vorticity w = V x u satisfies the vorticity equation

Dw  Ow
— =—+u- Vw=w-Vu
Dt o "
(b) Give the interpretation of this vorticity equation.
D

(c) In two dimensions, show that 77 = 0 (conservation of vorticity).



90

19.

20.
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The evolution of the probability distribution function u (x, ¢) in nonequi-
librium statistical mechanics is described by the Fokker—Planck equa-

tion (See Reif (1965))
oo (m N
ot oz \ ot '

(a) Use the change of variables

t t

E=xe" and v=wue"

to show that the Fokker—Planck equation assumes the form with
u(z,t)=e'v(ET)

Ve = €2t Veg-

(b) Make a suitable change of variable ¢ to 7 (t), and transform the
above equation into the standard diffusion equation

Uy = Vge.-

The electric field E (x) and the electromagnetic field H (x) in free
space (a vacuum) satisfy the Maxwell equations E; = ¢ curl H, H; =
—c curl H, divE = 0 = divH, where c is the constant speed of light in a
vacuum. Show that both E and H the three-dimensional wave equations

E; = 2V?E and Hy = 2V’H,
where x = (2,7, 2) and V? is the three-dimensional Laplacian.

Consider longitudinal vibrations of a free elastic rod with a variable
cross section A (z) with z measured along the axis of the rod from
the origin. Assuming that the material of the rod satisfies Hooke’s law,
show that the displacement function u (x,t) satisfies the generalized

wave equation
Uy = Co Uy + i ﬁ U
tt — T A (l‘) dr x>

where ¢ = (\/p), A is a constant that describes the elastic nature of the
material, and p is the line density of the rod. When A (x) is constant,
the above equation reduces to one-dimensional wave equation.
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Classification of Second-Order Linear
Equations

“When we have a good understanding of the problem, we are able to clear
it of all auxiliary notions and to reduce it to simplest element.”

René Descartes

“The first process ... in the effectual study of sciences must be one of sim-
plification and reduction of the results of previous investigations to a form
in which the mind can grasp them.”

James Clerk Maxwell

4.1 Second-Order Equations in Two Independent
Variables

The general linear second-order partial differential equation in one depen-
dent variable © may be written as

n n
Z Aijuxix]. + Z Biuxi -+ Fu= G, (411)
i,j=1 i=1
in which we assume A;; = Aj;; and A;;, B;, F, and G are real-valued
functions defined in some region of the space (z1,2,...,Tp).

Here we shall be concerned with second-order equations in the depen-
dent variable u and the independent variables z, y. Hence equation (4.1.1)
can be put in the form

Ay, + Bugy + Cuyy + Dug + Euy + Fu = G, (4.1.2)

where the coefficients are functions of x and y and do not vanish simulta-
neously. We shall assume that the function u and the coefficients are twice
continuously differentiable in some domain in R2.
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The classification of partial differential equations is suggested by the
classification of the quadratic equation of conic sections in analytic geom-
etry. The equation

Az? + Bry +Cy* + Dz + Ey+ F =0,

represents hyperbola, parabola, or ellipse accordingly as B? — 4AC is pos-
itive, zero, or negative.

The classification of second-order equations is based upon the possibility
of reducing equation (4.1.2) by coordinate transformation to canonical or
standard form at a point. An equation is said to be hyperbolic, parabolic,
or elliptic at a point (xg,yo) accordingly as

B2 (0,10) — 44 (0,0) C (20, 0) (4.1.3)

is positive, zero, or negative. If this is true at all points, then the equation
is said to be hyperbolic, parabolic, or elliptic in a domain. In the case of
two independent variables, a transformation can always be found to reduce
the given equation to canonical form in a given domain. However, in the
case of several independent variables, it is not, in general, possible to find
such a transformation.

To transform equation (4.1.2) to a canonical form we make a change of
independent variables. Let the new variables be

§=¢&(xy), n=nxy). (4.1.4)

Assuming that £ and n are twice continuously differentiable and that the
Jacobian

§o &y
J = , (4.1.5)
Ne Ty
is nonzero in the region under consideration, then x and y can be deter-

mined uniquely from the system (4.1.4). Let 2 and y be twice continuously
differentiable functions of £ and 7. Then we have

Uy = U + Uy, Uy = uely + uyly,
Ugy = ufffz + 2“5775&67736 + Umﬂﬁ + uéﬁacx + UMz, (4-1-6)
Uy = Ugebay + Uen (§atly + EyNa) + UnnTany + Uebay + UnNay,
Uyy = “5555 + 2ugn&yny + unnnz + uelyy + untyy-

Substituting these values in equation (4.1.2) we obtain
Atuge + Bugy + Cupy + D*ug + E*uy + Fru = G*,  (4.1.7)

where
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A* = A€ + B&&, + CE,
B* =2A¢mn, + B (fwnu + &;nz) + 205@/771/’
C* = An2 + Bnan, + C’ni,

D* = A,y + B&yy + C&yy + DE + EEy, (4.1.8)
E* = Ang, + By + Cnyy + Dny + Eny,
F*=F, G* =G.

The resulting equation (4.1.7) is in the same form as the original equation
(4.1.2) under the general transformation (4.1.4). The nature of the equation
remains invariant under such a transformation if the Jacobian does not
vanish. This can be seen from the fact that the sign of the discriminant
does not alter under the transformation, that is,

B*? —4A*C* = J* (B*> - 4AC) , (4.1.9)

which can be easily verified. It should be noted here that the equation can
be of a different type at different points of the domain, but for our purpose
we shall assume that the equation under consideration is of the single type
in a given domain.

The classification of equation (4.1.2) depends on the coefficients A (z, y),
B (z,y), and C (z,y) at a given point (z,y). We shall, therefore, rewrite
equation (4.1.2) as

Augy + Bugy + Cuyy = H (z,y, 4, g, uy) , (4.1.10)
and equation (4.1.7) as

A*uge + B ugy + Cuyyy = H* (&, m,u, ug, uy) . (4.1.11)

4.2 Canonical Forms

In this section we shall consider the problem of reducing equation (4.1.10)
to canonical form.

We suppose first that none of A, B, C, is zero. Let £ and 1 be new
variables such that the coefficients A* and C* in equation (4.1.11) vanish.
Thus, from (4.1.8), we have

A* = AE + B&&, + CE =0,
C* = An? + Bneny + Cni, = 0.

These two equations are of the same type and hence we may write them in
the form

ACZ 4 B(u(y + CC =0, (4.2.1)
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in which ¢ stand for either of the functions £ or 5. Dividing through by Cg,
equation (4.2.1) becomes

A (CI>2 +B (C‘T> +C=0. (4.2.2)
Cy Cy
Along the curve ¢ = constant, we have
d¢ = (edx + (ydy = 0.
Thus,

y_ G

it (4.2.3)

and therefore, equation (4.2.2) may be written in the form

dy 2 dy

the roots of which are
% = (B +vVB2 - 4AC> /24, (4.2.5)
= (B —VB2- 4AC> J2A. (4.2.6)

dy

dz
These equations, which are known as the characteristic equations, are or-
dinary differential equations for families of curves in the zy-plane along
which & = constant and 7 = constant. The integrals of equations (4.2.5)
and (4.2.6) are called the characteristic curves. Since the equations are
first-order ordinary differential equations, the solutions may be written as

o1 (537 y) = c1, c1 = constant,

®2 (% y) = C2, co = constant.

Hence the transformations

€=¢1($,y), 77:¢2($7y),

will transform equation (4.1.10) to a canonical form.

(A) Hyperbolic Type

If B2 —4AC > 0, then integration of equations (4.2.5) and (4.2.6) yield
two real and distinct families of characteristics. Equation (4.1.11) reduces
to

ue, = Hy, (4.2.7)
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where H; = H*/B*. It can be easily shown that B* # 0. This form is called
the first canonical form of the hyperbolic equation.
Now if new independent variables

a={+n,  B=E(-n, (4.2.8)
are introduced, then equation (4.2.7) is transformed into
Uaa — Ugg = Ha (o, B, u, uq, ug) . (4.2.9)

This form is called the second canonical form of the hyperbolic equation.

(B) Parabolic Type
In this case, we have B2 — 4AC = 0, and equations (4.2.5) and (4.2.6)
coincide. Thus, there exists one real family of characteristics, and we obtain

only a single integral £ = constant (or 1 = constant).
Since B? = 4AC and A* = 0, we find that

2
A" = A + Bty + 0 = (VAL +VTg,) =0
From this it follows that

A* = 2A&m; + B (&ny + &) +2C&n,
=2 (\/ng + \@Ey) (ﬂnz + \@ny) =0,

for arbitrary values of 1 (x,y) which is functionally independent of £ (x, y);
for instance, if n = y, the Jacobian does not vanish in the domain of parabol-
icity.

Division of equation (4.1.11) by C* yields

Uy = H3 (§,1,u,ug, uy) , C* #£0. (4.2.10)

This is called the canonical form of the parabolic equation.
Equation (4.1.11) may also assume the form

uge = Hi (&,m,u,ug,uy) , (4.2.11)

if we choose ) = constant as the integral of equation (4.2.5).
(C) Elliptic Type

For an equation of elliptic type, we have B? — 4AC < 0. Consequently,
the quadratic equation (4.2.4) has no real solutions, but it has two complex
conjugate solutions which are continuous complex-valued functions of the
real variables x and y. Thus, in this case, there are no real characteristic
curves. However, if the coefficients A, B, and C are analytic functions of
2 and y, then one can consider equation (4.2.4) for complex x and y. A
function of two real variables x and y is said to be analytic in a certain
domain if in some neighborhood of every point (z,yo) of this domain, the
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function can be represented as a Taylor series in the variables (z — x¢) and

(Y — vo)-
Since £ and 7 are complex, we introduce new real variables

a=g €+, B=a ), (1212)
so that
E=a+1if, n=aoa—1if. (4.2.13)
First, we transform equations (4.1.10). We then have

A" (aaﬁ) U + B** (Oé,ﬁ) Uap + C** (O[,B) Upp = H4 (a7ﬁ7uaua7uﬁ) 5
(4.2.14)

in which the coefficients assume the same form as the coefficients in equation
(4.1.11). With the use of (4.2.13), the equations A* = C* = 0 become

(402 + Bagay + Ca?) — (AB2 + Bp.B, + CB2)
+i 240,08, 4+ B (02 By + ayfa) + 20, 8,] = 0,

(AaZ 4+ Bagoy, + Cal) — (AB: + BB.Sy + CB.)
—i [2Aazﬁr +B (O‘xﬂy + ayﬁx) + QCO‘yﬂy] =0,

or,
(A™ = C™) 4+ iB*™ =0, (A™ = C*™) —iB*™ =0.
These equations are satisfied if and only if
A™ =C" and B™ =0.
Hence, equation (4.2.14) transforms into the form
A ugq + A ugs = Hy (o, B, U, Ug, ug) .
Dividing through by A**, we obtain
Uaa + ugs = Hs (o, B, u, ua, ug) , (4.2.15)

where Hy = (Hy/A*™). This is called the canonical form of the elliptic
equation.

We close this discussion of canonical forms by adding an important
comment. From mathematical and physical points of view, characteristics
or characteristic coordinates play a very important physical role in hyper-
bolic equations. However, they do not play a particularly physical role in
parabolic and elliptic equations, but their role is somewhat mathematical
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in solving these equations. In general, first-order partial differential equa-
tions such as advection-reaction equations are regarded as hyperbolic be-
cause they describe propagation of waves like the wave equation. On the
other hand, second-order linear partial differential equations with constant
coefficients are sometimes classified by the associated dispersion relation
w = w (k) as defined in Section 13.3. In one-dimensional case, w = w (k).
If w (k) is real and w” (k) # 0, the equation is called dispersive. The word
dispersive simply means that the phase velocity ¢, = (w/k) of a plane wave
solution, u (x,t) = Aexp [i (kx — wt)] depends on the wavenumber k. This
means that waves of different wavelength propagate with different phase ve-
locities and hence, disperse in the medium. If w = w (k) = o (k) +ip (k) is
complex, the associated partial differential equation is called diffusive. From
a physical point of view, such a classification of equations is particularly
useful. Both dispersive and diffusive equations are physically important,
and such equations will be discussed in Chapter 13.

Ezample 4.2.1. Consider the equation
y2um — xQuyy =0.

Here

Thus,
B? — 4AC = 42%y* > 0.

The equation is hyperbolic everywhere except on the coordinate axes x = 0
and y = 0. From the characteristic equations (4.2.5) and (4.2.6), we have

dy _w o dy _

x
de vy’ de  y’

After integration of these equations, we obtain

1 1 1 1
§y2 — 5302 =cy, §y2 + §x2 = Co.

The first of these curves is a family of hyperbolas

and the second is a family of circles

1
gy —|—§x = Ca.

To transform the given equation to canonical form, we consider
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1y 1, 1y 1,
§=3¥ — 3%, =3y 37
From the relations (4.1.6), we have
Up = Uy + UpNy = —TUg + TUy,

Uy = ugly + Unly = Yl + Yy,
Use = Ugebs + 2ugnSale + Unyis + Ugbow + Unlu
TPuge — 20 ugy + T py — U + ty.
Uyy = uiiéi + 2ugn&yny + unnnz + uelyy + unilyy
= y2ugg + 2y2u§17 + yQunn + U + Uy

Thus, the given equation assumes the canonical form

_ 1 £
T aE - T 2 e

Ezxzample 4.2.2. Consider the partial differential equation

Uy

xQuM + 22y Ugy + y2uyy =0.
In this case, the discriminant is
B? —4AC = 4x*y® — 42%y* = 0.
The equation is therefore parabolic everywhere. The characteristic equation
is

dy _y

der 2’

and hence, the characteristics are

vy _
LA,
x

which is the equation of a family of straight lines.
Consider the transformation

y
£==, n=y,
x

where 7 is chosen arbitrarily. The given equation is then reduced to the
canonical form

y2um, =0.
Thus,

Upy =0 for y#0.
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FEzxzample 4.2.3. The equation
2 —
Uggy + T Uyy = 0,
is elliptic everywhere except on the coordinate axis x = 0 because
B? —4AC = —422 <0, x#0.

The characteristic equations are

dy . dy ‘
— =z, — = —iz.
dx dx
Integration yields
2y —ix? = ¢, 2y + iz? = co.

Thus, if we write
£=2y—ia®,  n=2y+ia?

and hence,

a=%(€+n)=2y7 6=%(§—n)=—x2,

we obtain the canonical form

1
Uga T UBE = — 7 UG-
ao 86 28 B
It should be remarked here that a given partial differential equation may
be of a different type in a different domain. Thus, for example, Tricomi’s
equation

Upg + TUyy = 0, (4.2.16)

is elliptic for 2 > 0 and hyperbolic for = < 0, since B? — 4AC = —4x. For
a detailed treatment, see Hellwig (1964).

4.3 Equations with Constant Coefficients

In this case of an equation with real constant coefficients, the equation is of
a single type at all points in the domain. This is because the discriminant
B? — 4AC is a constant.

From the characteristic equations

di; = (B +VB2 - 4Ac) /24, (4.3.1)

d
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we can see that the characteristics

B+ VB2 —-4AC B — VB2 - 4AC
Yy = 94 r+ce, Y= 9 x4+ co, (4.3.2)

are two families of straight lines. Consequently, the characteristic coordi-
nates take the form

§=y— Mz, n =1y — X, (4.3.3)

where

B+VB? — 4AC

Az = 24

(4.3.4)

The linear second-order partial differential equation with constant coeffi-
cients may be written in the general form as

Aty + Bugy + Cuyy + Duy + Euy + Fu = G (z,y) . (4.3.5)
In particular, the equation
Aty + Buyy + Cuyy =0, (4.3.6)

is called the Euler equation.

(A) Hyperbolic Type

If B2 — 4AC > 0, the equation is of hyperbolic type, in which case the
characteristics form two distinct families.

Using (4.3.3), equation (4.3.5) becomes

Ugy = D1’LL§ =+ E1un + Fiu+ Gy (f, ’17) R (437)

where D1, Fq, and F are constants. Here, since the coefficients are con-
stants, the lower order terms are expressed explicitly.

When A = 0, equation (4.3.1) does not hold. In this case, the charac-
teristic equation may be put in the form

— B (dz/dy) + C (dz/dy)* = 0,
which may again be rewritten as
dx/dy =0, and — B+ C(dz/dy)=0.
Integration gives
T =cy, x=(B/C)y+ cq,

where ¢; and co are integration constants. Thus, the characteristic coordi-
nates are
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£ =ux, n=z—(B/C)y. (4.3.8)

Under this transformation, equation (4.3.5) reduces to the canonical form
ugy = Diug + Efuy + Fru+Gi (€.1). (4.3.9)

where D7, E7, and Fy* are constants.
The canonical form of the Euler equation (4.3.6) is

gy = 0. (4.3.10)
Integrating this equation gives the general solution

where ¢ and 1) are arbitrary functions, and A; and Ay are given by (4.3.3).

(B) Parabolic Type

When B? — 4AC = 0, the equation is of parabolic type, in which case
only one real family of characteristics exists. From equation (4.3.4), we find
that

A1 = A2 = (B/24),
so that the single family of characteristics is given by
y=(B/2A)x + ¢,
where ¢; is an integration constant. Thus, we have
E=y—(B/2A)z, n = hy + kz, (4.3.12)

where 7 is chosen arbitrarily such that the Jacobian of the transformation
is not zero, and h and k are constants.

With the proper choice of the constants h and k in the transformation
(4.3.12), equation (4.3.5) reduces to

Upy = Doug + Eyu,y + Fou+ G2 (€,1), (4.3.13)

where D5, Eo, and Fy are constants.
If B =0, we can see at once from the relation

B? —4AC =0,

that C or A vanishes. The given equation is then already in the canonical
form. Similarly, in the other cases when A or C' vanishes, B vanishes. The
given equation is is then also in canonical form.

The canonical form of the Euler equation (4.3.6) is

Uy = 0. (4.3.14)
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Integrating twice gives the general solution

u=¢ () +ny(E), (4.3.15)

where £ and 7 are given by (4.3.12). Choosing h =1, k = 0 and A = (&)
for simplicity, the general solution of the Euler equation in the parabolic
case is

u=¢(y—Ax)+yv(y— ). (4.3.16)

(C) Elliptic Type

When B? — 4AC < 0, the equation is of elliptic type. In this case, the
characteristics are complex conjugates.

The characteristic equations yield

Yy =Mz +c, Yy = Ao + C3, (4.3.17)

where \; and Ao are complex numbers. Accordingly, ¢; and ¢y are allowed
to take on complex values. Thus,

E=y—(a+1b)wz, n=y— (a—1b)wx, (4.3.18)

where A1 2 = a+1b in which a and b are real constants, and

and b:i\/4ACfB2.

_B
247 24

Introduce the new variables

a=g(Etm=y—az, = (E-n)=—br (4319)

a

Application of this transformation readily reduces equation (4.3.5) to the
canonical form

Uaa + Usg = Dsug + Esug + Fsu + Gs (o, ), (4.3.20)

where D3, F3, F3 are constants.

We note that B2 — AC < 0, so neither A nor C is zero.

In this elliptic case, the Euler equation (4.3.6) gives the complex char-
acteristics (4.3.18) which are

¢ = (y — ax) — ibx, n=(y—ax)+ibx = £ (4.3.21)
Consequently, the Euler equation becomes
Uee = 0, (4.3.22)
with the general solution
u=6(€)+v@. (43.23)

The appearance of complex arguments in the general solution (4.3.23) is a
general feature of elliptic equations.
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FEzxzample 4.3.1. Consider the equation
dtlgy + 5 Uzy + Uyy + Uy +uy = 2.

Since A = 4, B =5, C = 1, and B? — 4AC = 9 > 0, the equation is
hyperbolic. Thus, the characteristic equations take the form

d d 1
dy _, dy _

dx ’ de 4’
and hence, the characteristics are
y=rte,  y=(e/0)+e
The linear transformation
E=y—2, n=y-—(z/4),

therefore reduces the given equation to the canonical form

U{:nzgun—g.

This is the first canonical form.
The second canonical form may be obtained by the transformation

a:£+773 525*77»
in the form

Uga — UBE = U —lu 28
aa TS = g e T3 T g

FEzxzample 4.3.2. The equation
Upg — dUgy + duyy = €Y,

is parabolic since A = 1, B = —4, C = 4, and B? — 4AC = 0. Thus, we
have from equation (4.3.12)
§=y+2x, n=y,

in which 7 is chosen arbitrarily. By means of this mapping, the equation
transforms into

1
— —en
Upy = — €.

Example 4.3.3. Consider the equation

Ugy + Ugy + Uyy + Uy = 0.
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Since A=1, B=1,C =1, and B? — 4AC = -3 < 0, the equation is

elliptic.
We have
B++vVB2—-4AC 1 /3
Al = —= = *ili,
2A 2 2
and hence,

1, V3 1 V3
5219—(2‘“2)1‘7 77=y—<2—12>$

Introducing the new variables

V3

a:§(€+n):y_§xv 525(5—77)2—73:,

the given equation is then transformed into canonical form

2 2
Uqo T UGE = guaJr %U[}.
Example 4.3.4. Consider the wave equation

Upp — cgum =0, c is constant.

Since A = —c?, B =0, C = 1, and B? — 4AC = 4c¢®> > 0, the wave
equation is hyperbolic everywhere. According to (4.2.4), the equation of

characteristics is
dt\?
2
— — 1=0
c ( dx) + )

dx? — Adi? = 0.

or

Therefore,
x + ct = & = constant, T — ct =1n = constant.

Thus, the characteristics are straight lines, which are shown in Figure 4.3.1.
The characteristics form a natural set of coordinates for the hyperbolic
equation.

In terms of new coordinates ¢ and 7 defined above, we obtain

Ugy = Ugg + 2Ugy + Unpy,

ur = ¢ (uge — 2ugy + Uny)

so that the wave equation becomes
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t

N
%
\ N
\ 00
y
QA

Figure 4.3.1 Characteristics for the wave equation.

—402u5,7 =0.
Since ¢ # 0, we have
ugy = 0.
Integrating with respect to &, we obtain
uy =11 ().

where 17 is the arbitrary function of 7. Integrating with respect to 7, we
obtain

u(f,n>=/w1<n)dn+¢<s>.

If we set ¢ (n) = [ %1 (1) dn, the general solution becomes
u(&n) = o) +v ™),

which is, in terms of the original variables x and t,
w(a,t) = 6 (a+ct) + 0 (x—ct),

provided ¢ and v are arbitrary but twice differentiable functions.
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Note that ¢ is constant on “wavefronts” x = —ct + £ that travel toward
decreasing x as t increases, whereas 1 is constant on wavefronts x = ct +n
that travel toward increasing x as t increases. Thus, any general solution
can be expressed as the sum of two waves, one traveling to the right with
constant velocity ¢ and the other traveling to the left with the same velocity
c.

FEzample 4.3.5. Find the characteristic equations and characteristics, and
then reduce the equations

Upz F (sech®z) uy, =0, (4.3.24ab)

to the canonical forms.
In equation (4.3.24a), A =1, B = 0 and C = —sech"z. Hence,

B? — 4AC = 4sech?z > 0.

Hence, the equation is hyperbolic. The characteristic equations are

dy B++vB?—4AC
dz 2A

= + sech’z.

Integration gives
y + tanhz = constant.
Hence,
§ =y+tanhz, n =1y — tanh .

Using these characteristic coordinates, the given equation can be trans-
formed into the canonical form

(n—2¢)
Ugy = —————= (ug — uyy) . (4.3.25)
T e

In equation (4.3.24b), A =1, B =0 and C' = sech®z. Hence,
B? — 4AC = + isech®z.
Integrating gives
y + 4 tanh x = constant.
Thus,
§ =y +i tanhuz, n =y —itanhz.

The new real variables o and 3 are
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az%(f—i-n):y, Bzé(f—n)Ztanhw-

In terms of these new variables, equation (4.3.24b) can be transformed into
the canonical form

2
Ezample 4.3.6. Consider the equation
Uz + (2 cosecy) gy + (cosec®y) uy, = 0. (4.3.27)

In this case, A = 1, B = 2cosecy and C = cosec?y. Hence, B2 — 4AC = 0,
and
dy _ B
dr  2A

The characteristic curves are therefore given by

= cosecy.

E=x+4+cosy and n=y.
Using these variables, the canonical form of (4.3.27) is

Uy = (Sin2 n cosn) ue. (4.3.28)

4.4 General Solutions

In general, it is not so simple to determine the general solution of a given
equation. Sometimes further simplification of the canonical form of an equa-
tion may yield the general solution. If the canonical form of the equation
is simple, then the general solution can be immediately ascertained.

Ezample 4.4.1. Find the general solution of
22Uy + 2TY Ugy + yguyy =0.

In Example 4.2.2; using the transformation £ = y/x, n = y, this equation
was reduced to the canonical form

Ugy =0, for y#0.
Integrating twice with respect to 7, we obtain

w(&,n) =nf)+g(8),

where f(£) and g () are arbitrary functions. In terms of the independent
variables  and y, we have

u(z,y) =yf(%> +g(y)-

T
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Ezample 4.4.2. Determine the general solution of
Ay + D Ugy + Uyy + Ugp + Uy = 2.

Using the transformation £ = y — z, n = y — (x/4), the canonical form of
this equation is (see Example 4.3.1)

Ué'n = § ’Uﬂ,7 — §
By means of the substitution v = u,, the preceding equation reduces to

1 8
U§:§U—§.

This can be easily integrated by separating the variables. Integrating with
respect to &, we have

8 1
— 24 —EBp
v 3—|—3e (n).

Integrating with respect to 7, we obtain

w(em =5n+ 30 eER+1(9),

where f(£) and g (n) are arbitrary functions. The general solution of the
given equation becomes

u(z,y) = 2 (y—D +ég(y—§) e 4 f(y—2).

Example 4.4.3. Obtain the general solution of
BuUgy + 10Uz + 3uy, = 0.

Since B2 — 4AC = 64 > 0, the equation is hyperbolic. Thus, from equation
(4.3.2), the characteristics are

1
y =3z +cy, y:§x+02.

Using the transformations

1
§=y— 3z, n=y- 3

the given equation can be reduced to the form

64
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Hence, we obtain
Uuep = 0.
Integration yields

w(&m) =f(&)+gn).

In terms of the original variables, the general solution is

w(e,y) =fy—=30)+9(y—3).

Ezample 4.4.4. Find the general solution of the following equations

YUgz + 3YUgy + 33Uz = 0, y #0, (4.4.1)
Ugz + 2Ugy + Uyy = 0, (4.4.2)
Ugy + 2Ugy + D Uyy + uy = 0. (4.4.3)

In equation (4.4.1), A=y, B=3y,C=0,D=3, E=F =G =0.
Hence B% — 4AC = 9y? > 0 and the equation is hyperbolic for all points
(z,y) with y # 0. Consequently, the characteristic equations are

dy B++VB? -4AC  3y+3y

dx 24 2y 3 0

Integrating gives
y=c1 and y=3x+co.
The characteristic curves are
E=y and n=y—3z.
In terms of these variables, the canonical form of (4.4.1) is
§ugy +uy =0.

Writing v = u,, and using the integrating factor gives

V== ).

where C (n) is an arbitrary function.
Integrating again with respect to n gives

w(en) = %/om)dmg(a: %f(n)+g(€),

where f and g are arbitrary functions. Finally, in terms of the original
variables, the general solution is



110 4 Classification of Second-Order Linear Equations

u(z,y) = if (y—32) + g (1) (4.4.4)

Equation (4.4.2) has coefficients A =1, B=2,C =1, D =FE =F =
G = 0. Hence, B2 — 4AC = 0, the equation is parabolic. The characteristic
equation is

dy
==
dx ’

and the characteristics are
E=y—xr=c and n=y.
Using these variables, equation (4.4.2) takes the canonical form
Upy = 0.
Integrating twice gives the general solution
w(&n) =nf&)+g(&),

where f and g are arbitrary functions.
In terms of z and y, this solution becomes

u(r,y) =y fly—z)+gy—x). (4.4.5)

The coefficients of equation (4.4.3) are A =1, B =2, C =5, E =1,
F = G = 0 and hence B2 — 4AC = —16 < 0, equation (4.4.3) is elliptic.
The characteristic equations are

% = (1+24).
The characteristics are
y=(1-2i)x+cy, y=(142i)z+ co,
and hence,
{=y-(1-2)z, n=y—(1+2)x,

and new real variables o and (§ are

1 1
a=gE+n=y-z n=g5E-n=2
The canonical form is given by
1

4

It is not easy to find a general solution of (4.4.6).
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Ezample 4.4.5. Use u = f (£), £ = \/% to solve the parabolic system

Up = KlUgy, —00<x<00, t>0, (4.4.7)
u(z,0)=0, x<0; u(z,0)=uy, x>0, (4.4.8)

where x and ug are constant.
We use the given transformations to obtain

!/ _ 71 x !
0 0
e = 3o () = 2= (1 () &) = 7 1 (©).

Consequently, equation (4.4.7) becomes

1@ +28f (6 =0.

The solution of this equation is
f1(€) = Aexp (—€%),
where A is a constant of integration. Integrating again gives
5 2
f© :A/ e “da+ B,
0

where B is an integrating constant.
Using the given conditions yields

O:A/ e_a2da—i—B7 uozA/ e_o‘2da—|—B,
0 0
which give
1
A= % and B = iuo.

Thus, the final solution is

1 \/th 2 1
t) = — “Yda+ -
u(z,t) = ug lﬁ/o e a+2

4.5 Summary and Further Simplification

We summarize the classification of linear second-order partial differential
equations with constant coefficients in two independent variables.
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4.5.1

hyperbolic: Ups = a1Uyr + agus + azu+ f1,  (

Upp — Uss = AUy + adus + aju+ f7, (4.5.2
(
(

parabolic: Upg

b1u, + bous + byu + fo, 4.5.3
elliptic: Uppr + Uss = C1UF + CoUg + Cc3u + f3, 4.5.4

)
)
)
)

where r and s represent the new independent variables in the linear trans-
formations

r=r(xz,y), s=s(z,y), (4.5.5)

and the Jacobian J # 0.
To simplify equation (4.5.1) further, we introduce the new dependent
variable

v =ue (97H09), (4.5.6)
where a and b are undetermined coefficients. Finding the derivatives, we
obtain

u, = (v, + av) e 105
us = (vs + bv) e,
= (Vpr + 2av, + azv) e ths,
Urs = (Vps + avs + bv, + abv) e oS,

Uss = (Vg + 2bvg + bQU) e s,

Uy

Substitution of these equation (4.5.1) yields

Ups + (b —a1) v + (@ — a2) vs + (ab — a1a — azb — az) v = f1 e~ (artbs)
In order that the first derivatives vanish, we set
b=a; and a=as.
Thus, the above equation becomes
Urs = (araz +az) v + g1,
where g; = f, e (@27+a19) In a similar manner, we can transform equa-

tions (4.5.2)—(4.5.4). Thus, we have the following transformed equations
corresponding to equations (4.5.1)—(4.5.4).

hyperbolic: vrs = h1v + g1,
Upp — Vss = iV + g7, (4.5.7)

parabolic: Vss = hav + go,

elliptic: Upp + Vs = h3v + g3.

In the case of partial differential equations in several independent vari-
ables or in higher order, the classification is considerably more complex.
For further reading, see Courant and Hilbert (1953, 1962).
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4.6 Exercises

1. Determine the region in which the given equation is hyperbolic, parabolic,
or elliptic, and transform the equation in the respective region to canon-

ical form.

() Tugs + uyy = 77, (b) tea + Y uyy =y,

(€) Ugz + TYUy, =0, (d) %Upe — 2xyugy + yzuyy =",
(€) Uag + Ugy — Tuyy =0, (f) e"tar + €Vuyy = u,

(8) Uzx — /Y Uzy + (i) Uyy + 2% Uy — 3Y Uy + 2u = exp (;v2 — 2y),
y =0,

(h) Uge — /Y Usy + Tuyy = cos (22 — 2y), y >0,
(i) wps — Ylgy + TU; + YUy +u = 0,
() sin? z uy, + sin 2 Ugy + COS% T Uy, = T,

2. Obtain the general solution of the following equations:
(1) 2%Ugy + 20YUgy + Y2 uyy + TYUL + YUy = 0,
(i)  rug — Arup, — 2c2u, = 0, ¢ = constant,

(ill) duy + 12uypy + Quyy — 9u =19,

(iv) Upa + Uzy — 2Uyy — 3uz — 6uy =9 (22 —y),
(V) yug + 3y ugy + 3uy =0, y # 0.

(Vi) Ugg + Uyy =0,

(vil) 4uze + uyy =0,

(Vill) Upy — 2Ugy + Uyy = 0,

(ix) 2tz + uyy =0,

(X)  Ugy +4ugy +4uy, =0,

(xi) BUgs +dugy — 2 uy, = 0.
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Find the characteristics and characteristic coordinates, and reduce the
following equations to canonical form:

(8) Ugy + 2Ugy + 3uyy + duy + Suy +u =€,

(b) 2ugy — 4Ugy + 2uyy + 3u =0,

(€) Ugy + BUgy + duyy + Tuy =sinz, (d) gy + Uyy + 20, + 8uy +u =10,
(€) Ugy + 2uyy + Juy + uy =2, (f) Buze — Ugy +u = y2,

(8) gy + Uy + uy = 3z, (h) wyy — Yuy + Tuy = cosy,

(1) T%Upy — Y2 uyy —uz = 1+ 207 () Upe + YUyy + %uy + 4yu, =0,
(k) 22y Uy + 22YUzy + Uyy = 0, (1) Upe + Yuyy = 0.

Determine the general solutions of the following equations:

(1) Upe — & uyy =0, ¢ = constant, (ii) ugs +uyy =0,
(V) Uggy + Ugy = 0, (Vi) Upr + IOumy + 9uyy =y.

. Transform the following equations to the form vg, = cv, ¢ = constant,

(i) Uze — Uyy + Buy — 2uy +u =0,
(i) Bupy + Tuzy + 2uyy +uy +u =0,

by introducing the new variables v = we~(@¢+0)  where a and b are
undetermined coefficients.

. Given the parabolic equation

Uy = aly + bugy + cu+ f,

where the coefficients are constants, by the substitution u = v e%bw, for
the case ¢ = — (b2 / 4)7 show that the given equation is reduced to the
heat equation

Ve = ave g, g=fe 2

. Reduce the Tricomi equation

Uggy + Tlyy = 0,
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to the canonical form
(i) uen—1[6(&— m ! (ug —uy) =0, for z <0,
(i) taa +uss + 33 =0, >0,

Show that the characteristic curves for x < 0 are cubic parabolas.

Use the polar coordinates r and 0 (z = rcosf, y = rsinf) to transform
the Laplace equation g, + uyy = 0 into the polar form

1 1
ViU = upp + — up + — Ugg = 0.
r r

(a) Using the cylindrical polar coordinates x = r cos 6,y = rsinf, z = z,
transform the three-dimensional Laplace equation ug, + Uy + 1., =0
into the form

1 1
urr+fur+—2ueg+uzz=0.
T T

(b) Use the spherical polar coordinates (7,6, ¢) so that = rsin ¢ cos 6,
y =rsin¢sinf, z = r cos ¢ to transform the three-dimensional Laplace
equation Uzg + Uyy + Uz, = 0 into the form

2

Wpp + - Uy + (Sin¢u¢)¢ + ugp = 0.

r2sin ¢ r2 sin? 10)
(¢) Transform the diffusion equation

U = K (Ugg + Uyy)

into the axisymmetric form

1
utm<uw+ur>.
r

(a) Apply a linear transformation £ = ax + by and n = cx + dy, to
transform the Euler equation

Augy + 2B ugy + Cuyy =0

into canonical form, where a, b, ¢, d, A, B and C are constants .
(b) Show that the same transformation as in (a) can be used to trans-
form the nonhomogeneous Euler equation

Atgy + 2B gy + Cuyy = F (2, y,u, Uz, Uy)

into canonical form.
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11.

12.

13.

14.

4 Classification of Second-Order Linear Equations
Obtain the solution of the Cauchy problem

Ugy + Uyy = 0,
u(z,0) = f(xr) and wuy(z,0)=g(z).

Classify each of the following equations and reduce it to canonical form:
() YUz — Uy =0, >0, y>0; (b) uge + (sech’s)uyy =0,
(¢) gy + 22Uy, =0, (d) Use — (sech®@) uy, =0,
(€) Uzy + 6Uszy + Yuyy + 3y u, =0,
(£) vPugs + 22y Ugy + 202Uy, + zu, =0,
(8) U — (2008 2) Uy + (1 + cos? ) uyy +u =0,
(h) uge + (2 cosec y) ugy + (cosec?y) u,, = 0.
(1) Ugy — 2Ugy + Uyy +3uy —u+1=0,
() uge — yzuyy +uy—u+z2=0,
(k) Ugz +yuyy —zuy +y =0.
Transform the equation
Ugy + Y Uyy +sin (z+y) =0

into the canonical form. Use the canonical form to find the general
solution.

Classify each of the following equations for u (x, t):

(a) ug = (pug),, (b) ugs — gy + au =0,

(c) (aug), + (aus), =0, (d) uzr —aug =0,

where p(x), c(x,t), a(z,t), and «(z) are given functions that take

only positive values in the (z,t) plane. Find the general solution of the
equation in (d).
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The Cauchy Problem and Wave Equations

“Since a general solution must be judged impossible from want of analysis,
we must be content with the knowledge of some special cases, and that all
the more, since the development of various cases seems to be the only way
to bringing us at last to a more perfect knowledge.”

Leonhard Euler

“What would geometry be without Gauss, mathematical logic without
Boole, algebra without Hamilton, analysis without Cauchy?”

George Temple

5.1 The Cauchy Problem

In the theory of ordinary differential equations, by the initial-value problem
we mean the problem of finding the solutions of a given differential equation
with the appropriate number of initial conditions prescribed at an initial
point. For example, the second-order ordinary differential equation

Pu_ (e
a2 i

and the initial conditions
du
w)=a, (G ) =5

constitute an initial-value problem.

An analogous problem can be defined in the case of partial differential
equations. Here we shall state the problem involving second-order partial
differential equations in two independent variables.
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We consider a second-order partial differential equation for the function
u in the independent variables x and y, and suppose that this equation can
be solved explicitly for u,,, and hence, can be represented in the from

Uyy = F (2, Y, U, Ug, Uy, Uzz, Uzy) - (5.1.1)

For some value y = yg, we prescribe the initial values of the unknown
function and of the derivative with respect to y

u(@,yo) = f(x),  uy(x,90) =g (2). (5.1.2)

The problem of determining the solution of equation (5.1.1) satisfying
the initial conditions (5.1.2) is known as the initial-value problem. For in-
stance, the initial-value problem of a vibrating string is the problem of
finding the solution of the wave equation

Uy = CUga,
satisfying the initial conditions
u(xz,tg) = ug (x), ug (x,t9) = vo (),

where ug () is the initial displacement and vg (z) is the initial velocity.

In initial-value problems, the initial values usually refer to the data
assigned at y = yg. It is not essential that these values be given along
the line y = yo; they may very well be prescribed along some curve Ly in
the xy plane. In such a context, the problem is called the Cauchy problem
instead of the initial-value problem, although the two names are actually
Synonymous.

We consider the Euler equation

Augy + Bugy + Cuyy = F (2, y, U, Uy, Uy) (5.1.3)

where A, B, C are functions of z and y. Let (z0,y0) denote points on a
smooth curve Lg in the xy plane. Also let the parametric equations of this
curve Lg be

o = X0 ()\) s Yo = Yo ()\) s (514)

where X is a parameter.

We suppose that two functions f(A\) and g (\) are prescribed along
the curve Lg. The Cauchy problem is now one of determining the solution
u (z,y) of equation (5.1.3) in the neighborhood of the curve Ly satisfying
the Cauchy conditions

u=f(\), (5.1.5a)

=g\, (5.1.5b)
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on the curve Ly where n is the direction of the normal to Ly which lies
to the left of Ly in the counterclockwise direction of increasing arc length.
The function f (A) and g (A) are called the Cauchy data.

For every point on Ly, the value of u is specified by equation (5.1.5a).
Thus, the curve Lo represented by equation (5.1.4) with the condition
(5.1.5a) yields a twisted curve L in (z,y,u) space whose projection on
the zy plane is the curve Ly. Thus, the solution of the Cauchy problem is a
surface, called an integral surface, in the (z,y,u) space passing through L
and satisfying the condition (5.1.5b), which represents a tangent plane to
the integral surface along L.

If the function f (A) is differentiable, then along the curve Ly, we have

du Oudx Oudy df

b - = = 1.
d\  Ox d\ Oy dx dX\ (5.1.6)
and
Oou Oudx Oudy
gu_cquer, guoy 1.
On Oz dn + Oy dn 5 (5.1.7)
but
dx dy dy dx
_— = —— d _— = —. .]..
dn ds an dn ds (5.18)
Equation (5.1.7) may be written as
Ju Oudy Ou dx
an Or ds Oy ds g (5.1.9)
Since
& 8| (@ @y
z)” + (ay
=) T, 5.1.10
“dy da ds d\ 7 ( )
ds ds

it is possible to find u, and u, on Ly from the system of equations (5.1.6)
and (5.1.9). Since u, and u,, are known on Ly, we find the higher derivatives
by first differentiating v, and w, with respect to A\. Thus, we have

0%u dx 0%u dy d (Ou

97 dx T dwdy N D (w) (5.1.11)
2 2
Ou dr | Oudy  d (Ou (5.1.12)
Oxdy dA  0y? d\  dX \ Oy
From equation (5.1.3), we have
2 2 2
W g O 0 (5.1.13)

ox? Oz Oy dy?
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where F' is known since u, and u, have been found. The system of equations
can be solved for uzg, Uzy, and uy,, if

dz dy
dx dx
dz\? dx dy dy 2
dr dy | — =) - e I (e 29
g |- (B) () (B) e a () 20 Grrg
A B C

The equation

dy 2 dy
A(=2) =B(Z)+Cc=0, 5.1.15
(dx) (dz) + ( )
is called the characteristic equation. It is then evident that the necessary
condition for obtaining the second derivatives is that the curve Ly must not
be a characteristic curve.
If the coefficients of equation (5.1.3) and the function (5.1.5) are ana-
lytic, then all the derivatives of higher orders can be computed by the above
process. The solution can then be represented in the form of a Taylor series:

wl@wy) =3 > o (nl_ 5 010 )* (y — yo)™* , (5.1.16)

| k 9, n—k
n=0 k=0 ! O Oy

which can be shown to converge in the neighborhood of the curve Lg. Thus,
we may state the famous Cauchy—Kowalewskaya theorem.

5.2 The Cauchy—Kowalewskaya Theorem

Let the partial differential equation be given in the form

Uyy = F(yaxhx%'-~7$nauauyvum17ux2 sy Uz,
Ugyys Uzoys - - - s Uz, ys Uzyzy ) Uzgmgy - - - 7ulnwn) y (521)
and let the initial conditions

u=f(r1,22,...,Tn), (5.2.2)

uy :g(.’Eh.’L'Q,...,ZCn),

—
o

be given on the noncharacteristic manifold y = yq.

If the function F' is analytic in some neighborhood of the point
(yo,x%xg, . ,x27u0,u87 .. ) and if the functions f and g are analytic in
some neighborhood of the point (:r(f,xg, e ,x%), then the Cauchy prob-

lem has a unique analytic solution in some neighborhood of the point

(yo,x?,xg, . ,x%).
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For the proof, see Petrovsky (1954).

The preceding statement seems equally applicable to hyperbolic, parabolic,
or elliptic equations. However, we shall see that difficulties arise in formulat-
ing the Cauchy problem for nonhyperbolic equations. Consider, for instance,
the famous Hadamard (1952) example.

The problem consists of the elliptic (or Laplace) equation

Ugy + Uyy = 0,
and the initial conditions on y =0
u(z,0) =0, uy (£,0) = n~ ' sin nz.
The solution of this problem is
u(x,y) = n~?sinh ny sin nz,

which can be easily verified.

It can be seen that, when n tends to infinity, the function n~" sin nx
tends uniformly to zero. But the solution n =2 sinh ny sin nx does not be-
come small, as n increases for any nonzero y. Physically, the solution rep-
resents an oscillation with unbounded amplitude (n_2 sinh ny) as y — 00
for any fixed z. Even if n is a fixed number, this solution is unstable in the
sense that u — oo as y — oo for any fixed x for which sinnx # 0. It is
obvious then that the solution does not depend continuously on the data.
Thus, it is not a properly posed problem.

In addition to existence and uniqueness, the question of continuous de-
pendence of the solution on the initial data arises in connection with the
Cauchy—Kowalewskaya theorem. It is well known that any continuous func-
tion can accurately be approximated by polynomials. We can apply the
Cauchy—Kowalewskaya theorem with continuous data by using polynomial
approximations only if a small variation in the initial data leads to a small
change in the solution.

1

5.3 Homogeneous Wave Equations

To study Cauchy problems for hyperbolic partial differential equations, it
is quite natural to begin investigating the simplest and yet most important
equation, the one-dimensional wave equation, by the method of characteris-
tics. The essential characteristic of the solution of the general wave equation
is preserved in this simplified case.

We shall consider the following Cauchy problem of an infinite string
with the initial condition
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U — gy = 0, zeR, t>0, (5.3.1)
u(z,0) = f(z), z € R, (5.3.2)
ug (2,0) = g (x), x €R. (5.3.3)

By the method of characteristics described in Chapter 4, the characteristic
equation according to equation (4.2.4) is

dz? — Adt* =0,
which reduces to
dxr+cdt =0, dx —cdt =0.
The integrals are the straight lines
T +ct =cy, x — ct = co.
Introducing the characteristic coordinates
&=z +ct, n=ux—ct,
we obtain
Uge = Uge + 2 Ugy + Uy, upe = ¢ (uge — 2ugy + ) -
Substitution of these in equation (5.3.1) yields
—40211577 =0.
Since ¢ # 0, we have
ugy = 0.
Integrating with respect to &, we obtain
uy =" (n),

where ¢* () is an arbitrary function of 7). Integrating again with respect
to n, we obtain

U(f,n):/w*(n)dn+¢>(£)-

If we set ¢ (n) = [¢* (n) dn, we have

u(&n) = o) +v ™),

where ¢ and ¢ are arbitrary functions. Transforming to the original vari-
ables z and ¢, we find the general solution of the wave equation
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u(x,t) =¢(x+ct)+v(x—ct), (5.3.4)

provided ¢ and v are twice differentiable functions.
Now applying the initial conditions (5.3.2) and (5.3.3), we obtain

u(x,0) = f(z) =¢(z) +¢(z), (5.3.5)

u (,0) = g(z) =cd (z) —ct' (z). (5.3.6)
Integration of equation (5.3.6) gives

b (x) — 1 (1) = %/zg(T) dr + K, (5.3.7)

where 2y and K are arbitrary constants. Solving for ¢ and v from equations
(5.3.5) and (5.3.7), we obtain

6@) =31+ [ gmar+ T,
v =5 - o [ gmar-5

The solution is thus given by

w (1) :%[f(x+ct)+f(z—ct)]+% {/::+Ctg(7')d7'—/rjdg(7)d7'}
1

1 x+ct
=-[fle+ct)+ fx—ct)]+ — / g (7)dr. (5.3.8)
2 20 xr—ct
This is called the celebrated d’Alembert solution of the Cauchy problem for
the one-dimensional wave equation.

It is easy to verify by direct substitution that u (x,t), represented by
(5.3.8), is the unique solution of the wave equation (5.3.1) provided f (z)
is twice continuously differentiable and g (z) is continuously differentiable.
This essentially proves the existence of the d’Alembert solution. By direct
substitution, it can also be shown that the solution (5.3.8) is uniquely de-
termined by the initial conditions (5.3.2) and (5.3.3). It is important to note
that the solution u (x,t) depends only on the initial values of f at points
x — ct and = + ct and values of g between these two points. In other words,
the solution does not depend at all on initial values outside this interval,
x —ct < x < x4 ct. This interval is called the domain of dependence of the
variables (z,t).

Moreover, the solution depends continuously on the initial data, that
is, the problem is well posed. In other words, a small change in either
f or g results in a correspondingly small change in the solution wu (z,t).
Mathematically, this can be stated as follows:

For every ¢ > 0 and for each time interval 0 < t < ty, there exists a
number ¢ (e, tp) such that
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|u(z,t) —u” (z,1)] <e,
whenever

If(x) = (@) <6, g(x)—g" (z)] <o

The proof follows immediately from equation (5.3.8). We have
1
u(z,t) —u” (2,0)] < S [f (2 +ct) = f7 (2 + )]

31 @ —et) = 2 )
1 x+ct

o

lg(T) —g" (7)]dr <e,
r—ct
where e = § (1 + o).
For any finite time interval 0 < ¢ < tp, a small change in the initial data
only produces a small change in the solution. This shows that the problem
is well posed.

Ezxample 5.3.1. Find the solution of the initial-value problem

U = gy, TER, t>0,

u(z,0) =sin z, u(z,0) = cos z.

From (5.3.8), we have
1 x+ct
u(z,t) = f[sin(x+ct)+sin(:rfct)]+—/ cos Tdr
2 2C xr—ct
1
= sin x cos ct + % [sin (z + ct) — sin (x — ct)]
c
1
= sin z cos ¢t + — cos x sin ct.
c

It follows from the d’Alembert solution that, if an initial displacement or
an initial velocity is located in a small neighborhood of some point (zg, to),
it can influence only the area t > ¢ty bounded by two characteristics x —ct =
constant and z+ct = constant with slope + (1/¢) passing through the point
(z0,t0), as shown in Figure 5.3.1. This means that the initial displacement
propagates with the speed C(li—f = ¢, whereas the effect of the initial velocity
propagates at all speeds up to c. This infinite sector R in this figure is called
the range of influence of the point (xo,to).

According to (5.3.8), the value of u (xg, tg) depends on the initial data f
and ¢ in the interval [zg — cto, x¢ + ctp] which is cut out of the initial line
by the two characteristics  —ct = constant and x+ct = constant with slope
+ (1/c) passing through the point (xg,to). The interval [z¢ — cto, 2o + cto)
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(o, 7o)

Figure 5.3.1 Range of influence

on the line ¢ = 0 is called the domain of dependence of the solution at the
point (zg,to), as shown in Figure 5.3.2.

(xg, 79)

>
>

(XO_Cto, O) X0 (X0+Cl0, O) X

Figure 5.3.2 Domain of dependence
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Since the solution u (z, t) at every point (z, t) inside the triangular region
D in this figure is completely determined by the Cauchy data on the interval
[zo — cto, xo + cto], the region D is called the region of determinancy of the
solution.

We will now investigate the physical significance of the d’Alembert so-
lution (5.3.8) in greater detail. We rewrite the solution in the form

x—+ct r—ct
u(:r,t):%f(x+ct)+2ic/0 g(T)dTJr%f(x—ct)f%C/o g (7)dr.
(5.3.9)
Or, equivalently,
u(x,t) =¢(x+ect)+v(x—ct), (5.3.10)
where
§
6© =3O+ [ a(an (53.11)
1 1 ("
v =5fn =5 [ g (5:312)

Evidently, ¢ (z + ct) represents a progressive wave traveling in the negative
a-direction with speed ¢ without change of shape. Similarly, ¢ (z — ct) is
also a progressive wave propagating in the positive x-direction with the
same speed ¢ without change of shape. We shall examine this point in
greater detail. Treat ¢ (z — ct) as a function of z for a sequence of times
t. At t = 0, the shape of this function of u = ¢ (x). At a subsequent time,
its shape is given by u = ¥ (z —ct) or u = ¥ (§), where £ = © — ct is
the new coordinate obtained by translating the origin a distance ct to the
right. Thus, the shape of the curve remains the same as time progresses,
but moves to the right with velocity ¢ as shown in Figure 5.3.3. This shows
that v (x — ct) represents a progressive wave traveling in the positive -
direction with velocity ¢ without change of shape. Similarly, ¢ (z + ct) is
also a progressive wave propagating in the negative z-direction with the
same speed ¢ without change of shape. For instance,

u(x,t) = sin (v + ct) (5.3.13)

represent, sinusoidal waves traveling with speed ¢ in the positive and neg-
ative directions respectively without change of shape. The propagation of
waves without change of shape is common to all linear wave equations.

To interpret the d’Alembert formula we consider two cases:

Case 1. We first consider the case when the initial velocity is zero, that
is,

g(z)=0.
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u
x+ 2ct
u=y(x—ct)
x+ct -
u=1(x)
0 X X

Figure 5.3.3 Progressive Waves.

Then, the d’Alembert solution has the form
1
wla,t) = 3 [f (@ +et) 4 f (x—ct)].

Now suppose that the initial displacement f (x) is different from zero in an
interval (—b,b). Then, in this case the forward and the backward waves are
represented by

1
uzif(x).

The waves are initially superimposed, and then they separate and travel in
opposite directions.

We consider f (x) which has the form of a triangle. We draw a triangle
with the ordinate = 0 one-half that of the given function at that point,
as shown in Figure 5.3.4. If we displace these graphs and then take the sum
of the ordinates of the displaced graphs, we obtain the shape of the string
at any time ¢.

As can be seen from the figure, the waves travel in opposite directions
away from each other. After both waves have passed the region of initial
disturbance, the string returns to its rest position.

Case 2. We consider the case when the initial displacement is zero, that
is,



128 5 The Cauchy Problem and Wave Equations

u
t=0
1 | | ~ - T ~ N\ | | |
I 1 1 I 1 1 1 1
-b b *
u
NV t=>b/2¢
/1IN
f f f f f f f I
—b b *
u
t=bl/c
f f f —ib }) f f T i
u
/\ /\ t>blc
f f f f f f f !
_b b X
Figure 5.3.4 Triangular Waves.
and the d’Alembert solution assumes the form
1 x+ct 1
u(m,t):f/ g(r)dr = - [G(x+ct) — G (x—ct)],
2 x—ct 2

where

If we take for the initial velocity

0 |z|>b
g(z) =
g0 |$| S b7

then, the function G (z) is equal to zero for values of z in the interval
r < —b, and

%/ godr = 2 (z +b) for —b <2 < b,
b

G(z) =
%/bgodT:%% for x>b.
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u
o ____1=0
: : : J;::lxi__J__J__f
“ t=ble
f f f f = f f f [
—b T - _ _ ____ r

u
t=blc
—t V/jf/‘t;t?__i_f
N
——— =

Figure 5.3.5 Graph of u (z,t) at time ¢.

As in the previous case, the two waves which differ in sign travel in opposite
directions on the z-axis. After some time ¢ the two functions (1/2) G (x)
and — (1/2) G (z) move a distance ct. Thus, the graph of w at time ¢ is
obtained by summing the ordinates of the displaced graphs as shown in
Figure 5.3.5. As t approaches infinity, the string will reach a state of rest,
but it will not, in general, assume its original position. This displacement
is known as the residual displacement.

In the preceding examples, we note that f(x) is continuous, but not
continuously differentiable and g (x) is discontinuous. To these initial data,
there corresponds a generalized solution. By a generalized solution we mean
the following:

Let us suppose that the function u (x,t) satisfies the initial conditions
(5.3.2) and (5.3.3). Let u (x,t) be the limit of a uniformly convergent se-
quence of solutions u, (x,t) which satisfy the wave equation (5.3.1) and the
initial conditions

w0 =f@ (G) @0 =),

Let f, (x) be a continuously differentiable function, and let the sequence
converge uniformly to f (z); let g, (x) be a continuously differentiable func-
tion, and f;o gn (T) d7 approach uniformly to f;o g (1) dr. Then, the func-
tion w (z,t) is called the generalized solution of the problem (5.3.1)—(5.3.3).

In general, it is interesting to discuss the effect of discontinuity of the
function f (z) at a point z = x, assuming that ¢ (z) is a smooth function.
Clearly, it follows from (5.3.8) that u (z,¢) will be discontinuous at each
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point (x,t) such that z+ ¢t = zp or z —ct = xg, that is, at each point of the
two characteristic lines intersecting at the point (zp,0). This means that
discontinuities are propagated along the characteristic lines. At each point
of the characteristic lines, the partial derivatives of the function u (x, ) fail
to exist, and hence, u can no longer be a solution of the Cauchy problem
in the usual sense. However, such a function may be called a generalized
solution of the Cauchy problem. Similarly, if f (x) is continuous, but either
f'(x) or f”(z) has a discontinuity at some point x = zg, the first- or
second-order partial derivatives of the solution u (z,t) will be discontinuous
along the characteristic lines through (zg,0). Finally, a discontinuity in
g (x) at © = z¢ would lead to a discontinuity in the first- or second-order
partial derivatives of u along the characteristic lines through (x¢,0), and a
discontinuity in ¢’ (x) at zp will imply a discontinuity in the second-order
partial derivatives of u along the characteristic lines through (zo,0). The
solution given by (5.3.8) with f, f', f”, g, and ¢’ piecewise continuous on
—00 < z < oo is usually called the generalized solution of the Cauchy
problem.

5.4 Initial Boundary-Value Problems

We have just determined the solution of the initial-value problem for the
infinite vibrating string. We will now study the effect of a boundary on the
solution.

(A) Semi-infinite String with a Fixed End

Let us first consider a semi-infinite vibrating string with a fixed end,
that is,

Uy = CQUM, 0<z<oo, t>0,
u(z,0) = f(z), 0<z< o0, (5.4.1)
u (z,0) = g (x), 0 <z < o0,
u(0,t) =0, 0<t< o0

It is evident here that the boundary condition at x = 0 produces a wave
moving to the right with the velocity c¢. Thus, for > ct, the solution is
the same as that of the infinite string, and the displacement is influenced
only by the initial data on the interval [x — ct, x + ct], as shown in Figure
5.4.1.

When z < ct, the interval [z — ct, © + ct] extends onto the negative
x-axis where f and g are not prescribed.

But from the d’Alembert formula

u(x,t) =¢(x+ct)+v(x—ct), (5.4.2)

where
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x<ct

x>ct
(xg, 1)

(XO - Clo, O) (XO + Cto, 0) X

Figure 5.4.1 Displacement influenced by the initial data on [z — ct, x + ct].

€
66 =550 +35 [ 9dr+T, (543)
v =50 )= 5 [ atndr -5, (544

we see that
u(0,t) = ¢ (ct) + ¢ (—ct) = 0.

Hence,

P (—ct) = = (ct).
If we let a = —ct, then

P(a) = —¢(-a).
Replacing a by = — ct, we obtain for x < ct,

¥z —ct) = —¢(ct —x),

and hence,

ct—x
w(m—ct):—%f(ct—x)—%c/o g(T)dT—%.

The solution of the initial boundary-value problem, therefore, is given by
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1 x+ct
u(z,t) = 5 [f(x+ct)+ f(z—ct)] + 2—0/ g(t)dr forx > ct, (5.4.5)
r—ct
1 1 xr+ct
u(z,t) = 3 [f (x4 ct)— f(ct —2)]+ 2—0/ g(1T)dr forx < ct. (5.4.6)

In order for this solution to exist, f must be twice continuously differ-
entiable and g must be continuously differentiable, and in addition

£(0)=f"(0)=g(0)=0.

Solution (5.4.6) has an interesting physical interpretation. If we draw
the characteristics through the point (z,tp) in the region x > ct, we see,
as pointed out earlier, that the displacement at (xo,%o) is determined by
the initial values on [z — ctg, 2o + cto].

If the point (zg,%o) lies in the region = > ct as shown in Figure 5.4.1,
we see that the characteristic x + ¢t = xg + cty intersects the z-axis at
(zo + ctp,0). However, the characteristic  — ¢t = xg — ctp intersects the
t-axis at (0,ty — zo/c), and the characteristic x + ¢t = cty — xo intersects
the z-axis at (cto — o,0). Thus, the disturbance at (cto — zo,0) travels
along the backward characteristic x + ¢t = ctg — xg, and is reflected at
(0,tp — xo/c) as a forward moving wave represented by —¢ (ctg — o).

Ezample 5.4.1. Determine the solution of the initial boundary-value prob-
lem

Upp = 4 Ugy, x>0, t >0,
u(z,0) = [sinz|, x>0,
ug (,0) =0, x>0,
u(z,0) =0, t>0.

For x > 2t,

u(z,t) == [f (& +2¢t)+ f (z — 2t)]

N =N =

[|Isin (z + 2t)| — |sin (z — 2t)]],
and for z < 2t,

u(z,t) == [f (x+2t) — (2t — z)]

N =N =

[sin (z + 2t)| — |sin (2t — 2)]] .

Notice that u (0,t) = 0 is satisfied by u (x,t) for x < 2t (that is, t > 0).
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(B) Semi-infinite String with a Free End
We consider a semi-infinite string with a free end at x = 0. We will
determine the solution of

Upp = 02um, 0<a<oo, t>0,
u(x,0) = f(x), 0 <z < oo, (5.4.7)
ug (x,0) = g (z), 0<z< o0,
ug (0,t) =0, 0<t<oo0.

As in the case of the fixed end, for x > ct the solution is the same as
that of the infinite string. For z < ct, from the d’Alembert solution (5.4.2)

w(a,t) = ¢ (a+ct) + 0 (x—ct),
we have
ug (z,t) = ¢’ (x +ct) + 9" (x —ct).
Thus,
ug (0,t) = ¢’ (ct) + ' (—ct) = 0.
Integration yields
¢ (ct) =9 (=ct) = K,
where K is a constant. Now, if we let a« = —ct, we obtain
¥ (a) =¢(-a) - K.
Replacing a by x — ct, we have
Yz —ct)=¢(ct—x)- K,

and hence,

ct—zx
ve—et)=5f—a+ g [ gnd—T

The solution of the initial boundary-value problem, therefore, is given by

x+ct
[f(x+ct)+ f(z—ct)] + —/ g(T)dr forx > ct. (5.4.8)

t) =
u(z,1) 5 ),

u(x,t) =

N = DN

faren+re-a+g [ [ ot [T o]
forz < ct. (5.4.9)

We note that for this solution to exist, f must be twice continuously
differentiable and g must be continuously differentiable, and in addition,

f1(0) =g (0) =0.
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FEzample 5.4.2. Find the solution of the initial boundary-value problem

Upt = Ugy, 0<a<oo, t>0,
T
u(gc,O):cos(?)7 0<z< o0,
ug (z,0) =0, 0<z< o0,
uy (2,0) =0, t>0.
For x >t
1
u(x,t)zi{cosg(:ﬂth)Jrcosg(:rft)}
= cos (52) oos (5)
= cos (52| cos (5t),
and for z < t

u(z,t) = % {cosg(x+t)+cosg(t—a:)}

= Cos (gx) cos (gt) .
5.5 Equations with Nonhomogeneous Boundary

Conditions

In the case of the initial boundary-value problems with nonhomogeneous
boundary conditions, such as

Upp = CQum, x>0, t>0,
u(z,0) = f(x), x >0, (5.5.1)
ug (2,0) = g (x), x>0,
U(O,t):p(t), t>0,

we proceed in a manner similar to the case of homogeneous boundary con-
ditions. Using equation (5.4.2), we apply the boundary condition to obtain

u(0,t) = ¢ (ct) + ¢ (=ct) =p(t).
If we let a = —ct, we have

o

V(@) =p(-2) -o(-a).
Replacing o by x — ct, the preceding relation becomes

w(xfct):p(tf%>f¢(ctfx).
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Thus, for 0 < z < ct,

u(z,t)—p<tx)+;[f(z+ct)f(ct:l:)]Jrl/HCtg(T)dT

c 2¢ ct—x

p(t—%)+¢(w+ct)—z/)(ct—m)7 (5.5.2)

where ¢ (z + ¢t = &) is given by (5.3.11), and % (n) is given by

v =510+ 5 [ alrdn (553)

The solution for « > ct is given by the solution (5.4.5) of the infinite string.
In this case, in addition to the differentiability conditions satisfied by

f and g, as in the case of the problem with the homogeneous boundary

conditions, p must be twice continuously differentiable in ¢ and

p(O)=F(0), P 0)=g(0), p"(0)=c*f"(0).

We next consider the initial boundary-value problem

Upp = c2um, z >0, t>0,
u(z,0) = f(z), x>0,
ut (2,0) = g (x), x>0,
ug (0,8) = q(t), t>0.

Using (5.4.2), we apply the boundary condition to obtain
ug (0,1) = ¢ (ct) + 1’ (—ct) = q (1)
Then, integrating yields
t
6 (ct) — i (—ct) = c/ ¢(r)dr + K.
0

If we let a = —ct, then

Replacing o by x — ct, we obtain

t—z/c
¢(x—ct)=¢(ct—at)—c/0 qg(r)dr — K.

The solution of the initial boundary-value problem for z < ct, therefore, is
given by
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1 1 x+ct ct—x
wet) =gt e+ fla—al+ o | [ g@ars [ atmar]
0 0

t—z/c
fc/ q(r)dr. (5.5.4)
0

Here f and g must satisfy the differentiability conditions, as in the case of
the problem with the homogeneous boundary conditions. In addition

f(0)=4q(0), ¢ (0)=4¢0).

The solution for the initial boundary-value problem involving the bound-
ary condition

ug (0,¢) + hu(0,t) =0, h = constant

can also be constructed in a similar manner from the d’Alembert solution.

5.6 Vibration of Finite String with Fixed Ends

The problem of the finite string is more complicated than that of the infinite
string due to the repeated reflection of waves from the boundaries

We first consider the vibration of the string of length [ fixed at both
ends. The problem is that of finding the solution of

U = gy, O<z<l, t>0,
u(z,0) = f(z), 0<z<l,
u (2,0) = g (x), 0<z<lI, (5.6.1)
u (0,t) =0, u(l,t) =0, t>0,

From the previous results, we know that the solution of the wave equa-
tion is

u(z,t) =¢(x+ct)+¢(z—ct).

Applying the initial conditions, we have

u(x,0) =¢(z)+¢(z) = f(z), <z <l
w (2,0) = ¢’ (x) — v/ (1) = g(x), O<z<l
Solving for ¢ and v, we find
1 1/t
¢(&) =5/ (& %Og Jar+ 5, 0<E<l, (562)
n K
V)= 5f ) %09 yir— 5. 0<u<i (563)
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Hence,

u(a,t) = [f (z+et) + f(z —ct)] + -

xr+ct
20/£ g(T)dr, (5.6.4)

—ct

N =

for 0 < xz+ct <land 0 < z — ¢t < [. The solution is thus uniquely
determined by the initial data in the region

l—x

t<=,  t<

) t>0.

ol8

c

For larger times, the solution depends on the boundary conditions. Applying
the boundary conditions, we obtain

u(0,t) = ¢ (ct) + ¢ (—ct) =0, t>0, (5.6.5)
u(l,t)=¢(+ct)+¢({—ct)=0, t>0. (5.6.6)

If we set o« = —ct, equation (5.6.5) becomes
Y(a)=-¢(-a), a<0, (5.6.7)

and if we set a = [ + ¢t, equation (5.6.6) takes the form
pla)=—v@2-a), axl (5.6.8)

With £ = —n, we may write equation (5.6.2) as

. %
bm=gf g [ e 02t (569)
Thus, from (5.6.7) and (5.6.9), we have
1 1" K
b () =—5f(=n) - %/0 g(nydr——,  ~1<n<0. (56.10)

We see that the range of ¢ (1) is extended to — < n <.

If we put a = £ in equation (5.6.8), we obtain

P& =—v(2-¢, &=L (5.6.11)

Then, by putting n = 2] — £ in equation (5.6.3), we obtain

21—¢
w(2l—§)=%f(21—£)—%/0 g(T)dT—g, 0<2—-¢<L.
(5.6.12)

Substitution of this in equation (5.6.11) yields
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21—¢ K
¢(£):f%f(2lf£)+2ic/0 g(r)dr+ =, 1<E€<2. (5.6.13)

The range of ¢ () is thus extended to 0 < ¢ < 2[. Continuing in this
manner, we obtain ¢ (£) for all £ > 0 and ¢ (n) for all n < [. Hence, the
solution is determined for all 0 <z <l and t > 0.

In order to observe the effect of the boundaries on the propagation of
waves, the characteristics are drawn through the end point until they meet
the boundaries and then continue inward as shown in Figure 5.6.1. It can be
seen from the figure that only direct waves propagate in region 1. In regions
2 and 3, both direct and reflected waves propagate. In regions, 4,5,6, ... ,
several waves propagate along the characteristics reflected from both of the
boundaries x = 0 and = [.

Example 5.6.1. Determine the solution of the following problem

Upp = czum, 0<z<l, t>0,
u (xz,0) = sin (rz/l), 0<z<lI,
ug (2,0) =0, 0<z<lI,

u(0,t) =0, u(l,t) =0, t>0.

From equations (5.6.2) and (5.6.3), we have

t
7
5 6
4
2 3
1

Figure 5.6.1 Regions of wave propagation.
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gb(g):zsm(ng)—i-K 0<E<L
1. /m K
w(m—ism(T)—? 0<n<l.

Using equation (5.6.10), we obtain

w(n)z—%sin(—g)—g, —1<n<0
()%

From equation (5.6.13), we find

1 K

0@ =—3sin{T@-9}+5, 1<

2 l 2

Again by equation (5.6.7) and from the preceding ¢ (£), we have
1 K
o) =gsin () -5, —A<n<-L

Proceeding in this manner, we determine the solution

u(z,t) =9 (&) +v¢ 1)
1p. « .
=— {smf(x—ﬁ—ct)—i—smf (x — ct)
2 l l
for all  in (0,1) and for all ¢ > 0.
Similarly, the solution of the finite initial boundary-value problem

Ut = C Uy, O<x<l, t>0,
u(z,0) = f(2), 0<z<
ug (2,0) = g (x), 0<x <,
u(0,t) =p(t), u(l,t) =q(t), t>0,

can be determined by the same method.

5.7 Nonhomogeneous Wave Equations

We shall consider next the Cauchy problem for the nonhomogeneous wave
equation

Upy = gy + h* (2,1), (5.7.1)
with the initial conditions

u(x,0) = f(z), ug (2,0) = g* (x). (5.7.2)
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By the coordinate transformation

y = ct,
the problem is reduced to

Ugy — Uyy = h(:c,y),
u(z,0) = f(z),
uy (#,0) =g (z),

where h (z,y) = —h*/c* and g (x) = g*/c.

(5.7.3)

(5.7.4)
(5.7.5)
(5.7.6)

Let Py (x0,yo) be a point of the plane, and let Q¢ be the point (z(,0)
on the initial line y = 0. Then the characteristics,  +y = constant, of
equation (5.7.4) are two straight lines drawn through the point Py with
slopes + 1. Obviously, they intersect the x-axis at the points Py (xo — 9o, 0)
and Ps (xg + y0,0), as shown in Figure 5.7.1. Let the sides of the triangle
Py Py P> be designated by By, By, and Bs, and let D be the region repre-
senting the interior of the triangle and its boundaries B. Integrating both

sides of equation (5.7.4), we obtain

//R(um—uyy)dR://Rh(a:,y)dR.

Now we apply Green’s theorem to obtain

t

Py

By

Py Qo Py

Figure 5.7.1 Triangular Region.

(5.7.7)
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/ /R (taz — uyy) dR = ji (uzdy + uydz) . (5.7.8)

Since B is composed of By, B, and By, we note that

Zo+yo
/ (ug dy + uy dx) / uy dz,
By Zo—Yo

/ (ug dy + uy dz) / —ug dr — u, dy) ,
By

B1

U($0+y07 ) U(xoﬁllo)»
/ (ug dy + uy dz) = (ug dx + uy dy) ,
B2 BZ

= U((EO _y070) —U(.’Eo,yo) .

Hence,

j{ (ug dy + uy dz) = —2u (o, Y0) + u (2o — Yo,0)
B

zo+yo
“+u (o + Yo,0) +/ uydz. (5.7.9)

Zo—Yo

Combining equations (5.7.7), (5.7.8) and (5.7.9), we obtain
[u (20 + Yo0,0) + u (zo — Yo, 0)]

1 [Totvo
+*/ Uy doe — - // (z,y)dR. (5.7.10)
2 Zo—Yo

We have chosen x, yo arbitrarily, and as a consequence, we replace xy by
x and yo by y. Equation (5.7.10) thus becomes

z+y
[f(w+y)+f(w—y)]+%/__ g(T)dT—%//Rh(w,y)dR

In terms of the original variables

N | =

u (zo,y0) =

N

’U,(l‘,y) =

x+ct
u(x,t) = [f(x—l—ct)—l—f(sr:—ct)]—i—%/ g*(T)dT—%//Rh@?,t)dR.

—ct

N | =

(5.7.11)
Example 5.7.1. Determine the solution of

Uy — Uyy = 1,
u (x,0) = sinz,

Uy (2,0) = 2.
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y
(x0, ¥0)
e
/%Q X
A
N A\}
f Zx
/ 2
& Z,
(xo — 0, 0) (xo +y0,0) x

Figure 5.7.2 Triangular Region.

It is easy to see that the characteristics are x + y = constant = xq + yo and
x — y = constant = xy — yo, as shown in Figure 5.7.2. Thus,

1
u (o, yo) = 3 [sin (20 + yo) + sin (o — yo)]

1 zo+Yo —y+zo+yo
+= / Tdr — = / / dx dy
2 To—Yo Yy+zo—yo

1.
=3 [sin (zg + yo) + sin (o — yo)] + Toyo — 3 yg.

Now dropping the subscript zero, we obtain the solution

L , 1
u(z,y) = 5 [sin (z+y) +sin (@ — )] + oy - 5 v*

5.8 The Riemann Method

We shall discuss Riemann’s method of integrating the linear hyperbolic
equation

L [u] = ugy + auy + buy +cu = f (z,y), (5.8.1)
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where L denotes the linear operator, and a(x,y), b(z,y), ¢(z,y), and
f (z,y) are differentiable functions in some domain D*. The method con-
sists essentially of the derivation of an integral formula which represents
the solution of the Cauchy problem.

Let v (x,y) be a function having continuous second-order partial deriva-
tives. Then, we may write

Vlgy — Wy = (VUz), — (VUy), ,
vaug = (avu), —u(av), , (5.8.2)
vbuy = (bvu), —u(bv), ,

so that
oL [u] —ubM [v] = Uy +V,, (5.8.3)
where M is the operator represented by
M [v] = vgy — (av), — (bv), + cv, (5.8.4)
and
U = auwv — uvy, V = buv + vu,. (5.8.5)

The operator M is called the adjoint operator of L. If M = L, then the
operator L is said to be self-adjoint. Now applying Green’s theorem, we
have

//D (U + V) dady = ]{C (Udy -V da), (5.8.6)

where C' is the closed curve bounding the region of integration D which is
in D*.

Let A be a smooth initial curve which is continuous, as shown in Figure
5.8.1. Since equation (5.8.1) is in first canonical form, z and y are the
characteristic coordinates. We assume that the tangent to A is nowhere
parallel to the = or y axis. Let P («, 3) be a point at which the solution to
the Cauchy problem is sought. Line PQ parallel to the = axis intersects the
initial curve A at @, and line PR parallel to the y axis intersects the curve
A at R. We suppose that v and u, or u, are prescribed along A.

Let C be the closed contour PQRP bounding D. Since dy = 0 on PQ
and dx = 0 on PR, it follows immediately from equations (5.8.3) and (5.8.6)
that

//D(vL[u]—uM[v])dzdyz/QR(Udy—de)+/RPUdy—/PQde.
(5.8.7)
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\ Pa, B)

Figure 5.8.1 Smooth initial curve.

From equation (5.8.5), we find

Q Q Q
/ Vidz = / bvu dx + / VU dx.
P P P

Integrating by parts, we obtain

Q Q
/ vugdr = [uv]g —/ uvde.

P P

Hence, we may write

Q Q
/ Vdr = [uv]g +/ u (bv — vy) dz.
P P

Substitution of this integral in equation (5.8.7) yields

Q P

u(bv—vw)daj—/ u(av—vy)dy—/R(Udy—Vda:)

R

wlp = furlg + [

P

Q
+//D (vL [u] — uM [v]) dz dy. (5.8.8)

Suppose we can choose the function v (z,y; «, 3) to be the solution of
the adjoint equation
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M [v] =0, (5.8.9)
satisfying the conditions

vy =bv when y=2,,
vy =av when z=a, (5.8.10)

v=1 when z=a and y=7.

The function v (z,y; o, 8) is called the Riemann function. Since L [u] = f,
equation (5.8.8) reduces to,

R

[u]P:[uv]Q—/QRuv(ady—bdx)—&-/Q (uvydy-i-vuggdm)—l—//vadxdy.

(5.8.11)

This gives us the value of u at the point P when u and w, are prescribed
along the curve A. When u and u,, are prescribed, the identity

R

[w]p — [uv]g = / {(uv)x dz + (uv), dy} ,

Q

may be used to put equation (5.8.8) in the form

R R
[u]p = [uv]p — /Q wv (ady — bdx) — /Q (wvzdx + vuydy)

+ // vfdedy.  (5.8.12)
D
By adding equations (5.8.11) and (5.8.12), the value of u at P is given by

1 R R

[u]p = 3 ([uv]Q + [uv]R> —/Q wo (ady — bdx) — ;/Q u (vgpdx — vydy)

1 R
+§/ v (ugdx — uydy) +// vfdxdy(5.8.13)
D

Q

which is the solution of the Cauchy problem in terms of the Cauchy data
given along the curve A. It is easy to see that the solution at the point
(a, B) depends only on the Cauchy data along the arc QR on A. If the
initial data were to change outside this arc QR, the solution would change
only outside the triangle PQR. Thus, from Figure 5.8.2, we can see that
each characteristic separates the region in which the solution remains un-
changed from the region in which it varies. Because of this fact, the unique
continuation of the solution across any characteristic is not possible. This
is evident from Figure 5.8.2. The solution on the right of the characteristic
P, R, is determined by the initial data given in Q1 Ro, whereas the solution
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y\
) P
Ql\ Pi
Rl Ry,

X

Figure 5.8.2 Solution on the right and left of the characteristic.

on the left is determined by the initial data given on Q1 R;. If the initial
data on R; Ry were changed, the solution on the right of P; Ry only will be
affected.

It should be remarked here that the initial curve can intersect each
characteristic at only one point. Suppose, for example, the initial curve A
intersects the characteristic at two points, as shown in Figure 5.8.3. Then,
the solution at P obtained from the initial data on QR will be different
from the solution obtained from the initial data on R.S. Hence, the Cauchy
problem, in this case, is not solvable.

YA

4

Figure 5.8.3 Initial curve intersects the characteristic at two points.
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Ezample 5.8.1. The telegraph equation

Wi + a*wy + 0w = wyy,
may be transformed into canonical form

Lu] = ugp + ku=0,
by the successive transformations
w=ue 2

and

E=x+ct, n=z—ct,

where k = (a*? — 4b*) /16¢2.
We apply Riemann’s method to determine the solution satisfying the
initial conditions

u(w,O):f(x), ut(x,O):g(m).
Since
t= %(5—77),

the line ¢ = 0 corresponds to the straight line £ = 7 in the £ —n plane. The
initial conditions may thus be transformed into

[ule—, = [ (&), (5.8.14)
[ug — uple_, = ¢ g (£). (5.8.15)

We next determine the Riemann function v (£, n; a, 3) which satisfies

Ven + kv =0, (5.8.16)
ve (€, B5a,8) =0, (5.8.17)
vT] (a’n; Ol,ﬂ) = 07 (5818)
v(a, Ba, B) = 1. (5.8.19)

The differential equation (5.8.16) is self-adjoint, that is,
Lv] = M [v] = vey + kv.
We assume that the Riemann function is of the form
v(&m;a,8) = F(s),

with the argument s = (§ — «) (n — ). Substituting this value in equation
(5.8.16), we obtain
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sFgs + Fs + kF = 0.

If we let A = v/4ks, the above equation becomes

F"(\) + %F’ A+ F(\) =0.

This is the Bessel equation of order zero, and the solution is

disregarding Y; (A) which is unbounded at A = 0. Thus, the Riemann func-
tion is

v(&maB) = o (VIR —a) (1= 9))

which satisfies equation (5.8.16) and is equal to one on the characteristics
¢ = a and n = (. Since Jj(0) = 0, equations (5.8.17) and (5.8.18) are
satisfied. From this, it immediately follows that

VE(E-B)

[”f]g:n = E—a) -0 [T (/\)]5217 )
) _ \/E(f — a) !
e = e aror o Men
Thus, we have
VE@-5) .,
[ve — uyle_,, = G —(oz) (55—) 3) [Jo (Mle= - (5.8.20)

From the initial condition

uw(@) =f(B) and u(R)=f(a), (5.8.21)

and substituting equations (5.8.15), (5.8.19), and (5.8.20) into equation
(5.8.13), we obtain

u (e, f) = % [f (@) + £ (B)]
Lt VE(@-p)
2Js Jr—a)(r—p)
1 «
+2¢/ﬁ Jo (VARG =a) (7= 5)) g () dr. (58.22)

Jo (VIR =a) (7= P)) f (7)dr

Replacing a and 3 by € and 7, and substituting the original variables x and
t, we obtain
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x+ct
u(z,t) == [f(x+ct)+ f(z —ct)] + 3 / G (z,t,7)dr, (5.8.23)
x—ct

where

G (x,t,7)

= {—2\/%015]” (1) Jo <\/4kz [(T —a)? - c%ﬂ) } /\/ (r —2)° — 22
+ el () Jo <\/4k [(T —2)? - c%ﬂ) .

If we set k = 0, we arrive at the d’Alembert solution for the wave equation

|~

xr+ct
u(z,t) = [f(x+ct)+f(xfct)}+2—c/ g (7)dr.

—ct

5.9 Solution of the Goursat Problem

The Goursat problem is that of finding the solution of a linear hyperbolic
equation

Ugy = a1 (2,Y) uy + az (2, y) uy + a3 (x,y) u+h(r,y), (5.9.1)
satisfying the prescribed conditions
u(z,y) = f(x), (5.9.2)
on a characteristic, say, y = 0, and
u(z,y) =g (x) (5.9.3)

on a monotonic increasing curve y = y (z) which, for simplicity, is assumed
to intersect the characteristic at the origin.

The solution in the region between the x-axis and the monotonic curve
in the first quadrant can be determined by the method of successive ap-
proximations. The proof is given in Garabedian (1964).

Ezample 5.9.1. Determine the solution of the Goursat problem

Uy = gy, (5.9.4)
u(z,t) = f(x), on z—ct=0, (5.9.5)
u(z,t)=g(x), on t=t(z), (5.9.6)

where f(0) = g (0).
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The general solution of the wave equation is
u(z,t) =¢(x+ct)+¢(x—ct).
Applying the prescribed conditions, we obtain

f(z) = ¢ (22) +4(0), (5.9.7)
g(x)=¢(@+ct(z))+¢(x—ct(z)). (5.9.8)

It is evident that
f(0)=¢(0)+(0)=g(0).

Now, if s = x — ¢t (x), the inverse of it is = a (s). Thus, equation (5.9.8)
may be written as

gla(s)) =¢(x+ct(@)+v(s). (5.9.9)
Replacing x by (z + ¢t (x)) /2 in equation (5.9.7), we obtain
f (“;“””) — 6 (z +ct (2)) + ¢ (0). (5.9.10)
Thus, using (5.9.10), equation (5.9.9) becomes
v =gla(e) - 1 (D) 4y ).
Replacing s by @ — cf , we have
W(x—ct) = g(a@—c) — f (O‘(m_Ct)+;t<a(x_Ct))> +4(0).

Hence, the solution is given by

u(m7t):f(x+ct) _f(a(x—ct)+ct(a(x—ct))> olale—ct)).

2 2
(5.9.11)

Let us consider a special case when the curve t = ¢ (z) is a straight line
represented by ¢ — kx = 0 with a constant k£ > 0. Then s = x — ckz and
hence z = s/ (1 — ck). Using these values in (5.9.11), we obtain

L fxtct (I14+ck)(z—ct) x—ct
u(m)—f( 5 ) f( 20— k) ol ) (3912
When the values of u are prescribed on both characteristics, the problem

of finding w of a linear hyperbolic equation is called a characteristic initial-
value problem. This is a degenerate case of the Goursat problem.
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Consider the characteristic initial-value problem

Uy = h(2,9), (5.9.13)
u(z,0) = f (), (5.9.14)
u(0,y) =9 (v), (5.9.15)

where f and g are continuously differentiable, and f (0) = g (0).
Integrating equation (5.9.13), we obtain

u(m,y>—/Oz/oyh(f,mdndgw(x)+w<y>, (5.9.16)

where ¢ and v are arbitrary functions. Applying the prescribed conditions
(5.9.14) and (5.9.15), we have

w(z,0) = ¢ () + v (0) = f (z), (5.9.17)
u(0,y) =0 (0)+¢ () =9(). (5.9.18)
Thus,
¢(x) +1(y) = f(z)+9(y) —¢(0)—v(0). (5.9.19)
But from (5.9.17), we have
¢ (0) + ¢ (0) = f(0). (5.9.20)

Hence, from (5.9.16), (5.9.19) and (5.9.20), we obtain

w(z,y) = f (@) + 9y // (€ m)dnde.  (5.9.21)

Ezxzample 5.9.2. Determine the solution of the characteristic initial-value
problem

st = iy,
u(z,t)=f(x) on z+ct=0,
u(z,t) =g(x) on z—ct=0,

where f(0) = ¢ (0).
Here it is not necessary to reduce the given equation to canonical form.
The general solution of the wave equation is

u(z,t) =¢(x+ct)+v(x—ct).
The characteristics are

z+ct =0, xz—ct=0.
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Applying the prescribed conditions, we have

u(z,t)=¢(2x)+¢¥(0)=f(z) on z+ct=0, (5.9.22)
u(z,t)=¢0)+9(2z)=g(x) on z—ct=0. (5.9.23)
We observe that these equations are compatible, since f (0) = ¢ (0).

Now, replacing x by (z + ct) /2 in equation (5.9.22) and replacing x by
(z — ct) /2 in equation (5.9.23), we have

slo+e) = 1 (T52) w00,

T —ct

¢u—vw:g( . )—¢my

Hence, the solution is given by

w(z,t) = f <I;Ct> +g (I2Ct) — £(0). (5.9.24)

We note that this solution can be obtained by substituting K = —1/¢ into
(5.9.12).

Example 5.9.3. Find the solution of the characteristic initial-value problem

Y Ugy — YUyy + uy = 0, (5.9.25)

2
u(z,y) = f(z) on x+%:4 for 2 <z <4,
2

u(z,y) =g(x) on m—%zo for 0<z<2,

with f(2) =g (2).
Since the equation is hyperbolic except for y = 0, we reduce it to the
canonical form

’U,gn = 0,

where £ =z + (y2/2) and n =z — (y2/2). Thus, the general solution is

u(z,y) = ¢ (33 + y;) + (x - y22> . (5.9.26)

Applying the prescribed conditions, we have
fl@)=04)+¢Y(2x—4), (5.9.27)
g (z) = ¢ (2z) + 1 (0). (5.9.28)

Now, if we replace (2z — 4) by (z — y*/2) in (5.9.27) and (2z) by (z + y*/2)
in (5.9.28), we obtain
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o(o-L) =1 (5-%+2) -0,
¢(x+y;> =g<§+yj)—w(0)

Thus,
ueg) =1 (2L o)+ (L4 L) —s@-v00)
W=\ I\2"1 ‘
But from (5.9.27) and (5.9.28), we see that

f2)=04)+¢(0)=9(2).

Hence,

u(:v,y):f(;c—y2+2>+g(§+f>—f(2)~

5.10 Spherical Wave Equation

In spherical polar coordinates (r, 6, ¢), the wave equation (3.1.1) takes the
form

1 9 ( 50u 1 o (.  Ou 1 u 1 0%
Z 2 (P50 O (g0t} y L Ou_LOug,,,
2 oy <T 8r)+7"2sin9 20 (Sm 89)+r2sin29 92— @ oz 010D

Solutions of this equation are called spherical symmetric waves if u
depends on 7 and ¢ only. Thus, the solution u = u (r,t) which satisfies the
wave equation with spherical symmetry in three-dimensional space is

10 (,0u\ 1 0%

Introducing a new dependent variable U = ru (r,t), this equation re-
duces to a simple form

Uy = U, (5.10.3)

This is identical with the one-dimensional wave equation (5.3.1) and has
the general solution in the form

U(r,t)=¢(r+ct)+(r—ct), (5.10.4)

or, equivalently,

w(rt) = % (6 (r + ct) + 1 (r — et)]. (5.10.5)
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This solution consists of two progressive spherical waves traveling with
constant velocity c. The terms involving ¢ and 1 represent the incoming
waves to the origin and the outgoing waves from the origin respectively.

Physically, the solution for only outgoing waves generated by a source
is of most interest, and has the form

u(r,t) = %w(rfct), (5.10.6)

where the explicit form of v is to be determined from the properties of the
source. In the context of fluid flows, u represents the velocity potential so
that the limiting total flux through a sphere of center at the origin and
radius r is

Q (t) = lim 4mriu, (r,t) = —dmwap (—ct). (5.10.7)
In physical terms, we say that there is a simple (or monopole) point source

of strength @ (¢) located at the origin. Thus, the solution (5.10.6) can be
expressed in terms of ) as

u(rt) = —ﬁ Q (t - 2) . (5.10.8)

This represents the velocity potential of the point source, and wu, is called
the radial velocity. In fluid flows, the difference between the pressure at any
time ¢ and the equilibrium value is given by

o =pup = -0 (t— 2 5.10.9
p—DPo=pu ym—_ <) ( )

where p is the density of the fluid.
Following an analysis similar to Section 5.3, the solution of the initial-
value problem with the initial data

wu(r,0) = f(r), wu(r,0)=g(r), >0, (5.10.10)

where f and g are continuously differentiable, is given by

r+ct
u(r,t) = 2i (7"+ct)f(r+ct)—l—(r—ct)f(r—ct)—i—%/ Tg(T)d’T:| ,

r —ct

(5.10.11)

provided r > ct. However, when r < ct, this solution fails because f and g
are not defined for r < 0. This initial data at ¢t = 0, r > 0 determine the
solution u (r,t) only up to the characteristic r = ¢t in the r-t plane. To find
u for r < ct, we require u to be finite at » = 0 for all ¢ > 0, that is, U =0
at r = 0. Thus, the solution for U (r,t) is
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1 1 r+ct
U(rt) == (r+ct)f(r+ct)+(r—ct)f(r—ct)+f/ Tg(’T)dT:| ,
2 C Jr—ct
(5.10.12)
provided r > ¢t > 0, and
U(r,t) = %[d)(ct—i—r)—f—l/)(ct—T)], ct>r>0, (5.10.13)
where
¢ (ct)+ ¢ (ct) =0, for ct>0. (5.10.14)

In view of the fact that U, + %Ut is constant on each characteristic
r 4 ¢t = constant, it turns out that

¢ (ct+7) = (T+ct)f’(r+ct)+f(r+ct)+%(r+ct)g(r+ct),
§ (ct) = ctf (ct) + f (ct) + g (ct).

Integration gives

so that
v ==tr - [ra@ir—o().

Substituting these values into (5.10.13) and using U (r,t) = ru (r,t), we
obtain, for ct > r,

ct+r
7g (7) dT:| .

(5.10.15)

u(r,t):i (ct—i—r)f(ct—i—r)—(ct—r)f(ct—r)—i—%/

2r ct—r

5.11 Cylindrical Wave Equation

In cylindrical polar coordinates (R, 0, z), the wave equation (3.1.1) assumes

the form
1 1 1
URR+EU'R+?U99+UZZ = gutt- (5111)

If u depends only on R and t, this equation becomes
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1 1
URR+EUR: C—zutt. (5.11.2)

Solutions of (5.11.2) are called cylindrical waves.

In general, it is not easy to find the solution of (5.11.1). However, we
shall solve this equation by using the method of separation of variables in
Chapter 7. Here we derive the solution for outgoing cylindrical waves from
the spherical wave solution (5.10.8). We assume that sources of constant
strength @ (¢) per unit length are distributed uniformly on the z-axis. The
solution for the cylindrical waves produced by the line source is given by
the total disturbance

R,t L[l t d d 5.11.3
wr=-1 [ ro(-D)a=-p [1(i- 1) a1y
where R is the distance from the z-axis so that R? = (7’2 - 22).
Substitution of z = Rsinh¢ and » = Rcosh¢ in (5.11.3) gives

u(R,t) = ——/ (t - coshg) de. (5.11.4)

This is usually considered as the cylindrical wave function due to a source
of strength @ (¢) at R = 0. It follows from (5.11.4) that

1 o0
Ugy = ——/ Q" (t _E cosh§> de, (5.11.5)
2T 0 C
1 o , R
R=— cosh Q' |t — — cosh & ) dE, (5.11.6)
2me Jo c
_ 1 > 2 " o E
URR = —=——= cosh“ Q" [t cosh & | d¢, (5.11.7)
2rwc? Jo c
which give
1 1 [*d e R .
C2 (URR + RUR> — Ut = % df |:R Q/ <t — ? COShg) Slnh€:| dg

= lim {Q (t—RCOSh§> sinhf} =0
£—o0 C

provided the differentiation under the sign of integration is justified and the
above limit is zero. This means that u (R,t) satisfies the cylindrical wave
equation (5.11.2).

In order to find the asymptotic behavior of the solution as R — 0, we
substitute cosh & = C(tigo into (5.11.4) and (5.11.6) to obtain

_ LR QQ)d¢
2”/ (-0 - 2]

t—R/c _ ’
un =5 <tRC> Q f) di - (5.11.9)
(-0 - 2]

, (5.11.8)

— 00
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which, in the limit R — 0, give

wn ~ —/ Q' %R Q). (5.11.10)
This leads to the result
lim 27 Rup = Q (1), (5.11.11)
or
u (R, t) ~ %Q(t) logR as R—0. (5.11.12)

We next investigate the nature of the cylindrical wave solution near the
waterfront (R = ct) and in the far field (R — o0). We assume Q (¢) = 0 for
t < 0 so that the lower limit of integration in (5.11.8) may be taken to be
zero, and the solution is non-zero for 7 =t — % > 0, where 7 is the time
passed after the arrival of the wavefront. Consequently, (5.11.8) becomes

1 T
w(R,1) :_7/ CAOLS G
. 1
O [t-Q(=C+2H)]7
Since0< (<7, 225 B> 757 _¢ > 0, so that the second factor under
the radical is approxnnately equal to 22 when R > cr, and hence,
1 /cN\s [T Q(C) d¢ c\3
t ~N —— [ — —_ = — | —
w0~ 5 <2R> /0 (t— 03 (QR) a(7)
c\z R ct
=—|—= - — — .11.14
(2r) q<t c>’ >3 (5.11.14)

where

_ 1 meQdc
) = 27T/0 T (5.11.15)

Evidently, the amplitude involved in the solution (5.11.14) decays like
R~ for large R (R — oo).

Ezample 5.11.1. Determine the asymptotic form of the solution (5.11.4) for
a harmonically oscillating source of frequency w.

We take the source in the form Q (t) = qg exp [—i (w + ig) t], where ¢ is
positive and small so that @Q (t) — 0 as t — —oo. The small imaginary part
e of w will make insignificant contributions to the solution at finite time as
¢ — 0. Thus, the solution (5.11.4) becomes

u(R,t) = — (;J—Z_) e_i‘”t/o exp (WCR coshf) d&
(0 ity (VB (5.11.16)
4 o \¢ ) o
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where Hél) (z) is the Hankel function given by

oo

HO(I) (2) = 2 exp (iz cosh §) d¢. (5.11.17)

In view of the asymptotic expansion of Hél) (2) in the form

U4

H(gl) (z) ~ <2> : exp [2 (z — %)} , z — 00, (5.11.18)

the asymptotic solution for u (R, t) in the limit (“£) — oo is

() () o -2 )

This represents the cylindrical wave propagating with constant velocity c.
1
The amplitude of the wave decays like R™2 as R — o0.

Ezample 5.11.2. For a supersonic flow (M > 1) past a solid body of revo-
lution, the perturbation potential @ satisfies the cylindrical wave equation

1
Prr + - dr = N*®,,, N?=M? -1,

where R is the distance from the path of the moving body and x is the
distance from the nose of the body.
It follows from problem 12 in 3.9 Exercises that @ satisfies the equation

Dy + P = N2 D,y
This represents a two-dimensional wave equation with z < t and N2 «

£ For a body of revolution with (y, z) < (R, 6), % = 0, the above equation
reduces to the cylindrical wave equation

1 1
d — P = = Dy.
RR+R R= 5%u

5.12 Exercises
1. Determine the solution of each of the following initial-value problems:
(a) up — uge =0, u(x,0)=0, ug (2,0) = 1.
() uy — Auge =0, u(x,0)=sinz, w(z,0) =22

(€) g — uze =0, u(x,0) =23, ut (¢,0) = x.
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(d) wgr — Puge =0, u(x,0) = cosuz, ug (1,0) = e~ L.
(e) uy — uge =0, u(x,0)=log (1 + x2)7 ug (z,0) = 2.

(f) ug — Puge =0, u(x,0) =2, ug (2,0) = sin z.

. Determine the solution of each of the following initial-value problems:

(a) uy — Pug, =z, u(z,0) =0, ug (z,0) = 3.

(b)  uy — gy = +ct, u(x,0)=uz, ug (z,0) = sinx.
(€)  uy — gy = €%, u(z,0) =5, ug (x,0) = 2.
(d)  uy — Pug, =sinz, u(x,0) =cosz, u(x,0)=1+uz.
(e)  wuy — ugy = et u(x,0) =sinz, w(x,0)=0.

(f)  up — gy =2, u(z,0) = 22, ug (z,0) = cosx.

. A gas which is contained in a sphere of radius R is at rest initially, and
the initial condensation is given by sq inside the sphere and zero outside
the sphere. The condensation is related to the velocity potential by

s(t) = (1/c?) u,
at all times, and the velocity potential satisfies the wave equation
u = VZu.
Determine the condensation s (t) for all ¢ > 0.
. Solve the initial-value problem

Ugg + 2Uzy — SUyy = 0,

u(x,0) =sinz, uy (2,0) = .
. Find the longitudinal oscillation of a rod subject to the initial conditions

u(z,0) = sinx,

ug (2,0) = z.
. By using the Riemann method, solve the following problems:
(a) sin? p gy — cos® Dyy — (/\2 sin? p cos? p) ¢ =0,

¢(O’y):f1(y)7 ¢($,0)=gl($),
62 (0,y) = f2(y), ¢y (2,0) =ga(2).
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(b) 2%y — t2uy = 0,
u(x,tl):f(x), Ut (l’,tg):g(l')

7. Determine the solution of the initial boundary-value problem

Ut = 4 Ugy, O0<x<oo, t>0,
u(x,0) =z, 0 <z < o0,
ug (2,0) =0, 0<z< oo,
w(0,) = 0, t>0.

8. Determine the solution of the initial boundary-value problem

Ut = YUgy, O<zr<oo, t>0,
u(z,0) =0, 0<zx< o0,
uy (z,0) = 23, 0<z<o0,
ug (0,1) = 0, t>0.

9. Determine the solution of the initial boundary-value problem

utt:16um, 0<£L‘<OO, t>0,

u (z,0 :sinx, 0 <z < o0,

u (z,0) = 0 <z < oo,
u (0, ): t>0.

10. In the initial boundary-value problem

utt:cgum, O<ax<l, t>0,

u(z,0) = f(2), 0<z<lI,

ut (2,0) = g (), 0<z<l,
u(0,t) =0, t >0,

if f and g are extended as odd functions, show that u (z,t) is given by
the solution (5.4.5) for z > ¢t and solution (5.4.6) for = < ct.

11. In the initial boundary-value problem

Ut = gy, O<z<l, t>0,
(x,O):f(:c), 0<z <l
ug (2,0) = g (x), 0<z<lI,

ug (0,t) =0, t>0,

if f and g are extended as even functions, show that u (x, ) is given by
solution (5.4.8) for z > ct, and solution (5.4.9) for = < ct.



12.

13.

14.

15.

16.

17.

5.12 Exercises

Determine the solution of the initial boundary-value problem

utt:c2um, O<ax<oo, t>0,
u(z,0) = f(z), 0 <z < oo,
ug (x,0) =0, 0 <z < oo,
ug (0,¢) + hu(0,t) =0, t >0, h = constant.

State the compatibility condition of f.

Find the solution of the problem

Ut = C Ugpy, at <x <oo, t>0,
u(x,0) = ()7 0<z<oo
ug (2,0) = 0 << oo,

u (at, t) = t>0,

where f(0) =0 and a is constant.

Find the solution of the initial boundary-value problem

Ut = Ugy, 0<$<2, t>0,
u(x,0) = sin (7z/2), 0<z<2,
ug (2,0) =0, 0<x <2,

w(0,t) =0, u(2,¢() =0, ¢>0.

Find the solution of the initial boundary-value problem

Ut = 4 Uy, O<x<l, t>0,
u(z,0) =0, 0<z<1,
ue (2,0) =z (1 —x), 0<z<1,

w(0,t) =0, u(l,¢) =0, t>0.

Determine the solution of the initial boundary-value problem

utt:(22um, O<ax<l, t>0,
u (z,0) = g (x), 0<z <,

ug (0,8) =0, ug, (I,t) =0, t >0,

by extending f and g as even functions about x =0 and =z = .

Determine the solution of the initial boundary-value problem

U = gy, O<z<l, t>0,
u(z,0) = f(z), 0<z <],
u (z,0) = g (x), 0<z<l,
w(0,t) =p(t), u(l,t)=q(t), t >0.
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18. Determine the solution of the initial boundary-value problem

U = gy, 0<z<lI, t>0,
u(z,0) = f(z), 0<z<l,
ug (2,0) = g (z), 0<x<I,
ug (0,8) = p(t), us (I,t) = q(t), t > 0.

19. Solve the characteristic initial-value problem

TP Uge — 2y Uyy — yiug + x3uy =0,
u(r,y)=f(x) on y*—2°=8 for 0<2<2,
u(r,y)=g(x) on y*+2>=16 for 2<x <4,

with f(2) =g (2).
20. Solve the Goursat problem
2y Uy, — 23y Uy — yPu, + a:3uy =0,
w(z,y)=f(x) on y*4+22=16 for 0<z <4,
u(z,y) =g(y) on xz=0 for 0<y<A4,
where f (0) = g (4).
21. Solve
Ut = C2uzz7
u(z,t)=f(zr) on t=t(x),
u(z,t)=g(x) on x+ct=0,
where f (0) = ¢(0).
22. Solve the characteristic initial-value problem

Blgy — 22Uy —up =0, T F#0,
2
u(z,y) = f(y) on yf%zo for 0<y<2,

2
u(z,y) =¢g(y) on y+% =4 for 2<y<4,
where f(2) = g (2).
23. Solve
Ugz + 10Uzy + Yy, = 0,

u(z,0) = f(z),
Uy (2,0) = g ().



24.

25.

26.

27.

28.
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Solve
4 tgy + B Upy + Uyy + Uy + Uy = 2,
u(z,0) = f(z),
uy (2,0) =g ().
Solve
3Ugz + 10Uzy + 3uy, = 0,
u(z,0)=f(z), uy(z,0) =g().
Solve
Ugz — 3Ugy + 2Uyy = 0,
u(z,0) = f(z), wuy(z,0)=g().
Solve

T Upy —Puy =0 >0, t>0,
u(x,l) :f(.’lf),

Consider the initial boundary-value problem for a string of length [
under the action of an external force ¢ (z,t) per unit length. The dis-
placement u (z,t) satisfies the wave equation

p Uit = Tuza: +PQ(5U»t)7

where p is the line density of the string and T is the constant tension
of the string. The initial and boundary conditions of the problem are

u(z,0) = f(z), ut (2,0) = g (), 0<z <,
u(0,t) =u(l,t) =0, t>0.
Show that the energy equation is

dE !
o= [Tumut]é +/ pqugdx,
0

where E represents the energy integral

1 l
E(t) = 5/0 (pui +Tu2) da.

Explain the physical significance of the energy equation.

Hence or otherwise, derive the principle of conservation of energy, that
is, that the total energy is constant for all ¢ > 0 provided that the string
has free or fixed ends and there are no external forces.
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29. Show that the solution of the signaling problem governed by the wave
equation

U = c2um, x>0, t>0,
u(x,0) = u (z,0) =0, x>0,
u(0,t) =U (¢), t>0,

is

u(x,t):U(tf%>H(t—£)»

C

where H is the Heaviside unit step function.

30. Obtain the solution of the initial-value problem of the homogeneous
wave equation

Upp — gy = SIN (kx — wt), —00 < x < 00, t>0,
u(z,0) =0=u (x,0), forall zeR,

where ¢, k and w are constants.
Discuss the non-resonance case, w # ck and the resonance case, w = ck.

31. In each of the following Cauchy problems, obtain the solution of the
system

Uy — CPUpy =0, zE€R, t>0,
u(x,0) = f(x) and wu:(x,0)=g(x) for z€R,

for the given ¢, f (z) and g (z):
(a) ¢=3, f(x)=cosz, g¢g(z)=sin2z.
(b) ¢=1, f(x)=sin3z, g¢g(x)=cos3z.
() ¢=17, f(x)=cos3z, g(z)=uz.
(d) ¢=2, f(x)=coshz, g¢g(x)=2z.
(e) ¢=3, f(z)=a3, g(xz) =zcosx.
(f) c¢=4, f(x)=cosz, g(x)=ze "
32. If u (x,t) is the solution of the nonhomogeneous Cauchy problem

U — Cugy = p(2,t), for z€R, t>0,
u(x,0) =0=u (z,0), for z€eR,



33.

34.

35.
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and if v (x, ¢, 7) is the solution of the nonhomogeneous Cauchy problem

Uy — gy =0, for zeR, t>0,
v(x,0;7) =0, v (z,0;7)=p(z,7), z€R,

show that

u(z,t) :/Ot v(x,t;7)dT.

This is known as the Duhamel principle for the wave equation.

Show that the solution of the nonhomogeneous diffusion equation with
homogeneous boundary and initial data

Up = Rlge + p(a,t), O<z<l, t>0,
u(0,t) =0=wu(lt), t>0,
u(z,0) =0, 0<x<l,

is
t
u(m,t):/ v (z, t;7)dr,
0

where v = v (z,t; 7) satisfies the homogeneous diffusion equation with
nonhomogeneous boundary and initial data

Vgt = KUze +p (2,1), O<z<l, t>0,
v(0,;7)=0=v(l,t;7), t>0,

v(z,7;7) =p(x,7).
This is known as the Duhamel principle for the diffusion equation.

Use the Duhamel principle to solve the nonhomogeneous diffusion equa-
tion

Up = Klgy + € ' sinma, O<a<l, t>0,
with the homogeneous boundary and initial data

u(0,t) =0, w(l,t)=0, t >0,
u (z,0) = 0, 0<z<1.

(a) Verify that
un, (z,y) = exp (ny — v/n) sinnz,

is the solution of the Laplace equation
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Uggy +Uyy = 0, 7z €R, y >0,
u(z,0) =0, uy (z,0) = nexp (—v/n) sinnz,

where n is a positive integer.
(b) Show that this Cauchy problem is not well posed.

36. Show that the following Cauchy problems are not well posed:
(a) Ut = Ugg, S R7 t> Oa
u(0,t) = (2)sin (2n?t), ug (0,t) =0, t>0.

(b) gy + uyy = 0, xz eR, t>0,

Uun (,0) = 0, (un), (¥,0) =0, as n— oo
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Fourier Series and Integrals with Applications

“The thorough study of nature is the most ground for mathematical dis-
coveries.”

Joseph Fourier

“Nearly fifty years had passed without any progress on the question of an-
alytic representation of an arbitrary function, when an assertion of Fourier
threw new light on the subject. Thus a new era began for the development
of this part of Mathematics and this was heralded in a stunning way by
major developments in mathematical Physics.”

Bernhard Riemann

“Fourier created a coherent method by which the different components of
an equation and its solution in series were neatly identified with different
aspects of physical solution being analyzed. He also had a uniquely sure
instinct for interpreting the asymptotic properties of the solutions of his
equations for their physical meaning. So powerful was his approach that
a full century passed before non-linear equations regained prominence in
mathematical physics.”

Toan James

6.1 Introduction

This chapter is devoted to the theory of Fourier series and integrals. Al-
though the treatment can be extensive, the exposition of the theory here
will be concise, but sufficient for its application to many problems of applied
mathematics and mathematical physics.
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The Fourier theory of trigonometric series is of great practical impor-
tance because certain types of discontinuous functions which cannot be ex-
panded in power series can be expanded in Fourier series. More importantly,
a wide class of problems in physics and engineering possesses periodic phe-
nomena and, as a consequence, Fourier’s trigonometric series become an
indispensable tool in the analysis of these problems.

We shall begin our study with the basic concepts and definitions of some
properties of real-valued functions.

6.2 Piecewise Continuous Functions and Periodic
Functions

A single-valued function f is said to be piecewise continuous in an interval
[a, b] if there exist finitely many points @ = 21 < z9 < ... < x,, = b, such
that f is continuous in the intervals x; < x < x;41 and the one-sided limits
f(zj+) and f(zj41—) exist for all j =1,2,3,...,n—1.

A piecewise continuous function is shown in Figure 6.2.1. Functions such
as 1/x and sin (1/x) fail to be piecewise continuous in the closed interval
[0, 1] because the one-sided limit f (0+) does not exist in either case.

If f is piecewise continuous in an interval [a,b], then it is necessarily
bounded and integrable over that interval. Also, it follows immediately that
the product of two piecewise continuous functions is piecewise continuous
on a common interval.

If f is piecewise continuous in an interval [a,b] and if, in addition, the
first derivative f’ is continuous in each of the intervals z; < = < xj;41,
and the limits f’ (z;+) and f’ (z,—) exist, then f is said to be piecewise
smooth; if, in addition, the second derivative f” is continuous in each of

J)

— /
Y

Figure 6.2.1 Graph of a Piecewise Continuous Function.
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the intervals z; < z < z;41, and the limits f” (z;+) and f” (z;—) exist,
then f is said to be piecewise very smooth.

A piecewise continuous function f (x) in an interval [a,b] is said to be
periodic if there exists a real positive number p such that

fle+p)=f(x), (6.2.1)

for all z, p is called the period of f, and the smallest value of p is termed
the fundamental period. A sample graph of a periodic function is given in
Figure 6.2.2.

If f is periodic with period p, then

),

r+p+p)=f(z+p),
r+2p+p)=f(zr+2p),
z+m—-p+p)=f@+n-1)p) =f(z),

for any integer n. Hence, for all integral values of n
f(@+np) = f (). (6.2:2)

It can be readily shown that if fi, f2, ..., fx have the period p and ¢
are the constants, then

fl@+p
flx+2p
fx+3p
f (@ +np

)= f(
)= f(
)= f(
)= f(

f=cafit+efot+.. . +cfr, (6.2.3)

has the period p.

Well known examples of periodic functions are the sine and cosine func-
tions. As a special case, a constant function is also a periodic function with
arbitrary period p. Thus, by the relation (6.2.3), the series

ag 4+ aycosx + agcos2x + ...+ bysinx + bosin2z + ...

if it converges, obviously has the period 27. Such types of series, which occur
frequently in problems of applied mathematics and mathematical physics,
will be treated later.

ﬂ
//\ /\—\ / o
b T S

P

=)

Figure 6.2.2 Periodic Function.
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6.3 Systems of Orthogonal Functions

A sequence of functions {¢, (z)} is said to be orthogonal with respect to
the weight function ¢ (x) on the interval [a, b] if

b
/ Om (x) Pp (x) ¢ (x) dx = 0, m # n. (6.3.1)

If m = n, then we have

2

b
léall = [ / 62 (2) q(2) d:c] (63.2)

which is called the norm of the orthogonal system {¢, (x)}.

Ezample 6.3.1. The sequence of functions {sinmaz}, m = 1,2,..., form an
orthogonal system on the interval [—7, 7], because

x 0, m # n,
/ sinmax sinnz dx =
- T, M ="n.

In this example we notice that the weight function is equal to unity, and
the value of the norm is /7.
An orthogonal system ¢1, @2, ..., ¢, where n may be finite or infinite,
which satisfies the relations
b 07 m 7& n,
| (@) 6n(2)a(e)dn = (6:3.3)
a

1, m=n,

is called an orthonormal system of functions on [a, b]. It is evident that an
orthonormal system can be obtained from an orthogonal system by dividing
each function by its norm on [a, b].

Example 6.3.2. The sequence of functions
1,cosz,sinz, ..., cosnx,sinne

forms an orthogonal system on [—7, 7] since

= 0, m #n,
/ sinmz sinnx dr =
- T, m=mn,
/ sinmax cosnx dr = 0, for all m,n, (6.3.4)
0, m #n,

K
/ cosmx cosnx dr =
- T, Mm=n,
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for positive integers m and n. To normalize this system, we divide the
elements of the original orthogonal system by their norms. Hence,

1 cosx sinzx cosnx sinnr

forms an orthogonal system.

6.4 Fourier Series

The functions
1,cosz,sinx,...,cos2x,sin 2z, ...

are mutually orthogonal to each other in the interval [—7, 7] and are linearly
independent. Thus, we formally associate a trigonometric series with any
piecewise continuous periodic function f (z) of period 27 and write

fz) ~ % + Z (ay, cos kx + by sin kx) , (6.4.1)
k=1

where the symbol ~ indicates an association of ag, a, and by to f in some
unique manner. The coefficients ag, ar and by will be determined soon. The
coefficient (ag/2) instead of ag is used for convenience in the representation.
However, it is not easy to say that the series on the right hand side of (6.4.1)
itself converges and also represents the function f (z). Indeed, the series may
converge or diverge.

Let f(x) be a Riemann integrable function defined on the interval
[—7, 7]. Suppose that we define the nth partial sum

n

sn(x) = G?O + Z (ay coskx + by sinkzx) (6.4.2)
k=1

to represent f () on [—m, 7). We shall seek the coefficients ag, ay, and by,
such that s, (x) represents the best approximation to f (z) in the sense of
least squares, that is, we seek to minimize the integral

s

I (ao, ap, by) = / [ (2) — 50 ()] da. (6.4.3)

—T

This is an extremal problem. A necessary condition for ag, ag, bg, so that
I be minimum, that is the first partial derivatives of I with respect to
these coefficients vanish. Thus, substituting equation (6.4.2) into (6.4.3)
and differentiating with respect to ag, ax, and by, we obtain
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% = _/_7T f(x)— % —;(aj cos jx + b;sin jz) | de. (6.4.4)
ﬂ——?/Tr f(:r)—@—znz(a-cos jx + b;sinjz) | coskx dz.(6.4.5)
dan . B) < J J 5 S j .(6.4.
ﬂ——?/Tr f(x)—@—zn:(a-cos jx + bjsinjz) | sinkx dz. (6.4.6)
Do » 5 ;€O J ;i sin j .(6.4.

Jj=1

Using the orthogonality relations of the trigonometric functions (6.3.4) and
noting that

/ cos mx dx :/ sinmax dx = 0, (6.4.7)

where m and n are positive integers, equations (6.4.4), (6.4.5), and (6.4.6)
become

ol 4
Pag Tay — B f (z)dx, (6.4.8)
ol T
— = 2may, — 2 f(x)coskx dz, (6.4.9)
8ak —r
ol T .
— = 2mwby, — 2 f (z) sinkx d, (6.4.10)
Oby, o
which must vanish for I to have an extremal value. Thus, we have
1 T
ag = — f(x)dz, (6.4.11)
™ —T
1 T
ap = — f (x) cos kx d, (6.4.12)
™ —T
1 [7 .
by, = — f(x) sinkx dz. (6.4.13)
T

—T

Note that ag is the special case of a; which is the reason for writing (ap/2)
rather than ag in equation (6.4.1). It immediately follows from equations
(6.4.8), (6.4.9), and (6.4.10) that

0’1

— = 6.4.14
= (6:4.14)
0’1 0%I
5 = = =2, (6.4.15)
dai  Ob?
and all mixed second order and all remaining higher order derivatives van-
ish. Now if we expand I in a Taylor series about (ag, a1, ..., an,b1,...,by),

we have
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I (ao + Aao7 ey bn + Abn) = I(ao, ey bn) + AI, (6416)

where Al stands for the remaining terms. Since the first derivatives, all
mixed second derivatives, and all remaining higher derivatives vanish, we
obtain

10T , 5 ~= (O, , O .,
k=1

By virtue of equations (6.4.14) and (6.4.15), AT is positive. Hence, for I to
have a minimum value, the coefficients aq, ax, by must be given by equations
(6.4.11), (6.4.12), and (6.4.13) respectively. These coefficients are called the
Fourier coefficients of f (x) and the series in (6.4.1) is said to be the Fourier
series corresponding to f (z), where its coefficients ag, ar and by are given
by (6.4.11), (6.4.12), and (6.4.13) respectively. Thus, the correspondence
(6.4.1) asserts nothing about the convergence or divergence of the formally
constructed Fourier series. The question arises whether it is possible to
represent all continuous functions by Fourier series. The investigation of
the sufficient conditions for such a representation to be possible turns out
to be a difficult problem.

We remark that the possibility of representing the given function f (z)
by a Fourier series does not imply that the Fourier series converges to
the function f (x). If the Fourier series of a continuous function converges
uniformly, then it represents the function. As a matter of fact, there exist
Fourier series which diverge. A convergent trigonometric series need not be
a Fourier series. For instance, the trigonometric series

which is convergent for all values of x, is not a Fourier series, for there is
no integrable function corresponding to this series.

6.5 Convergence of Fourier Series

We introduce three kinds of convergence of a Fouriers Series: (i) Point-
wise Convergence, (ii) Uniform Convergence, and (iii) Mean-Square Con-
vergence.

Definition 6.5.1. (Pointwise Convergence). An infinite seriesy . | fn (2)
is called pointwise convergent in a < x < b to f(x) if it converges to f (x)
for each x in a < x < b. In other words, for each x in a < x < b, we have

[f (@) =sn(x)] =0 as n— oo,

where s, (x) is the nth partial sum defined by s, (z) = > ., fr (z).
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Definition 6.5.2. (Uniform Convergence). The series Y-, fy (z) is said
to converge uniformly to f(z) ina <x <b if

max |f (z) — s, ()] — 0 as n — oo.

a<z<b
Evidently, uniform convergence implies pointwise convergence, but the con-
verse is not necessarily true.

Definition 6.5.3. (Mean-Square Convergence). The series Y .. | fn ()
converges in the mean-square (or L?) sense to f (z) ina <x <b if

b
/ |f($)—5n($)|2d$—>0 as m — 00.

It is noted that uniform convergence is stronger than both pointwise
convergence and mean-square convergence.

The study of convergence of Fourier series has a long and complex his-
tory. The fundamental question is whether the Fourier series of a periodic
function f converge to f. The answer is certainly not obvious. If f (x) is 27-
periodic continuous function, then the Fourier series (6.4.1) may converge
to f for a given z in —7 < x < m, but not for all z in —7 < z < 7. This
leads to the questions of local convergence or the behavior of f near a given
point x, and of global convergence or the overall behavior of a function f
over the entire interval [—m,7].

There is another question that deals with the mean-square convergence
of the Fourier series to f (z) in (—m, ), that is, if f(z) is integrable on
(—m, ), then

1 ™

% 7W|f(x)_3n($)|2d$—>0 as n — oo.

This is known as the mean-square convergence theorem which does not
provide any insight into the problem of pointwise convergence. Indeed, the
mean-square convergence theorem does not guarantee the convergence of
the Fourier series for any x. On the other hand, if f (x) is 27-periodic and
piecewise smooth on R, then the Fourier series (6.4.1) of the function f con-
verges for every x in —m < z < m. It has been known since 1876 that there
are periodic continuous functions whose Fourier series diverge at certain
points. It was an open question for a period of a century whether a Fourier
series of a continuous function converges at any point. In 1966, Lennart
Carleson (1966) provided an affirmative answer with a deep theorem which
states that the Fourier series of any square integrable function f converges
to f at almost every point.

Let f(z) be piecewise continuous and periodic with period 27. It is
obvious that
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[ r@-s@Pas=o (651

—T

Expanding (6.5.1) gives

/ " () = 0 (@) do = / C@Pde—2 [ f (@) (@)de

—T —T —T

+ / ’ [sn ()] da.

—T

But, by the definitions of the Fourier coefficients (6.4.11), (6.4.12), and
(6.4.13) and by the orthogonal relations for the trigonometric series (6.3.4),
we have

Ctws @i [ 7w

—T

a " )
?0 + ; (ay, cos kx + by sin kx)} dx

mag - 2 2
-5 +7Y (a7 +b7), (6.5.2)
k=1
and
us s n 2
/ 82 (x)dr = / % + ) (agcoskx + by sin kx)} dx
- k=1
2 n
a
=0Ty (a +07). (6.5.3)
k=1
Consequently,
" 2 e mag 5
/ [f (z) — sp (z)] dx = 14 (z)dx 7+ﬂ2(ak+bk) > 0.
(6.5.4)
It follows from (6.5.4) that
ag - 2 1 "2

for all values of n. Since the right hand of equation (6.5.5) is independent
of n, we obtain

2 > T
ag 1

—T

This is known as Bessel’s inequality.
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We see that the left side is nondecreasing and is bounded above, and
therefore, the series

2 o0
Q,
50 + kz_l ai +b3), (6.5.7)

converges. Thus, the necessary condition for the convergence of series (6.5.7)
is that

hm ax =0, klim b, = 0. (6.5.8)

k—oo
The Fourier series is said to converge in the mean to f (x) when

s

n 2
lim lf (z) — <a20 + Z ay, cos kx + by sin kx)] dr=0. (6.5.9)
k=1

n—oo
—T

If the Fourier series converges in the mean to f (x), then

P 1 /"
24> (ai+07) == [ f*(2)da (6.5.10)
2 T ) _x
k=1

This is called Parseval’s relation and is one of the central results in the
theory of Fourier series. This relation is frequently used to derive the sum
of many important numerical infinite series. Furthermore, if the relation
(6.5.9) holds true, the set of trigonometric functions 1, cosz, sinz, cos 2z,
sin 2z, ... is said to be complete.

The Parseval relation (6.5.10) can formally be derived from the conver-
gence of Fourier series to f () in [—m, 7]. In other words, if

fz)=zap+ Z (a cos kx + by sin kzx) , (6.5.11)
k=1

where ag, ar, and by, are given by (6.4.11), (6.4.12) and (6.4.13) respectively,
we multiply (6.4.11) by 1 f (z) and integrate the resulting expression from
—7 to 7 to obtain

71T/ki1f = / f(z dz+2{ak x) cos kx dx

+ b?k f(z)sinkx d:c} .(6.5.12)

—T

Replacing all integrals on the right hand side of (6.5.12) by the Fourier
coefficients gives the Parseval relation (6.5.10).
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6.6 Examples and Applications of Fourier Series

The Fourier coefficients (6.4.11), (6.4.12), and (6.4.13) of Section 6.4 may
be obtained in a different way. Suppose the function f (x) of period 27 has
the Fourier series expansion

f(x)= % + Z (ay cos kx + by sin kzx) . (6.6.1)
k=1

If we assume that the infinite series is term-by-term integrable (we will
see later that uniform convergence of the series is a sufficient condition for
this), then

f(z)dx = / [a; + Z (ay, cos kx + by sin kx)] dx = mayg.
- - k=1

Hence,

agp = — ' f(x)dz. (6.6.2)

™

—Tr

Again, we multiply both sides of equations (6.6.1) by cosnz and integrate
the resulting expression from —7 to . We obtain

f(z)cosnzdx = / % + (ay, cos kx + by sin kx) | cosnx de = way.
- - k=1
Thus,
1 ™
ar = — / f(x) coskx d. (6.6.3)
T —T

In a similar manner, we find that

by, = 1 f(z)sinkx dz. (6.6.4)
™ —T

The coefficients ag, ax, by just found are exactly the same as those obtained
in Section 6.4.

Example 6.6.1. Find the Fourier series expansion for the function shown in
Figure 6.6.1.

f(x)=a+2? -1 <x <.

Here
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SAx)

-3 - 0 T 3

1" 1 (7 272
ap = — f(x)dcc:f/ (x+x2)dxzi,
- T
and

ap = — f () cos kx dx

T™J—x

— %/ (z+x2) cos kx dx

—T

1 rsinkz|” 7rsmk‘az

o k o
l x” sin kx smk:lc / 2:csmkx
T

_ 2 _l‘COSk:L‘Tr +/’T coska:dx

T km k . . k

4 4
= —coskmw = —(fl)k fork=1,2,3,....

Similarly,
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3=

b, f () sinkax dx

x + 22) sin kz dx
(

3=

—T

2 2
—Ecoslmr: —E(—l)k, fork=1,2,3,....

Therefore, the Fourier series expansion for f is

f () 7 +i 4 ( l)kcos kx 2 ( 1)1C sin kz
== — (= — —(=1)"si
3 =k k
2
:?—4cosx—|—2$inx+0052x—sin2:c—.... (6.6.5)

Ezample 6.6.2. Consider the periodic function shown in Figure 6.6.2.
-7, —m<z<0,
f(z) =

z, O<z<m.

In this case,

Y

-2

Figure 6.6.2 Graph of f (z).
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and
1 ™
ap = — f (z) coskx dx
Tr —T
1 0 ™
:{/ —7TCOS]€(Ed!L‘+/ xcoskxdac]
™ -7 0
1 1 k
=12 (coskm —1) = o [(—1) — 1} :
Also
1 [" .
b = — f(z)sinkx dz
T J_n

0 T
:1{/ —ﬂ'sinkxdx—i-/ xsinkxdx}
’/T - 0

:%(kzcoslm) = % [1-2(-1"].

Hence, the Fourier series is

o0

fx) = f% + Z {k‘217'(' {(fl)k - 1] cos kx + % {1 -2 (fl)k} sinkx} .

k=1
(6.6.6)

Ezample 6.6.3. Consider the sawtooth wave function f (z) = x in the in-
terval —m <z <, f(z) = f(r+2kr) for k=1,2,....

This is a periodic function with period 27 and represents a sawtooth
wave function as shown in Figure 6.6.3 and it is piecewise continuous.

J)

<———————————
o
B
S

Figure 6.6.3 The sawtooth wave function.
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We can readily find that
ap =0, k=0,1,2,....
The coefficients by are given by

1 ™
— f () sin kz dz

b

™

1 (7 2
= f/ wsinkzdr = = (—1)F.
0 k

—T

Hence, the Fourier series is

> sin kx sinx sin2x sin3r sindx
=2 1)Ft =2 - ).
; 1 2 + 3 4 +

(6.6.7)

This Fourier series does not agree with the function at every point in [—, 7].
At the endpoints © = + 7, the series is equal to zero, but the function does
not vanish at either endpoint. However, the Fourier series (6.6.7) converges
to the value x at each point z in —7m < = < 7, but it converges to 0 =
L[f(m=0)+ f(r+0)] = (7 — ) which is the mean value of the two
limits as * — + . Thus, the convergence is not uniform. The partial sum
of the series is

= 1
Z (= 1) sin ka. (6.6.8)

In the neighborhood of x = +, the difference between f (z)and s, (z)
seems not to become smaller as n increases, but the size of the region where
this occurs decreases indicating nonuniform convergence. This nonuni-
form oscillatory nature close to discontinuities is known as the Gibbs phe-
nomenon.

It is important to point out that the sawtooth wave function f is not
continuous in each point in [—m, 7]. What happens in the neighborhood of
x=+4mn?

We consider the partial sum s,, (x) given by (6.6.8), and put x,, = 7 — T~
to approximate the value s, (x). We have

sn(xn):iz(_i)kﬂsink(w—) ii( )

k=1 k=1

which can be rewritten in the form

_ zzsmfgf) (). (6.6.9)
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This sum can be identified with a Riemann sum of the definite integral

2/7r (sinx) i
0 X

which is obtained by dividing the interval [0, 7] into the n subintervals
(k—1)m kr

n 'n |’
we evaluate the function in each such subinterval at the right-hand endpoint
kn—’r, 1 < k < n. Consequently,

1 < k < n. Obviously, each subinterval is of length (%), and

lim s, (z) = 2/ ST g ~ 1187
n— oo 0 x
The point z,, as n — oo, approaches x = 7 from the left. Hence, f (z,,)
tends to the value 7. The jump at the point x =7 is f (7—) — f (7+) = 2,
and, therefore, for sufficiently large n,
Sp () — f(2n) 1187 —7
flr=) = f(r+) 2
We next draw the graphs of sy (z) and s1¢ (z) which exhibit oscillations over
the graph of f as shown in Figures 6.6.4 (a) and (b). These graphs show
the so-called overshooting in a neighborhood of x = + 7 and x = + 37, and
hence, the Gibbs phenomenon.
We next derive the sum of several numerical series from Example 6.6.3.

Substituting = 7 in (6.6.7) gives

™ 2 (=D ks 11 1
JER— 2 — _— = 2 1 —_ = - — = ceef o
5 ; A sin 5 3 + 5w +

= 0.09.

This gives the well-known slowly convergent numerical series

1 1 1 T
l—-4=-——+...=—. 6.6.10
3 + 5 7 + 4 ( )
On the other hand, putting x = 7 in (6.6.7) gives another numerical series
f_1 1.1 1 1 1 1 1.1 1
8 V2 2 3v2 52 6 7v2 9v2 10 11v2  13v?2
1
+ﬁ — ...

14+ _-_Z S N g 6.6.11
+3 5 7+9+11 2V/2 ( )
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y = 57(x)
y=x

Y

(a)

Ly = s10(x)

(b)

Figure 6.6.4 Graphs of s7 (z) in (a) and s10 (z) in (b).

6.7 Examples and Applications of Cosine and Sine
Fourier Series

Let f (z) be an even function defined on the interval [—m,7]. Since cos kz
is an even function, and sin kz an odd function, the function f (z) cos kx is
an even function and the function f (z)sinkz an odd function. Thus, we
find that the Fourier coefficients of f (x) are

1 (7 2 [T
ayp = — f(I)COSkIdLEZi/ f(x)coskzdx, k:0,1727~"7
™) _, ™ Jo
(6.7.1)
1 T
bsz f(l’)SiIlk(Edl':O, k:1;2,37""

™

—T
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Hence, the Fourier series of an even function can be written as

a o0
fz)~ ?O + ’;ak cos kz, (6.7.2)

where the coefficients ay, are given by formula (6.7.1).

In a similar manner, if f (z) is an odd function, the function f (z) cos kx
is an odd function and the function f (z)sinkz is an even function. As a
consequence, the Fourier coefficients of f (x), in this case, are

1 s

ap = — f(x)coskxdr =0, k=0,1,2,..., (6.7.3)
L
1 [ . 2 (7 .

b = — f(ac)smkxdx:f/ f (z)sinkx dz, k=1,2,....(6.7.4)
™ ) _x ™ Jo

Therefore, the Fourier series of an odd function can be written as
f@)=> bysinka, (6.7.5)
k=1

where the coefficients by, are given by formula (6.7.4).
Ezxample 6.7.1. Obtain the Fourier series of the function

-1, —m<x <0,
f(z)=sgnzx =< 0, x =0, and f(z+2km) = f(x).
+1, O0<z<m,

In this case, f is an odd function with period 27 and represents square
wave function as shown in Figure 6.7.1. Clearly, ax, = 0 for £k =0,1,2,3, ...
and

2 s
bk:f/ f(x)sinkx dz
T Jo
_2 [ _ 2 k
—;/0 smkzxdw—a[l—(—l) }

Thus, bar, = 0 and bog—1 = [(4/7) (2k — 1)]. Therefore, the Fourier series of
the function f (z) is

F@) = % yosm@ko e (6.7.6)

This Fourier series consists of only odd harmonics. The loss of even
harmonics is due to the fact that sgn (% + :r) = sgn (% — z)
Putting 2 = 7 in (6.7.6) gives (6.6.10).

The nth partial sum of the series (6.7.6) is



6.7 Examples and Applications of Cosine and Sine Fourier Series 185

Sx)

___|_____
[\
B
___|_____
R
(e}
___;‘_____
[\
B
=

Figure 6.7.1 The square wave function.

n

sn () = % ; W (6.7.7)

We now examine the manner in which the first n terms of the series (6.7.7)
tend to f(z) as n — oo. The graphs of s, (z) for n = 1,3,5 is shown in
Figure 6.7.2. To investigate the oscillations as n — oo, we locate the first
peak to the right of the origin and calculate its height as n — oo.

Sp(x)

-1

Figure 6.7.2 The Gibbs phenomenon.
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The peak overshoot occurs at a local maximum of the partial sum s, (z)
so that

4 n
0=s, (x)=— E cos (2k — 1) x
™
k=1

2 n
= — ZQsinmcos(Qk:—l)x
msing

n

2
= — Z [sin 2kx — sin (2k — 2) 2]
msing

_ 2sinnx' (6.7.8)

Tsinx

This leads to the points of maximum at = = 5-, g—z, <oy (2n —1) 5= s0

that the first peak to the right of the origin occurs at z = 7. So, the value
of s, (z) at this point is

Sn(l) :g_ﬁisin@kfl)%.
2n T n 2k —1) 5~
In the limit as n — oo, this becomes

7 2 T o= sin (2k — 1) =
lim s, (7 () i ISR T o
oo Zn) (7‘(‘) oo 71 kzzjl (2k—1)

s
2n

2 [7si 2
= f/ ST g = 2 (1.852) = 1.179.
)y = ™

Instead of a maximum value 1, it turns out to be 1.179 approximately.
If the overshoot is compared to the jump in the function it is about
1(1.179 — 1) x 100% ~ 9%. The onset of the Gibbs phenomenon is shown
in the Figure 6.7.3.

Historically, this phenomenon was first observed by a physicist A.
Michelson (1852-1931) at the end of the nineteenth century. In order to
calculate some Fourier coefficients of a function graphically, he developed
equipment that is called a harmonic analyser and synthesizer. He calcu-
lated some partial sums, s,, of a given function f graphically. Michelson
also observed from this graphical representation that, for some functions,
the graphs of s, were very close to the function. However, for the sgn
function, the graphs of the partial sums exhibit a large error in the neigh-
borhood of the origin, x = 0 and © = + 7 (the jump discontinuities of
the function) independent of the number of terms in the partial sums. It
was J.W. Gibbs (1839-1903) who first provided the explanation for this
strikingly new phenomenon and showed that these large errors were not as-
sociated with numerical computations. Indeed, he further showed that the
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)

Figure 6.7.3 The Gibbs phenomenon.

large errors occur at every jump discontinuity for every piecewise continu-
ous function f in [—m, 7] with certain derivative properties near the jump
discontinuity.

Ezample 6.7.2. Expand |sin x| in Fourier series. Since |sin z| is an even func-
tion, as shown in Figure 6.7.4, by =0 for k =1,2,... and

2 ™
ap = 7/ f (z) cos kx dx
T Jo

2 s
= 7/ sin z cos kx dx
0

T
1 s
:f/ fsin (1 + ) 2+ sin (1 — k) 2] dz
™ Jo
2[1+(—1)’“}
== f =0,2,3,....
(=) or k=0,2,3,
For k =1,
2 (™.
alzf/ sinx cosx dx = 0.
™ Jo

Hence, the Fourier series of f (z) is

Example 6.7.3. Find the Fourier series of the triangular wave function which
is defined by
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Sx)

f (@)= lz| = - (6.7.9)
and f(z) = f(x+2n7),n=1,2,3,....

This is an even periodic function with period 27 as shown in Figure 6.7.5.

This function gives a Fourier cosine series with b, = 0 for all n and

Ax) 4

Figure 6.7.5 Triangular wave function.
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1 [ 2 (7
aozf/ |x|dx:f/ xdr=m
T - v 0

1 [ 2 ["
a, = 7/ |z| cos nx do = —/ || cos na dx
m ™ Jo

—T

2 [T 2 ([zsinnz]”™ T sinnz
= — rcosnrdr = — — dx ),
T 0 Vs n 0 0 n

integrating by parts

9 0, ifn iseven,
cosnz|y = — [(-1)" — 1] =

™2 [ ™2

——4_ if nis odd.

2

Thus, the Fourier cosine series is given by

1 oo
f(x) 540 + Z Gy, COSNT

m 4 (cosx cosdxr  cosbx
p + +...].

2 TERRENEE 52

(6.7.10)

Substituting « = 0 in (6.7.10) yields the following numerical series

2

T 1 1 >
— =4 = 6.7.11
8 12 + 32 Z:: on — 1) ( )

This series can be used to derive the sum of reciprocals of squares of all
positive integers,

i % = W— (6.7.12)

and vise versa.

We have
- o 122 Z* Z 2
n=1 277’71 nzln n=1 (271
1ex 1 1
IR P R b

This gives (6.7.12).
The series (6.7.12) is just the value of s = 2 of the Riemann zeta function
defined by

)= = (6.7.13)
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where s may be complex. This definition of ¢ (s) can be extended in a nat-
ural way and this extension is called the analytic continuation of { (s) to
include all complex numbers s except for s = 1. This function was intro-
duced by Bernhard Riemann in 1841. He proved many properties of this
function and made several conjectures, some of which are still open prob-
lems in mathematics. It is well known that ¢ (s) has zeros on the real axis
only at the even negative integers. Riemann conjectured that all complex
zeros of ( (s) lie on the line Re (s) = 3. This is called the Riemann Hypoth-
ests; it is still an unsolved problem in mathematics. However, it is proved
that there are an infinite number of zeros on the line. Indeed, by the fall of
2002, fifty billion complex zeros have been found — all of them lie on the
stated line.

Ezample 6.7.4. Obtain the Fourier series of f (z) = 22, -7 < z < 7, with
f@)=f(z+2nm), forn=1,2,....

Obviously, this is an even function, and its periodic extensions are shown
in Figure 6.7.6.
Since f (z) is an even function, b,, = 0 for all n > 1. It turns out that

AL

-2 -7 0 T 27 X

Figure 6.7.6 Periodic extension of 2.



6.7 Examples and Applications of Cosine and Sine Fourier Series 191

1 [ 2 [T 22
aozf/ xde:f/ xdm:i,
T J) 7 Jo 3

1 /7 2 (7
ap, = f/ z? cosnx dr = f/ z? cos nzx dz
™ 0

o T
2 ([ T [
:({sinnm] —f/ xsinnxdas),
T n 0 ™ Jo
4 xr
= —— zsinnx dx
nm 0

I
|
S
ﬂ‘*“
/~
|
\
o
o}
|95}
S
Iil
3
_|_
=
o\:‘
o
o}
|95}
S
8
jSH
5
~__

Consequently, the Fourier cosine series for 22 is given by

2 772 — 1 n
x ?—&—4;?(—1) cos nx

2 cosx  cos2x  cos3x
=——4 — — ). 6.7.14
P () e
Putting = = 0 in (6.7.14) gives the following numerical series
1 1 1 1 2
4= Z (6.7.15)

[EA TR R DY
Substituting = 7 in (6.7.14) yields (6.7.12) which can also be obtained
from (6.7.15) and vice versa. Thus, we have

=1 1 1 1 1 1 1
S=2a=ptetptetEtet
n=1

1 1 1 1 1 1 1
“\om et et )P etete Tt

_7T2+2 1+1+1+ _7T2+1S
T12 0 4\12 0 22 0 32 B ’

which gives the value of S = %2. Adding (6.7.12) and (6.7.15) gives

11 1 s
Aot 1t T 6.7.16
TRt 8’ (6.7.16)
and then, subtracting (6.7.15) from (6.7.12) yields
1 1 1 1 2
b b= (6.7.17)
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)]

Figure 6.7.7 Periodic extension of f ().

In the preceding sections, we have prescribed the function f (x) in the
interval (—m, ) and assumed f (x) to be periodic with period 27 in the
entire interval (—oo,00). In practice, we frequently encounter problems in
which a function is defined only in the interval (—m, 7). In such a case, we
simply extend the function periodically with period 27, as in Figure 6.7.7.
In this way, we are able to represent the function f (x) by the Fourier series
expansion, although we are interested only in the expansion on (—, 7).

If the function f is defined only in the interval (0, 7), we may extend f
in two ways. The first is the even extension of f, denoted and defined by
(see Figure 6.7.8)

f(z), O0<z<m,
F.(z)=
f(=z), -7 <z <0,

while the second is the odd extension of f, denoted and defined by (see
Figure 6.7.9)

f@), O0<z<m,
Fy (2) =
—f(=x), —m<x<O.
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f@1

Figure 6.7.8 Even extension of f (x).

193

Since F, (x) and Fy (z) are even and odd functions with period 27 respec-

tively, the Fourier series expansions of F, (z) and Fj (x) are

where

and

(oo}
F,.(z) = % + Zak cos kx,
k=1

™

ap = f/ f (z) cos kx dx,
0

J®1

Figure 6.7.9 Odd extension of f (z).
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o0
Fy (z) = Z by sin kz,
k=1

where

bk:g/ f(z)sinkzdz.
T Jo

6.8 Complex Fourier Series

It is sometimes convenient to represent a function by an expansion in com-
plex form. This expansion can easily be derived from the Fourier series

f(z :@—i— ay cos kx + b sinkx) .
2
k=1

Using Euler’s formulas

cosx = emre ™ sinx = Toe”
N 2 ’ N 2
we write
o0 ikx —ikx ikax —ikx
ag e +e e —e
f(m):2+2[ak (2 >+bk <2i )]
k=1
_ap > ap — iby, ik ay + iby ik
(e
k=1
=co+ Z (ck: eikz +e g e—ikx) ,
k=1
where
ag 1 T
= — = — d
Co 5 o _ﬂf(x) £
— 1by, 1 (7
cp = BTk _ (x) (cos kx —isinkz) dz
2 2 J_,
1 i f(z)e *dy
2 J_,
.b 1 s
k= w =5 . (2) (cos kx + isin kx) dx
1

L/ f (z)e*da.

T o o

Thus, we obtain the Fourier series expansion for f (x) in complex form
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fl@)= > ae*,  —r<z<m, (6.8.1)
k=—oc0
where
1 " —ikx
Ch =5 - (x) e~ dx. (6.8.2)

We derive the following Parseval formula

;ﬁ/:ﬁ (@)de = Y el (6.8.3)

k=—o0

from formulas (6.8.1)—(6.8.2).
Multiplying (6.8.1) by 5= f (z) and integrating from —7 < z < 7 yields

1 [7 = 1 [7 -
o ). f? () dz = k_z_ k5o - f(x) e dx
o0 o0 o0
=Y wes= Y an= Y
k=—oc0 k=—oc0 k=—o0

Ezample 6.8.1. Obtain the complex Fourier series expansion for the func-
tion

fx)=¢€", —T<z<m.
We find
1 4 .
=5 . f(z)e *dx
1 (7 .
=5- eCe R dy
™ —T
. k
_ AR (D7
7w (1+k2)
and hence, the Fourier series is
- (L+ik) (<) ik
f(x)= kzz_:oo AT sinh 7 e***. (6.8.4)

We apply the Parseval formula (6.8.3) to this example and obtain

>\ |1+ ik|* sinh? 1 1
yo Lk 1 aroamy = Lo on,
Mt 72 (1 + k2) 47 2w
Simplifying this result gives

oo

1
Y —— =mcothm. (6.8.5)
et (1+k2)
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Ezample 6.8.2. Show that, for —1 <a < 1,

= 1—acosz
n = 6.8.6
nz::oa ST = T 2acosz + a2’ ( )
> asinx
" si = . 6.8.7
ga S = .  9acosa + a2 ( )

We denote the cosine series by C' and sine series by S so that

o0 oo
C+iS = Z a" (cosnx + isinnr) = Z (ae”)n
n=0 n=0
= ﬁ, since |a ei"’”’ <1

1 (I —acosz) +iasinx

. . - 2 .
1—acosxz —tasinz (1—@(3051') —|—a231n2x
(1 —acoszx) + iasinx

T 1—2acosz+aZ (6.8.8)

Equating the real and imaginary part gives the desired results.

6.9 Fourier Series on an Arbitrary Interval

So far we have been concerned with functions defined on the interval [—7, 7.
In many applications, however, this interval is restrictive, and the interval
of interest may be arbitrary, say [a, b].

If we introduce the new variable ¢ by the transformation

(b—a)
2w

1
v=5(b+a)+ t, (6.9.1)

then, the interval a < x < b becomes —7m < t < m. Thus, the function
flb+a)/2+ ((b—a)/2m)t] = F (t) obviously has period 27. Expanding
this function in a Fourier series, we obtain

F(t) = % + i (ay cos kt + by sin kt) , (6.9.2)
where
ak:%/ﬂF(t)coskztdt, k=0,1,2,...,
and

1 ™
f/ F(t)sinktdt, k=1,2,3,....
™

o
ES
I

—T



6.9 Fourier Series on an Arbitrary Interval 197

On changing ¢ into z, we find the expansion for f (z) in [a, ]

—b-— km(2x — b —
0 Z [ak co§ ——— - 2u @) + by, sin M (6.9.3)

—a) (b—a)
where
b —b—a
ak:bia/ f(x)cos[km(z(z_s))}dx, k=0,1,2,..., (6.9.4)

b—a

/f i [ (( _2)_6’)]@, k=1,2,3,.... (6.9.5)

It is sometimes convenient to take the interval in which the function f is
defined as [—[,1]. It follows at once from the result just obtained that by
letting @ = —I and b = [, the Fourier expansion for f in [—[,]] takes the
form

_ 50 n f:l {ak cos ( ) + by, sin (lwlm)} . (6.9.6)

where
l
k
ap = 1 (l’) COS <7lrx> dl', k: 0a1727"'5 (697)
. knx
b = = f(x) sin de, k=1,2,3,.... (6.9.8)

If f is an even function of period 2!, then, from equation (6.9.6), we can
readily determine the Fourier cosine expansion in the form

f(z) = % + i a, cos (lmlm) ) (6.9.9)
k=1

where

! k
—%/ £ () cos (}”’) de,  k=0,12.... (69.10)
0

If f is an odd function of period 2!, then, from equation (6.9.6), the Fourier
sine expansion for f is

=3 bisin (]“lm) : (6.9.11)
k=1

where
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l
by = %/ F () cos (T) dz. (6.9.12)
0

Finally, we make a change of variable to obtain the complex Fourier series
of f(z) on the interval — < x < [. Suppose f (z) is a periodic function
with period 2I. We put a = —[ and b = [ so that the change of variable
formula becomes x = % and

f@)=f <“> =F(t). (6.9.13)

™

Clearly, F'(t) is periodic with period 27. If it is piecewise smooth, it can be
expanded in a complex Fourier series in the form

0o . 1 - .
Ft)= Y ac® o= [ Fe ™ (69.14)
k=—o0 -7

Substituting ¢ = 5% into (6.9.14) gives the complex Fourier series expansion
of the original function f in the form

00 . 1 .
f(x)= Z c exp (m;‘k‘) , Cl = %/ f(x)exp <— zx;rk) dz.(6.9.15)
—1

k=—o0

In particular, if f (¢) is a periodic function of time variable ¢ with period
T= %" and w (z 2% = %) is the frequency, then

=2

=5+ i [an, cos (nwt) + by, sin (nwt)], (6.9.16)

n=1

where anand b,, are given by (6.9.7) and (6.9.8) with T replaced by w and
k = n. The terms (aj coswt + by sinwt), (az cos 2wt + be sin 2wt), .. .,

(an cosnwt + by, sinnwt), ... are called the first, the second, and the nth
harmonic respectively.

FEzample 6.9.1. Consider the odd periodic function
f(z) ==, —2<z <2,

as shown in Figure 6.9.1. Here [ = 2. Since f is odd, ax = 0, and

!
by = 2 (z) sin <Im) dz,
U Jo l

2 [? k 4
:7/ sin 2L de = —— (—=1)F for k=1,2,3,....
2 Jo 2 km

Therefore, the Fourier sine series of f is

F ) = g e (557).
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S

N
N

Figure 6.9.1 Odd periodic function of f (z) =z in -2 <z < 2.

Example 6.9.2. Consider the function

1, 0<33<%

flx) =

0, L<a<l.

’ 2

In this case, the period is 2l = 2 or [ = 1. Extend f as shown in Figure
6.9.2. Since the extension is even, we have by = 0 and

! 3
aoz%/f(x)dx:g/ de =1
ap = - /f cos(]mm)d
:I/o cos (kmx) dx—(é) sin (T)

Hence,
_1 —&—i (1) cos (2k — 1) ma
2 k:l 2k— D

Ezample 6.9.5. Find the Fourier series of f(x) = 2% in (—[,1) from the
corresponding Fourier series in (—, ).
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S

— —  ——

=32 =12 0 12 3/2 X

Figure 6.9.2 Even extension of f (z) in Example 6.9.2.

It directly follows from (6.7.14) and (6.9.9) as

o0

w2 1 wkx
f(ZC)— —? k7_ COS(Z), —l<x<l.

Ezample 6.9.4. Find the sine and cosine Fourier series of f () = « in (0,1)
from the corresponding Fourier series in (0, 7).
We know the Fourier sine series for z in (0,7)

o] 1 k+1
:QZTsinkx, O<z<m.

—

Using the transformation z = (%), we obtain

¢ 1)kt Tkt
— —sin| — |, O<z<l
™= l

We have the Fourier cosine series for z in (0, 7)
T 4w 1
flx)=o=—-—— ————cos(2k—-1)z, O0<z<m.
@) =a=5- 1) e eh- s

Similarly, using the transformation x = ”Tt gives

A& 1 t
tl=-—-—— 2cos[(2k—1)7r], O<a <l
2 0w k=1(2k_1) l
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FEzample 6.9.5. From the solution to problem 25 in 6.14 Exercises, we obtain
the complex Fourier series of f (¢) in — <¢ <.

We use the transformation x = l;t in Exercise 25 so that

—3(m+3) 1 1 (inlt)
= *‘Zfexp T .

6.10 The Riemann—Lebesgue Lemma and Pointwise
Convergence Theorem

We have stated earlier that if f (z) is piecewise continuous on the interval
[—7, 7], then there exists a Fourier series expansion which converges in the
mean to f (x).

In this section, we shall discuss the Pointwise Convergence Theorem
with a proof using the Riemann-Lebesgue Lemma.

Lemma 6.10.1. (Riemann—Lebesgue Lemma) If g (x) is piecewise con-
tinuous on the interval [a,b], then

b
lim g (z)sin Az dx = 0. (6.10.1)

A—oo [,

Proof. Consider the integral

I\ = /bg(x)sin Az dx. (6.10.2)

With the change of variable

x=t+m/\,
we have
sin \x = sin A (t + 7/\) = —sin A¢,
and
b—m /A
o) =— / g (¢ + 7/7) sin Mt dt. (6.10.3)
a—7/A\

Since t is a dummy variable, we write the above integral as
b—m/\
I\ =- / g (x + 7/A)sin Az dz. (6.10.4)
a—m/X

Addition of equations (6.10.2) and (6.10.4) yields
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b—m /A

b
/ g(m)sin)\xdaj—/ g (z + 7/A\)sin Az dz
a a—7/X\

21 (\)

b

—/ g(:r—i—w/)\)sin)\xdm—i—/ g (x)sin Az dz
a—m/X\ b—m/A

b—m /A
+ / [g(x) — g (x +7/N)]sin Az dz. (6.10.5)

First, let g (x) be a continuous function in [a,b]. Then g (z) is necessarily
bounded, that is, there exists an M such that |g (x)| < M. Hence,

a a+7 /X M
/ g(x 4+ m/A)sin \xdx| = / g (x)sin Az dz gT,
a—7/X\ a
and
b M
/ g (x)sin Az dr| < —.
b—m /A A
Consequently,
M b—m/A
[T (M) < T+ lg () — g(x+7/N\)|dx. (6.10.6)

a

Since g (x) is a continuous function on a closed interval [a, b], it is uniformly
continuous on [a,b] so that

lg(z) —g(x+7/N)| <e/(b—a), (6.10.7)

for all A > A and all x in [a,b]. We now choose A such that 7M/\ < g/2,
whenever A > A. Then
e €
I(A —+- ==
o)< S+5=¢
If g (z) is piecewise continuous in [a,b], then the proof consists of a

repeated application of the preceding argument to every subinterval of [a, b]
in which g () is continuous.

Theorem 6.10.1. (Pointwise Convergence Theorem). If f (x) is piece-
wise smooth and periodic function with period 2w in [—m, 7], then for any
x

i 1
do Z (ap coskx + by sinkz) = = [f (x+) + f (x—)], (6.10.8)
2 k=1 2
where
1 T
ap = — f (t) cos kt dt, k=0,1,2,..., (6.10.9)
T™J—x

1 T
Tr —T
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Proof. The nth partial sum s, (z) of the series (6.10.8) is

3

ag + (ay cos kx + by sin kx) . (6.10.11)

We use integrals in (6.10.9)—(6.10.10) to replace aj, and by, in (6.10.11)
so that

sp (x) = Py 1+2 Z (cos kt cos kx + sin kt sin kx)] f)dt
T k=1
1 (" g
=5 B 1+2;cosk(x—t)1f(t)dt
1 ™
= | Dula—tf (vt (6.10.12)
™ —T

where D,, (0) is called the Dirichlet kernel defined by

D, (0) =142 cosk. (6.10.13)
k=1

The next step is to study the properties of this kernel D,, (6) which is
an even function with period 27 and satisfies the condition

1 ™
— | D,(0)d) =14+040+...+0=1. (6.10.14)

2 J_,

We find the value of the sum in (6.10.13) by Euler’s formula so that

n

Da(B) =1+ 3 (¢ 4 emih0) = 3 (k0

k=1 k=—n
=e ™ 1 e
This is a finite geometric series with the first term e =Y, the ratio e*, and
the last term e, and hence, its sum is given by
e—in _ i(n+1)
1— e

exp [ (n+ 1) 6] — exp [(n + 1) 8]

exp (—%i@) — exp (—i—%i&)
sin (n + %) 0

== (6.10.15)
sin %9

D, (9) =

The graph of D, (0) is shown in Figure 6.10.1. It looks similar to that of
the diffusion kernel as drawn in Figure 12.4.1 in Chapter 12 except for its
symmetric oscillatory trail.
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D,(0)

©
Figure 6.10.1 Graph of D, () against 6.
We next put ¢t —z = 6 in (6.10.12) to obtain
1 T+
sy (z) = %/ D, (0) f (x +6)db. (6.10.16)

Since both D,, and f have period 27, the limits of the integral can be taken
from —7 to 7, and hence, (6.10.16) assumes the form
1 T
Sn (z) = Py D, (6) f (x +6)d6. (6.10.17)
)7
We next use (6.10.14) to express the difference of s,, (z) and § [f (z+) + f (z—)]
in the form

5 (@) — 2 [f (@) + f (2]

2
0
_ % [ DLO)f @ +6)~ f(a))dd

b3 | DuO)1f @t 0) = f )0
which is, by (6.10.15),

10 . 1 I _ 1
=5 _ﬂg(@)sm(n—i—Z)Hdé‘—i—%/o g+(9)51n<n+2>9d9,
(6.10.18)



6.10 The Riemann—Lebesgue Lemma and Pointwise Convergence Theorem 205

where

A
s ®=(sn3) F@+0-fes).  (©1019)

Since the denominators of the functions g (f) vanish at § = 0, inte-
grals in (6.10.18) may diverge at this point. However, by assumption, f is
piecewise smooth, and hence,

oy 92 0 = o1,

0
f(x—i-@g—f(ﬂc) ) ( -29) — 2/ (x4).(6.10.20)
5 sin §

Evidently, the above limits exist, and g 4 () are piecewise continuous else-
where in the interval (—7, 7). Therefore, by the Riemann-Lebesgue Lemma
6.10.1, both integrals in (6.10.18) vanish as n — oo. Thus,

[f (a+) + f (z=)].

N |

lim s, (z) =

n—oo
This proves that the Fourier series converges for each = in (—m, ).

Remark 3. At a point of continuity the series converges to the function

f ().

Remark 4. At a point of discontinuity, the series is equal to the arithmetic
mean of the limits of the function on both sides of the discontinuity.

Remark 5. The condition of piecewise smoothness under which the Fourier
series converges pointwise is a sufficient condition. A large number of ex-
amples of applications is covered by this case. However, the pointwise con-
vergence Theorem 6.10.1 can be proved under weaker conditions.

Fxample 6.10.1. In Example 6.6.1, we obtained that the Fourier series ex-
pansion for (a: + .IQ) in [—m, 7], as shown in Figure 6.10.2, is

F@~ 5+ |5

2 e |:4
k=1

. 2
(—1)k coskx — z (—1)" sin kx} .

Since f (z) = x + 2 is piecewise smooth, the series converges, and hence,
we write

IR 0 ) EET TR |
3 k=1 k2 k

at points of continuity. At points of discontinuity, such as x = m, by virtue
of the Pointwise Convergence Theorem,
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AN

S(=+) ()

Figure 6.10.2 Graph of f (z).

[(77+7T2)+(—7T+7T2)] 2%2-1- 2

3 (=1)" cos kmr, (6.10.21)

DO =
ANk

1

since
f(r=)=n+n* and f(n4)=f(—7+)=—7+7°

Simplification of equation (6.10.21) gives

or

The series can be used to obtain the sum of reciprocals of squares of odd
positive integers, that is,
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or,

i 7r2 1 I 2
— (2n — 1 6 4) 8"
Conversely, this series can be used to find the sum of reciprocals of squares
of all positive integers.
Ezxample 6.10.2. Find the Fourier series of the following function
0, —-2<zx<0
fz) =

2—z, 0<x<2

This function is defined over the interval —2 < x < 2, where it is piecewise
smooth with a finite discontinuity at = 0. We use (6.9.7) and (6.9.8) to
calculate the Fourier coefficients

1 72
ao:f/ (2—2z)dz=1
2Jo
1 [? wkx 2 k
=g [ @ (T )ar= g -0 k=2

1 [? k 2
b, 2/()(2—w)sin<7r2x)dx:m, k=1,2,3,....

Consequently, the Fourier series (6.9.6) becomes

=t 2 [0 (i) 1 ()]

k=1

The function f (z) is continuous at x = 1 where f (1) = 1, so that the
Fourier series (6.10.22) gives

IS [ e () Lo ()]

Since the factor 1 — (—1)" = 0 for even n, and cos %* = 0 when n is
odd, every term of the cosine series vanishes for all n. Consequently,

l\DM—l

n

T =1 onmy - (-1
= ;gbm (7) _;m. (6.10.23)

On the other hand, f (z) is discontinuous at x = 0 and the Fourier series
must converge to 3 (0 + 2) = 1. Thus,
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2

001,7" )
72 z::n—l

n=1
or

e 2

™

=< 6.10.24
@1 8 ( )

n:l

6.11 Uniform Convergence, Differentiation, and
Integration

In the preceding section, we have proved the pointwise convergence of the
Fourier series for a piecewise smooth function. Here, we shall consider sev-
eral theorems without proof concerning uniform convergence, term-by-term
differentiation, and integration of Fourier series.

Theorem 6.11.1. (Uniform and Absolute Convergence Theorem)
Let f (z) be a continuous function with period 2w, and let f' (z) be piecewise
continuous in the interval [—m, «|. If, in addition, f (—m) = f (7), then the
Fourier series expansion for f(x) is uniformly and absolutely convergent.

In the preceding theorem, we have assumed that f(x) is continuous
and f’ (x) is piecewise continuous. With less stringent conditions on f, the
following theorem can be proved.

Theorem 6.11.2. Let f (x) be piecewise smooth in the interval [—m, w]. If
f(z) is periodic with period 2w, then the Fourier series for f converges
uniformly to f in every closed interval containing no discontinuity.

We note that the partial sums s, (x) of a Fourier series cannot approach
the function f (z) uniformly over any interval containing a point of discon-
tinuity of f. The behavior of the deviation of s, (z) from f (z) in such an
interval is known as the Gibbs phenomenon. For instance, in the Example
6.7.1, the Fourier series of the function is given by

o0 .

ézs @k—1)o (6.11.1)
T (2k-1)

From graphs of the partial sums s, (z) against the z-axis, as shown in
Figures 6.7.2 and 6.7.3, we find that s, () oscillate above and below the
value of f. It can be observed that, near the discontinuous points z = 0
and x = 7, s, deviate from the function rather significantly. Although
the magnitude of oscillation decreases at all points in the interval for large
n, very near the points of discontinuity the amplitude remains practically
independent of n as n increases. This illustrates the fact that the Fourier
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series of a function f does not converge uniformly on any interval which
contains a discontinuity.

Termwise differentiation of Fourier series is, in general, not permissible.
From Example 6.6.3, the Fourier series for f (x) = « is given by

sin 2x sin3x_”. (6.11.2)

x sinx 5 + 3 R

which converges for all x, whereas the series after formal term-by-term
differentiation,

1~ 2[cosz — cos2z +cos3z — .. .].

This series is not the Fourier series of f’ () = 1, since the Fourier series of
f'(z) = 1is the function 1. In fact, this series is not a Fourier series of any
piecewise continuous function defined in [—m, 7] as the coefficients do not
tend to zero which contradicts the Riemann—Lebesque lemma.

In fact, the series of f’(x) = 1 diverges for all x since the nth term,
cos nx does not tend to zero as n — oco. The difficulty arises from the fact
that the given function f(x) = x in [—7, 7] when extended periodically
is discontinuous at the points +m, + 37, .... We shall see below that the
continuity of the periodic function is one of the conditions that must be
met for the termwise differentiation of a Fourier series.

Theorem 6.11.3. (Differentiation Theorem) Let f (z) be a continuous
function in the interval [—m, 7] with f (—m) = f (7), and let f' (z) be piece-
wise smooth in that interval. Then Fourier series for f' can be obtained
by termwise differentiation of the series for f, and the differentiated series
converges pointwise to f' at points of continuity and to [f' (z) + f' (—x)] /2
at discontinuous points.

The termwise integration of Fourier series is possible under more general
conditions than termwise differentiation. We recall that in calculus, the
series of functions to be integrated must converge uniformly in order to
assure the convergence of a termwise integrated series. However, in the case
of Fourier series, this condition is not necessary.

Theorem 6.11.4. (Integration Theorem) Let f (x) be piecewise contin-
uwous in [—m, x|, and periodic with period 2w. Then the Fourier series of

f(x)
a .
50 + ,;,1 (ag cos kx + by sin kx) |

whether convergent or not, can be integrated term by term between any
limats.
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Ezample 6.11.1. In Example 6.7.2, we have found that f(z) = |sinz]| is
represented by the Fourier series

2 4 X cos (2kx)
i =—+— — — . 6.11.3
sin x 7r+7rz( T<r<m ( )

Since f (z) = [sin x| is continuous in the interval [—, 7] and f (—7) = f (7),
we differentiate the series term by term, obtaining

8 = ksin (2kx)
= —— _— 114
CoS & W; A= a2 (6.11.4)

by use of Theorem 6.11.3, since f’(z) is piecewise smooth in [—7,7]|. In
this way, we obtain the Fourier sine series expansion of the cosine function
n (—m, 7). Note that the reverse process is not permissible.

Ezample 6.11.2. Consider the function f (x) = z in the interval —7 < z <
7. As shown in Example 6.6.3, the Fourier series of f (z) =z is

sin 2x n sin 3x _
2 3 o

r=2 {sinx—

By Theorem 6.11.4, we can integrate the series term by term from a to x
to obtain

1, ., 9 cos2x  cos3x
5({5 —a):2|:—(cosx—22+33—)
cos2a  cos3a )}

+<COSG—22+33_

To determine the sum of the series of constants, we write
= cos kx
k 1
=0-2 (1" =
k=1

where C is a constant. Since the series on the right is the Fourier series
which converges uniformly, we can integrate the series term by term from
—m to 7 to obtain

s 2
/_W%dx:2

T fe%e] (_1)k+1 T
Cdm—zT/ cosk:xdx},

- k=1

or,

% =2(2rC).

Hence,
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7T2

C=—.
12
Therefore, by integrating the Fourier series of f(z) = z in (—7,7), we

obtain the Fourier series expansion for the function f (z) = 22 as

N 1)+ coskz | 4 2 (—1)* & 11
¢ = Efz;(f) 2 7§+ 2 2~ Coska. (6.11.5)
Obviously,
2 4(-1)"
%z% and akzi(]@)
Substituting these results into the Parseval relation (6.5.10) gives
27 1 1 /7 2
T 416y = Yde = Znt.
g * I; [ R /, rar=gT

This leads to another well-known numerical series

=1 4
Zﬁ =5 (6.11.6)
k=1

FEzxample 6.11.3. (Parseval’s relation for the cosine Fourier series) If
f (x) is continuous with continuous derivatives in 0 < z < 7 with f/ (0) =
0 = f' (), and its cosine Fourier series

1 o0
f (@) ~ 200+ ;ak cos kx (6.11.7)

converges uniformly in 0 < z < 7, and ¢ (x) is piecewise continuous on
[0, 7] with its Fourier cosine series given by

1 oo
~ = 1.
g (z) 2bo + ; by, cos kx, (6.11.8)

then the following Parseval relation holds

1

@i = fah s g Yan  19)

It follows from the assumptions that term-by-term integration holds. Thus,

| r@e@a= [0
_ ;ao/owg(x)dergak/oﬂg(z)coskxdx

(o)
™ ™
4ao o + 2371% k

2

1 o0
—ap + Z aj Cos kx] g(x)dzx
k=1
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This gives the desired relation (6.11.9). An argument similar to this example
yields the Parseval relation for the Fourier sine series in 0 <z <7

1 s 1 oo
2 r@e@ =53 b (6.11.10)
TJo 2

where b and (3 are the Fourier coefficients involved in the Fourier sine
series of f (z) and g () respectively with f/(0) =0 = f' (n).

6.12 Double Fourier Series

The theory of Fourier series expansions for functions of two variables is
analogous to that of Fourier series expansions for functions of one variable.
Here we shall present a short description of double Fourier series.

We have seen earlier that, if f (x) is piecewise continuous and periodic
with period 27, then the Fourier series

f(x) ~ % + Z (@, cosmx + by, sinma) ,

m=1

converges in the mean to f (x). If f is continuously differentiable, then its
Fourier series converges uniformly.

For the sake of simplicity and convenience, let us consider the func-
tion f (z,y) which is continuously differentiable (a stronger condition than
necessary). Let f (x,y) be periodic with period 27, that is,

f($+271',y) Zf(m,y+27r)=f(l‘,y)-

Then, if we hold y fixed, we can expand f (z,y) in a uniformly convergent
Fourier series

flzy) = a02(y) + Z [am (y) cosmx + by, (y) sinmax]  (6.12.1)

m=1

in which the coefficients are functions of y, namely,

1 s

am (y) = - f (x,y) cosma dz,
1 ™

b (y) = - f (z,y) sinmaz dz.

—T

These coefficients are continuously differentiable in y, and therefore, we can
expand them in uniformly convergent series
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A

o0
0 .
am (y) = 9 + Z (Amn COSNY + by sinny) ,
n=1

(6.12.2)
b (y) = 67;0 + Z (Crmn cOSNY + dppp sinny)
n=1
where
1 ™ ™
mn = —3 f (x,y) cosma cos ny dz dy,
1 s s )
bnn = = f (z,y) cos mx sin ny dz dy,
™ —Tr —T
(6.12.3)

1 K T
Crn = —2/ f (z,y) sin ma cos ny dx dy,
™ —mJ—7
1 s ™ . .
= —2/ f (z,y) sinmz sin ny dx dy.
T —mJ -7
Substitution of a,, and by, into equation (6.12.1) yields

1 o0
f(zy) = % + 3 Z (agn cos ny + bo, sin ny)

n=1

1 o
+§ Z (amo COs M + ¢y Sin M)

m=1
oo oo
-+ Z Z (amn cos mx cos Ny + by, COSMT SinNY
1
+ Cmn Sinmx cos nyY + dpyy, sinma sinny) . (6.12.4)
This is called the double Fourier series for f (x,y).

(a) When f(—z,y) = f(x,y) and f (z,—y) = f (z,y), all the coefficients
vanish except a,,,, and the double Fourier series reduces to

oo oo

flz,y) = Z Z Upmn, COS T COS NY, (6.12.5)

m=1n=1

where
4 s s
amn:—Q/ / f (z,y) cosmax cosny dz dy.
™ Jo Jo

(b) When f(—z,y) = f (z,y) and f (z,~y) = —f (z,y), we have
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1 oo ) oo oo .
f(z,y) = ) D bonsinny + Y > by cosmasinny, (6.12.6)

n=1 m=1n=1

where

4 ™ ™
Dynm, = 72/ / f (z,y) cos mx sinny dz dy.
™ Jo Jo

(¢) When f(—z,y) = —f(x,y) and f (z,—y) = f (x,y), we have

1 oo oo oo
fz,y) = 3 Z Cmo sinma + Z Z Cmn, SID M cos ny, (6.12.7)
m=1 m=1n=1

where

4 T s
Conn, = 72/ / f (z,y) sinmaz cosny dz dy.
™ Jo Jo

(d) When f (*x,y) = 7f (I,y) and f (‘rv 7y) = 7f (‘Tay)v we have

flz,y) = Z Z Ay sin ma sin ny, (6.12.8)

m=1n=1

where
4 s s
Ay, = 72/ f (z,y) sin ma sin ny dx dy.
™ Jo Jo

Ezample 6.12.1. Expand the function f (x,y) = zy into double Fourier se-
ries in the interval -7 <z <7, T <y < 7.

Since f <_x’y) =-—xy=—f (x,y) and f (.’L‘, _y) =-—zy=—f (m,y), we

find
4 T s 4
Amn = —2/ / zy sinmaz sinny dr dy = (,1)(m+n) () '
™ Jo Jo mn

Thus, the double Fourier series for fin — 7 <z <7, 7 <y<7is

oo

o0 . .
4 _qymtn Sinma sinny
floy)=4) ) ()" ———=

m=1n=1

6.13 Fourier Integrals

In earlier sections of this chapter, we have described Fourier series for func-
tions which are periodic with period 27 in the interval (—oo, 00). However,
functions which are not periodic cannot be represented by Fourier series.
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In many problems of physical interest, it is desirable to develop an integral
representation for such a function that is analogous to a Fourier series.

We have seen in Section 6.9 that the Fourier series for f(z) in the
interval [—, 1] is represented by

+Z[akcos< )+bksm<k7;x>}, (6.13.1)

where

=7 / ft cos( )dt k=0,1,2,..., (6.13.2)
= 7/ f(t)sin (klﬁt) dt, k=1,2,3,.... (6.13.3)
-1

Substituting (6.13.2) and (6.13.3) into (6.13.1), we have
1/ 1 & ! kmt kmx
- — dt + = LKL AL I
f(z) 2l/4f(t) t—i—l;[/lf(t)cos(l) cos(l) t]
!
+ [ () sin (klﬂ> - sin (T) dt]

/f dt+lZ/ f(t cos{ (t—x)]dt. (6.13.4)

Suppose that f (z) is absolutely integrable, that is,

/fo f ()] de
<y [ ol

which approaches zero as [ — oo. Thus, holding = fixed, as | approaches
infinity, equation (6.13.4) becomes

_zlirﬁlolz/ f(t)cos {l(t—x)} dt.

converges. Then,

Now let

kmw T
A = —/, 6()[:(04164_170%):7

l
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Then, the function f (z) can be written as

o0

fz)= llim F (o) da,

k=1

where
1 l
Fla) = ;[lf(t)COb[a(t—x)]dt.

If we plot F («) against «, we can clearly see that the sum

i F (o) o

k=1

is an approximation to the area under the curve y = F (a) (see Figure
6.13.1). As I — oo and da — 0 the infinite sum formally approaches the
definite integral. We therefore have

Flz) = /0 b Ijr [ O; Ft)cosla(t—a)dt|da  (6.13.5)

which is the Fourier integral representation for the function f (z). Its con-
vergence to f () is suggested, but by no means established by the preceding
arguments. We shall now prove that this representation is indeed valid if
f (z) satisfies certain conditions.

F(a)

|
|
|
|
|
! a
124
|
|

I
I
I
I
I
0 I
I
I

0 a; ay a3 ay a

Figure 6.13.1 Area under the curve F'(a).
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Lemma 6.13.1. If f is piecewise smooth in the interval [0,b], then for
b>0,

b .
lim / f () Smx)\xd;v: g F(0+).

A—00 0

Proof.

b . b . b
/ f(x) smx)\x dx = / f(04) de —l—/ M sin Az dx
0 0

:f(0+)/ ﬂdt /f )bln)\xdaj.

Since f is piecewise smooth, the integrand of the last integral is bounded
as A — oo, and thus, by the Riemann-Lebesgue lemma 6.10.1, the last
integral tends to zero as A — oco. Hence,

b .
lim / () Sm:\xdxz g F(0+), (6.13.6)

A—o0 0
t
/ sin gt —

Theorem 6.13.1. (Fourier Integral Theorem) If f is piecewise smooth
in every finite interval, and absolutely integrable on (—oo,0), then

since

;/OOO [/_D:of(t)cosk(t—x)dt} dk;:%[f(x—i—)—i—f(x—)].

Proof. Noting that |cosk (¢ — x)| < 1 and that by hypothesis

/_O:Of(t)dt<oo,

we see that the integral

/Oof(t)cosk(t—x)dt

converges independently of k and z. It therefore follows that in the double

integral
A 00
1:/ U F(t)cosk (t — z) dt| dk,
0 —00

the order of integration may be interchanged. We then have
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/ V cosk(t—m)dk] dt
Lot
L

If we substitute u =t — x, we have

/f SmA ))dt /OM_If(qux)(Sinu)‘“)du

which is equal to 7 f (a:+) /2 in the limit A — oo, by Lemma 6.13.1. Simi-
larly, the second integral tends to 7 f (z—) /2 when A — oco. If we make M
sufficiently large, the absolute values of the first and the last integrals are
each less than £/2. Consequently, as A — oo

/O°° [/Zf(t) cosk (t - z) dt} dk = g [f (z4) + f (z—)]. (6.13.7)

sm/\ (t — )

——=dt.
(t—x)

If f is continuous at the point z, then

flat) =flz—)=[(z)
so that integral (6.13.7) reduces to the Fourier integral representation for

f as
fx)= 71r/000 {/C: f () cosk (t —x) dt} dk. (6.13.8)

We may express the Fourier integral representation (6.13.8) in complex
form. In this case, we substitute

1 . .
cosk(t—xz) =cosk(x—1t)= 3 {elk(m_t) + e_lk(z_t)}

into equation (6.13.8) and write it as the sum of two integrals

= / / f ) e*@=Dat dk + — //f e~ * =N gt d.
Y3

Changing the integration variable from k£ to —k in the second integral, we

obtain

flo) =5 UO /_Oof )ei’f(w—ﬂdtdk—/O_Oo/_o;f(t)e“f@—t)dtdk}
iﬁ [ /0 - /_ Z I () e* @D ardk + /_ OOO /_ o; ft) eik(’”‘”dtdk}

SN

t) e* @Dt dk. (6.13.9)

M‘b—l [\
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Or, equivalently,

0= [ [ [ s

1 [ .
= F (k) e™*®dk, 6.13.10
Nr A (k) ( )

where

F(k e Ff () dt (6.13.11)

=L

Either (6.13.9) or (6.13.10) with coefficient F' (k) is called the complex form
of the Fourier integral representation for f (x).

Now we assume that f (z) is either an even or an odd function. Any
function that is not even or odd can be expressed as a sum of two such
functions. Expanding the cosine function in (6.13.8), we obtain the Fourier
cosine formula

2 o0 o0
f(z)=f(-z)= 7/0 cos kx dk/0 coskt f (t)dt. (6.13.12)

™

Similarly, for an odd function, we obtain the Fourier sine formula

2 [ <.
fl@)==f(-x) = —/0 sin kx dk/o sinkt f (t)dt. (6.13.13)

™

FEzample 6.13.1. The rectangular pulse can be expressed as a sum of Heav-
iside functions

flx)=H(x+1)—H(z-1).

Find its Fourier integral representation.
From (6.13.5) we find

f(x) 71T/0<>0 [/llcos[k(tx)]dt]dk

fe%e] 1 1
l / [cos kx / cos ktdt + sinkx / sin kt dt} dk
™ Jo -1 -1

Il
R
S—
3
A/~
2
> =
-~
~__
I
o
wn
o
&
W
=l

Ezxample 6.13.2. Find the Fourier cosine integral representation of the func-
tion
1, 0<z <1,

flx) =

0, x> 1.
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We have, from (6.13.12),

2 [ ! 2 [ (sink
f(z) = 7/ coskmdk/ cosktdt = f/ (sm )cosk:xdk,
™ Jo 0 ™ Jo k

6.14 Exercises

1. Find the Fourier series of the following functions:

T —nrT<z<0
(a) f(x) = h is a constant
h O<z<m,
1 —rT<z<0
(b) f(x) =
z? O<x<m,

() f(x)=z+sinz —-r<z<m,
(d) fz)=1+a —r<z<m,
(e) f(z) =e® —r<z<m,
) f@)=14+z+22 —T<z<T

2. Determine the Fourier sine series of the following functions:

(a) f(z)=mm—2 0<x<m,
1 O<z<m/2
(b) f(x) =
2 T/2 <z <,
() f(z) =a? 0<z<m,
(d) f (z) = cosz 0<z<m,
(e) f(x) =2® 0<z<m,

) f(z)=¢€" O<x<m.
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3. Obtain the Fourier cosine series representation for the following func-

tions:

(@) fz) =7 +x 0<z<m,
(b) f(z) == 0<z<m,
(c) f(z) =2a? 0<z<m,
(d) f (z) = sin 3z O<z<m,
(e) f(z) =e" 0<z<m,
(f) f (z) = cosha O<z<m.

4. Expand the following functions in a Fourier series:

(a) f(x) =2 +x -l<az<1,

1 0<z<3
(b) f(z) =

0 3 <z <6,
(¢) f(z) =sin(7x/l) 0<x <,
(d) f(x) =23 —2<x <2,
(e) fz)=e"" 0<z<l,
(f) f(x) =sinhz -l<z<l1.

5. Expand the following functions in a complex Fourier series:

(a) f(z) =e*® - <z<m,
(b) f (x) = coshz —m <z <,
1 —T<x<0

(¢) f(x) =
cosx O<x<m,
d) f(x)== -l<z<1,
(e) f(z) =22 —T<z<m,

(f) f(x) = sinh (7z/2) —2<x <2
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6. (a) Find the Fourier series expansion of the function

0, —m<z<0

fle) =

z/2, 0<z<m.
(b) With the use of the Fourier series of f (z) in 6(a), show that

w2 1 1 1
— =1+ “1‘5*2“!‘5

3 32 + ..

7. (a) Determine the Fourier series of the function
f(z) =22, —l<z <l
(b) With the use of the Fourier series of f (z) in 7(a), show that

2 _1 1 n 1 1 n
12 2232 420 T
8. Determine the Fourier series expansion of each of the following functions
by performing the differentiation of the appropriate Fourier series:

(a) sin®z 0<z<m,
(b) cos®x 0<z<m,
(c) sinx cosx 0<z<m,
(d) cosz + cos 2z 0<z<m,
(e) cosx + cos2x O<z<m.

9. Find the functions represented by the new series which are obtained by
termwise integration of the following series from 0 to x:

(a) Z(_ll):ﬂ sinkz = z/2 —T<azx<m,
k=1
) 1 —T<z<0
3, 1N 1=(=DF —
(b) 2+WZ —— sinkx =
k=1 2 O<z<m,
(c) Z (_1)k+1 s — In (2 cos £) —-T<x<m,
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oo
@ st staces 0<s<om
k=1
00 ( ) -1 —nrT<x<0
4 in(2k—1)x
(e (7) Zblrch—l) ==
k=1 1 O<zx<m.

10. Determine the double Fourier series of the following functions:

(a) f(z,y)=1 O<zxz<m O<y<m,
(b) f (z,y) = zy° O<z<m O<y<m,
(c) f(z,y) = 22y? O<z<m 0<y<m,
(d) f(z,y) =2 +y —rT<x<T - <y<m,
(e) f(z,y) =xsiny —T<r<T —T<y<m,
(f) f(z,y) =e*t¥ —r<z<m r<y<m,
(8) f(z,y) =2y 0<z<l1 0<y<?2,
(h) f(z,y) =1 O<zr<a 0<y<b,
(i) f(z,y) =z cosy -l<z<l1 —2<y<2,
() f(z,y) = 2y® —T<x<T T <y<m,
(k) f(z,y) = 2%y << —T<y<T.

11. Deduce the general double Fourier series expansion formula for the func-
tion f (x,y) in the rectangle —a < z < a, —b <y < b.

12. Prove the Weierstrass Approximation Theorem: If f is a continuous
function on the interval —7 < z < 7 and if f(—7) = f («), then, for
any € > 0, there exists a trigonometric polynomial

T (v) = % + Z (ay, cos kx + by, sin kx)
=1

such that
|f(2) =T (z)] <e

for all  in [—m,7].
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13. Use the Fourier cosine or sine integral formula to show that

14.

15.

16.

17.

18.

o0
(a) e=07 = 2/ %Wcosﬂxdﬁ, x>0, a >0,
0

s

(b) e““zg/ %@sinﬁxdﬂ, x>0, a > 0.
0

T

Show that the Fourier integral representation of the function

2, 0<z<a

0, z>a

2 [ 2 2 k
f(x) = ;/0 [(aZ - k:2) sin ak + ?a cosak:} COZ T dk.

Apply the Parseval relation (6.5.10) to Example 6.7.3 or Example 6.7.4
to show that

is

4

o0 o0 1
g n—l 79LG and 2—4:1

(a) Obtain the Fourier series for the 2m-periodic odd function f (z) =
x (m —x) on [0, ].
b) Use the Parseval relation (6.5.10) to show that
Y=g amd Y=o
(2 ) 960 —n 945

If the 2m-periodic even function is given by f (z) = |z| for -7 <z < 7,
show that

os 2n—1

4
™ 2n—1

Mg

_T_
2 n=1

Consider the sawtooth function defined by f () =7 —z, 0 < x < 2,
and f (z+2nm) = f (x) with f(0) =

(a) Show that the Fourier series for this function is
oo
2
= — g k
Z 7 sinkz,
k=0

and f has a jump discontinuity at the origin with



19.

20.
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JOH) =35 JO-)=-F, ad f(0+)-f0-)=m.

(b) Show that |0y o (2) — ™ :/ Smed&— T
0<z<Z™ 2 o 0 2

(c) The result (b) is a manifestation of the Gibbs phenomenon, that
is, near a jump discontinuity, the Fourier series of f overshoots (or
undershoots) it by approximately 9% of the jump.

(d) If dy, () = sp (x) — f(2) in 0 < z < 27, show that
d), (z) = 27 D,, (z),
where D, (x) is given by (6.10.15).
(e) Using D,, (z) = Z e’*  show that the first critical point of d,, ()

k=—n

to the right of the origin occurs at z,, = 7/ (n + %), and that

lim dy, (z,) = 2/ sind
0

n—o0 0

(f) Draw the graph of the fortieth partial sum

40

2sink
sa0 (z) = Z 512 x7 —27 <z < 2m,
k=1

and then examine the Gibbs phenomenon for the function f ().

Consider the characteristic function of the interval [a,b] C [—m, 7] de-
fined by

1, a<z<b

(%) = Xap (z) =

0, otherwise.

Show that the Fourier series in a < x < b is given by

1 exp (—ika) — exp (—ikdb) 1.
f(g[:)w27T(b—a)+§0 ik etk

(a) Obtain the Fourier series of f (z) =z (7 —x), 0 <z <.

(b) Derive the following the numerical series

1 1 1. 7

305 712
1 1 1 1 1 3v2r?
14+ = - = — = + — + — .= \fﬁ.

33 5 7393 113 128
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21. (a) Show that the Fourier series of the triangular function with vertices
at (0,0), (w/2,1) and (7, 0) defined by

2 0<z<

U

ol

fla) =

2(m—z), 7/2<z<T
is

8 (sinx sindxz sinbx sinTz
f(x) B 2 + = = +...0.
(b) Show that
2

> ™
zz: m—1° 8

22. Obtain the Fourier sine series and the Fourier cosine series of the fol-
lowing functions:

(a) f(x)=1, 0<z<a,
(b) f(x) ==, 0<z<a,
(c) f(z) =22, 0<z<a.

23. Find the full Fourier series of the following functions
(a) f(x)=u=, 0<z<a,
—1—-z -1<z<0,
+1—z, O0<zx<l.
0, 0<x<m,
1, m <x < 2m.
24. Obtain the Fourier cosine series for the function
cosz, 0 <z <7,

0, <z <

vol3
3

25. Show that %Z%eim is the complex Fourier series of the 27-periodic
n#0
sawtooth function defined by f (0) = 0, and
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—i(r+z), —T<z<0,

fla) =

i(r—z), O<z<m.

26. Suppose f (z) and g (x) have the following Fourier series expansion in
—r<x<m:

1 > _
f(x) ~ §ao + Z (ar cos kx + by sin kzx) |

k=1
1 > _
g(z) ~ 50 + ’; (ay cos kx + By sinkx)

where f (2) and g (z) together with their first two derivatives are con-
tinuous on —v < x < 7, and f(—7w) = f(m), f'(—7) = f'(n),
g(=m) =g (m), ¢’ (=m) =g (x) hold.

Prove that the following general Parseval relation holds:

1

- f(x)g(z)dr = %aoao + kz::l (aroy + brOk) -

When f (z) = g (z), then the Parseval relation (6.5.10) is a special case
of the above result.

27. Obtain the Fourier integral representation for the following functions:
1, |z|<a
(a) f(z)=H(a—|z|) =
0, |z| > a,
sinz, |z|<w
(b) f(z)=
0, |z|>m.
28. If f(z), = € R, is defined by
-1, —a<x <0,
flx)y=¢+1, 0<x<a,

0, otherwise,

show that f (x) has the Fourier sine integral representation

flz)= %/0 %(1 — cos ka) sin kx dk.
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29. If f(x) =e™®, 0<uz<oo, show that

(a) the Fourier sine integral representation is

2 [ ksinkx
r@=2 T

(b) the Fourier cosine integral representation is

2 [ coskx

30. If f (x) is defined by

show that
(a) the Fourier integral representation of f (x) is

1 [ S i
/ (coskx + ksinkz) k.,
0

f@=z (1+4?)

™

(b) the Fourier cosine integral representation of f (z) is

1 [ (1—ik\ g,
f(x)—%/oo<l+k2>e dk.

31. (a) Obtain both the complex Fourier series and the usual Fourier series
of f(x) = exp[z (1 + 2mi)] on the interval [—1,1].

(b) Find the sum of each of the series

L Y
R 1 e
1+ m2k?) — (14 7%k?)

NE

(

32. Use Example 6.7.2 to calculate the value of the following series:

>
Il
—

1 (D"
(a) ; k2 —1)’ (b) ; k2 — 1)
oo 1 o0
©) ,;1 (4k2 — 1)% and (&) (42— 1)

33. Show that the complex Fourier series of f () = x is given by

— 0 k

=1 k=-1

8
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34. (a) Show that the Fourier series for f (z) is defined by

sin2z, 0<z <3

is
1 1 . 2\ <~ cosdkz
(b) Show that

> 1

1 2

(¢) Find the sum of the infinite series

sin (4z)  sin(2.4z) = sin(3.4x)

., 0z <
123 3.45 5.6.7 P EEET
35. (a) Obtain the complex Fourier series of
f (z) = cos (ax), —r<z<m,

where a is real but not an integer.
(b) Hence, show that

I 2z
weotmr = — —; (k2

(c) Derive the product formula

smm—mH <1—>.

n=1

8

(d) Show that

ity w6969 ()

36. Obtain the Fourier series of the following functions:
(a) f(z)=e", O0<az<2m f(z+21)=f(2)

+1, << -%

5, 0<z <3,

(b) f(x)=< -1, =5 <x<0, §T<z<m,

0, =0 n=0,+1,4+2,...

229
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and draw the graph of this function.
(c) f(z)==—[z],

where [z] is the greatest integer not exceeding z.

37. Find the Fourier series for each of the functions f (z) in — <z <[ and
f (z) is defined outside this interval so that f (z + 21) = f (x) for all z:

0, -l<z<0, —z, =l <zx<0,
(a) f(z)= (b) f(z)=

I, O<x<l. r, 0<zxz<l

4z, —l<zxz<0, 0, —l<zx<0,
(c) f(z) = (d) f(z)=

l—z, 0<x<l x2, 0<z<l.

Examine the Gibbs phenomenon at the points of discontinuity at x = 0
and z = [ for the function in (a).

38. Prove the following identities:

1 " _sin(n+%)x
(a) 5—'—’; coskr = ——=—.

: T
2s1n§

sin (n+ %){
2sin 3¢

) s =2 [ fe+) &,

where s, (z) is the nth partial sum of a Fourier series of f (z) in (—m, 7).
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Method of Separation of Variables

“However, the emphasis should be somewhat more on how to do the math-
ematics quickly and easily, and what formulas are true, rather than the
mathematicians’ interest in methods of rigorous proof.”

Richard Feynman

“As a science, mathematics has been adapted to the description of
natural phenomena, and the great practitioners in this field, such as von
Karman, Taylor and Lighthill, have never concerned themselves with the
logical foundations of mathematics, but have boldly taken a pragmatic view
of mathematics as an intellectual machine which works successfully. De-
scription has been verified by further observation, still more strikingly by
prediction, .... "7

George Temple

7.1 Introduction

The method of separation of variables combined with the principle of super-
position is widely used to solve initial boundary-value problems involving
linear partial differential equations. Usually, the dependent variable u (z,y)
is expressed in the separable form u (z,y) = X (2)Y (y), where X and Y
are functions of x and y respectively. In many cases, the partial differen-
tial equation reduces to two ordinary differential equations for X and Y.
A similar treatment can be applied to equations in three or more indepen-
dent variables. However, the question of separability of a partial differential
equation into two or more ordinary differential equations is by no means a
trivial one. In spite of this question, the method is widely used in finding
solutions of a large class of initial boundary-value problems. This method
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of solution is also known as the Fourier method (or the method of eigenfunc-
tion expansion). Thus, the procedure outlined above leads to the important
ideas of eigenvalues, eigenfunctions, and orthogonality, all of which are very
general and powerful for dealing with linear problems. The following exam-
ples illustrate the general nature of this method of solution.

7.2 Separation of Variables

In this section, we shall introduce one of the most common and elementary
methods, called the method of separation of variables, for solving initial
boundary-value problems. The class of problems for which this method
is applicable contains a wide range of problems of mathematical physics,
applied mathematics, and engineering science.

We now describe the method of separation of variables and examine
the conditions of applicability of the method to problems which involve
second-order partial differential equations in two independent variables.

We consider the second-order homogeneous partial differential equation

A Ugr g + b Ugryr + T Uyryr + A Upe + e Uy + ffu=0 (7.2.1)

where a*, b*, ¢*, d*, e* and f* are functions of z* and y*.
We have stated in Chapter 4 that by the transformation

r=x("y"), y=y@"y), (7.2.2)
where
0 (x,y)
7~ 70,
3y

we can always transform equation (7.2.1) into canonical form
a(x,y) Uge + (2, ) uyy +d (z,y) ug +e(x,y) uy + f (x,y) u=0,(7.2.3)
which when

(i) a = —c is hyperbolic,
(ii) a =0 or ¢ = 0 is parabolic,
(iii) a = ¢ is elliptic.

We assume a separable solution of (7.2.3) in the form
u(z,y) =X (2)Y (y) #0, (7.2.4)

where X and Y are, respectively, functions of x and of y alone, and are
twice continuously differentiable. Substituting equations (7.2.4) into equa-
tion (7.2.3), we obtain
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aX"Y +cXY" +dX'Y +eXY' + fXY =0, (7.2.5)

where the primes denote differentiation with respect to the appropriate
variables. Let there exist a function p (z,y), such that, if we divide equation
(7.2.5) by p(z,y), we obtain

ar () X"Y + b1 (y) XY" +ag (2) X'Y + be (y) XY’
+[as () + b3 ()] XY =0. (7.2.6)

Dividing equation (7.2.6) again by XY, we obtain

b X/ Y" Y’
[a1X+a2X+a3} = - {bly+b2y+b3:| : (7.2.7)

The left side of equation (7.2.7) is a function of z only. The right side
of equation (7.2.7) depends only upon y. Thus, we differentiate equation
(7.2.7) with respect to x to obtain

d X X'
—_— — — = 0. 2.
dr |:Cl1 X + as X + a3:| 0 (7 8)

Integration of equation (7.2.8) yields

" /

aly + agy + a3 = )\, (729)

where A is a separation constant. From equations (7.2.7) and (7.2.9), we
have

" !

bigr + b2§ + by = —A. (7.2.10)
We may rewrite equations (7.2.9) and (7.2.10) in the form
a1 X" 4+ a2 X'+ (a3 — \) X =0, (7.2.11)
and
biY" +bY' 4+ (b3 +N)Y = 0. (7.2.12)

Thus, u(z,y) is the solution of equation (7.2.3) if X (z) and Y (y) are
the solutions of the ordinary differential equations (7.2.11) and (7.2.12)
respectively.

If the coefficients in equation (7.2.1) are constant, then the reduction of
equation (7.2.1) to canonical form is no longer necessary. To illustrate this,
we consider the second-order equation

Atgy + Bugy + Cuyy + Duy + Euy + Fu = 0, (7.2.13)
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where A, B, C, D, E, and F are constants which are not all zero.
As before, we assume a separable solution in the form

u(z,y) = X (2)Y (y) #0.
Substituting this in equation (7.2.13), we obtain

AX"Y + BX'Y'+ CXY" + DX'Y + EXY'+ FXY = 0. (7.2.14)
Division of this equation by AXY yields

N B CYT DX BV E Ly
We differentiate this equation with respect to x to obtain

x"\" B (x\'Y DX

(Y BEVE DY Lo o
Thus, we have

D Y
YEGY t 5=y (7.2.17)
ANX

This equation is obviously separable, so that both sides must be equal to a
constant \. Therefore, we obtain

Y+ Y =0, (7.2.18)
X"\ (D B (X"
Integrating equation (7.2.19) with respect to x, we obtain

X D B /X'

where (3 is a constant to be determined. Substituting equation (7.2.18) into
the original equation (7.2.15), we obtain

i (PN B (e En BV O
X+<B NG+ (N -ZAae ) X =0

Comparing equations (7.2.20) and (7.2.21), we clearly find

E. F\C
_ 2 _ i
ﬁ()\ CA+C> .

(7.2.21)

Therefore, u (z,y) is a solution of equations (7.2.13) if X (z) and Y (y)
satisfy the ordinary differential equations (7.2.21) and (7.2.18) respectively.
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We have just described the conditions on the separability of a given
partial differential equation. Now, we shall take a look at the boundary
conditions involved. There are several types of boundary conditions. The
ones that appear most frequently in problems of applied mathematics and
mathematical physics include

(i) Dirichlet condition: u is prescribed on a boundary

(ii) Neumann condition: (Qu/dn) is prescribed on a boundary

(iii) Mixed condition: (Qu/dn) + hu is prescribed on a boundary, where
(Ou/0n) is the directional derivative of u along the outward normal to
the boundary, and h is a given continuous function on the boundary.
For details, see Chapter 9 on boundary-value problems.

Besides these three boundary conditions, also known as, the first, second,
and third boundary conditions, there are other conditions, such as the Robin
condition; one condition is prescribed on one portion of a boundary and
another is given on the remainder of the boundary. We shall consider a
variety of boundary conditions as we treat problems later.

To separate boundary conditions, such as the ones listed above, it is
best to choose a coordinate system suitable to a boundary. For instance,
we choose the Cartesian coordinate system (x,y) for a rectangular region
such that the boundary is described by the coordinate lines x = constant
and y = constant, and the polar coordinate system (r,8) for a circular
region so that the boundary is described by the lines r = constant and
6 = constant.

Another condition that must be imposed on the separability of boundary
conditions is that boundary conditions, say at = xzg, must contain the
derivatives of u with respect to x only, and their coefficients must depend
only on x. For example, the boundary condition

[u+ ] =0

=T

cannot be separated. Needless to say, a mixed condition, such as ug; + uy,
cannot be prescribed on an axis.

7.3 The Vibrating String Problem

As a first example, we shall consider the problem of a vibrating string of
constant tension T* and density p with ¢ = T*/p stretched along the a-
axis from 0 to [, fixed at its end points. We have seen in Chapter 5 that the
problem is given by

Ut — gy = 0, 0<x<l, t>0, (7.3.1)
u(z,0) = f(z), 0<2 <, (7.3.2)

ut (x,0) = g (x), 0<z<lI, (7.3.3)
w(0,t) =0, >0, (7.3.4)
w(l,t) =0 t>0, (7.3.5)
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where f and g are the initial displacement and initial velocity respectively.
By the method of separation of variables, we assume a solution in the
form

u(z,t) =X ()T (t) #0. (7.3.6)
If we substitute equation (7.3.6) into equation (7.3.1), we obtain
XT/I — CQX//T
and hence,

X// 1 T//
X &1

(7.3.7)

whenever XT # 0. Since the left side of equation (7.3.7) is independent of
t and the right side is independent of x, we must have

X// 1 T//
_— e — = )\
X 2T ’
where A is a separation constant. Thus,
X" XX =0, (7.3.8)
T" = \PT = 0. (7.3.9)

We now separate the boundary conditions. From equations (7.3.4) and
(7.3.6), we obtain

u(0,t) =X (0)T (t) =0.
We know that T (t) # 0 for all values of ¢, therefore,
X (0)=0. (7.3.10)
In a similar manner, boundary condition (7.3.5) implies
X(l)=0. (7.3.11)

To determine X (z) we first solve the eigenvalue problem (eigenvalue
problems are also treated in Chapter 8)

X"-AX =0, X(0)=0  X(I)=0. (7.3.12)

We look for values of A which gives us nontrivial solutions. We consider
three possible cases

A> 0, A=0, A <O.

Case 1. A > 0. The general solution in this case is of the form
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X (z) = Ae~VA® 4 BeVie

where A and B are arbitrary constants. To satisfy the boundary conditions,
we must have

A+B=0, Ae VA 4peV=o. (7.3.13)

We see that the determinant of the system (7.3.13) is different from zero.

Consequently, A and B must both be zero, and hence, the general solution

X () is identically zero. The solution is trivial and hence, is no interest.
Case 2. A = 0. Here, the general solution is

X (z) = A+ Buz.
Applying the boundary conditions, we have
A=0, A+ Bl=0.

Hence A = B = 0. The solution is thus identically zero.
Case 3. A < 0. In this case, the general solution assumes the form

X (x) =AcosvV—-Az+ Bsinv—-Az.

From the condition X (0) = 0, we obtain A = 0. The condition X (I) =0
gives

Bsinv/—Al = 0.
If B = 0, the solution is trivial. For nontrivial solutions, B # 0, hence,
sinv—\l = 0.
This equation is satisfied when
V=XAl=nr for n=1,2,3,...,
or
—An = (nw/D)2. (7.3.14)

For this infinite set of discrete values of A, the problem has a nontrivial
solution. These values of \,, are called the eigenvalues of the problem, and
the functions

sin (nm /1) z, n=123,...

are the corresponding eigenfunctions.
We note that it is not necessary to consider negative values of n since

sin (—n) mx/l = —sinnrzx/l.
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No new solution is obtained in this way.
The solutions of problems (7.3.12) are, therefore,

X, (x) = By sin (nmax /). (7.3.15)

For A = \,, the general solution of equation (7.3.9) may be written in
the form

T, (t) = Cy cos (nl )t+D sin (nZC) t, (7.3.16)

where C,, and D,, are arbitrary constants.
Thus, the functions

up (z,t) = X, (2) T, (t) = (an cos ?t + by, sin ?t) sin (nlﬂ) (7.3.17)

satisfy equation (7.3.1) and the boundary conditions (7.3.4) and (7.3.5),
where a,, = B, C,, and b, = B, D,,.

Since equation (7.3.1) is linear and homogeneous, by the superposition
principle, the infinite series

nmwx

i (an cos St 4bysin ”?Ct) sin <T> (7.3.18)

is also a solution, provided it converges and is twice continuously differ-
entiable with respect to x and ¢. Since each term of the series satisfies
the boundary conditions (7.3.4) and (7.3.5), the series satisfies these condi-
tions. There remain two more initial conditions to be satisfied. From these
conditions, we shall determine the constants a,, and b,.

First we differentiate the series (7.3.18) with respect to t. We have

Up = i ? (—an sin ?t —+ b, cos ?t) sin (@) . (7.3.19)

n=1

Then applying the initial conditions (7.3.2) and (7.3.3), we obtain

u (z,0) Z ap sin (mrx) (7.3.20)

ut (2,0) i by (mc) sin (?) . (7.3.21)

These equations will be satisfied if f (z) and g (z) can be represented by
Fourier sine series. The coefficients are given by

2 t . /nmx
an = / f(z sm ) dz, b, = — ; g (x)sin ( ;i ) dz,
(7.3.22ab)
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The solution of the vibrating string problem is therefore given by the series
(7.3.18) where the coeflicients a,, and b,, are determined by the formulae
(7.3.22ab).

We examine the physical significance of the solution (7.3.17) in the
context of the free vibration of a string of length [. The eigenfunctions

U (z,t) = (apn coswpt + by, sinwy,t) sin (nlﬂ) . Wp = ?, (7.3.23)
are called the nth normal modes of vibration or the nth harmonic, and
Wn represent the discrete spectrum of circular (or radian) frequencies or
vy, = 5% = %7, which are called the angular frequencies. The first harmonic
(n= 1) is called the fundamental harmonic and all other harmonics (n > 1)
are called overtones. The frequency of the fundamental mode is given by

C T*
= — 1/ .3.24
w1 l ) v = 2l (7 3 )

Result (7.3.24) is considered the fundamental law (or Mersenne law) of
a stringed musical instrument. The angular frequency of the fundamental
mode of transverse vibration of a string varies as the square root of the
tension, inversely as length, and inversely as the square root of the density.
The period of the fundamental mode is T} = 2¢ = 2 which is called the
fundamental period. Finally, the solution (7.3. 181) debcrlbes the motion of a
plucked string as a superposition of all normal modes of vibration with fre-
quencies which are all integral multiples (w,, = nw; or v, =nv) of the
fundamental frequency. This is the main reason that stringed instruments
produce sweeter musical sounds (or tones) than drum instruments.

In order to describe waves produced in the plucked string with zero
initial velocity (u: (x,0) = 0), we write the solution (7.3.23) in the form

Up (2,t) = ay sin (?) cos (m;ct) , n=1,23,.... (7.3.25)

These solutions are called standing waves with amplitude a, sin (@),
which vanishes at

[ 2
z=0, —, —,...,L
n’ n
These are called the nodes of the nth harmonic. The string displays n loops
separated by the nodes as shown in Figure 7.3.1.
It follows from elementary trigonometry that (7.3.25) takes the form

1 . nw
Up (z,t) = —an [srn—

2 l
This shows that a standing wave is expressed as a sum of two progressive
waves of equal amplitude traveling in opposite directions. This result is in
agreement with the d’Alembert solution.

(x — ct) + sin ? (x + ct)} . (7.3.26)
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n=2

Figure 7.3.1 Several modes of vibration in a string.

Finally, we can rewrite the solution (7.3.23) of the nth normal modes in
the form

t
Uy (z,t) = ¢, 8in (@) cos <mrc - 5n> ) (7.3.27)

1

where ¢, = (a% + bi) ? and tan €, = (b— .

an
This solution represents transverse vibrations of the string at any point

x and at any time ¢ with amplitude ¢, sin (%) and circular frequency

wp = #7¢. This form of the solution enables us to calculate the kinetic and
potential energies of the transverse vibrations. The total kinetic energy

(K.E.) is obtained by integrating with respect to = from 0 to [, that is,

b1 Oun, 2

where p is the line density of the string. Similarly, the total potential energy
(P.E.) is given by

L ou, \ 2
= PE. =-T* —) de. 3.2
v, > /0 ((%) v (7.3.29)

Substituting (7.3.27) in (7.3.28) and (7.3.29) gives

K, = %p (?C,L)Zsin2 <n7;ct - £n> /Ol sin? (Zﬂ) dx

2,2 + 1
= pc4l7T (n cn)Q sin? (TMTZC — En) = Z'Olwr%c?z sin2 (wnt — 1), (7.3.30)

where w,, = "’lm.
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Similarly,
!
Vi = Lo (—mrcn)Q cos? 2Tt _ En / cos? (me) dx
2 l l 0 l
2T nmct

= (n¢y)? cos? < T sn) plw 2 cos? (wnt — €,,) . (7.3.31)
Thus, the total energy of the nth normal mode of vibrations is given by
1
E,=K,+V,= Zpl (wncn)2 = constant. (7.3.32)

For a given string oscillating in a normal mode, the total energy is pro-
portional to the square of the circular frequency and to the square of the
amplitude.

Finally, the total energy of the system is given by

E= i E, = 4pl an A, (7.3.33)
n=1

which is constant because F,, = constant.

Example 7.53.1. The Plucked String of length [

As a special case of the problem just treated, consider a stretched string
fixed at both ends. Suppose the string is raised to a height h at x = a
and then released. The string will oscillate freely. The initial conditions, as
shown in Figure 7.3.2, may be written

hz/a, 0<z<a

u(z,0) = f(z) =
hl—z)/(l—a), a<z<IL

Since g (z) = 0, the coefficients b,, are identically equal to zero. The coeffi-
cients a,, according to equation (7.3.22a), are given by

an = ?/Olf(ac)sin(mlm) dx

2 ("hx . /nmx 2 ("h(l—2) . /nmx
2 [ (e [ M (55

Integration and simplification yields

. 2hi2 1 “in (mm)
n=—5—— in(—).
m2a (1 —a) n? l

Thus, the displacement of the plucked string is

oo

u(z,t) = 272_ ) Z ni i (mra) sin (mlrx) cos (?) t.

n=1



242 7 Method of Separation of Variables

=Y

|

|

|

|

|

|

]
0 a /
Figure 7.3.2 Plucked String

Ezample 7.3.2. The struck string of length [
Here, we consider the string with no initial displacement. Let the string
be struck at £ = a so that the initial velocity is given by

L, 0<z<a
ug (x,0) = .
v(l—x)/(l—a), a<z<l

Since u (z,0) = 0, we have a,, = 0. By applying equation (7.3.22b), we find
that

2 (v . (nmx 2 [t -z . /nmx
bn nwe J, axsm( l )dm+mrc/avo(lfa)sm( l )da:

721}013 i sin <m>
mca (l —a) n3 1/

Hence, the displacement of the struck string is

u(x,t) = 7% i % sin (@) sin (?) cos (?) t.

n=
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7.4 Existence and Uniqueness of Solution of the
Vibrating String Problem

In the preceding section we found that the initial boundary-value problem
(7.3.1)—(7.3.5) has a formal solution given by (7.3.18). We shall now show
that the expression (7.3.18) is the solution of the problem under certain
conditions.

First we see that

t) = 2 @y, COS (? t) sin (@) (74.1)
is the formal solution of the problem (7.3.1)—(7.3.5) with g () =0, and
> nmwe nue
t) = ; by, sin (T t) sin (T) (7.4.2)

is the formal solution of the above problem with f () = 0. By linearity of
the problem, the solution (7.3.18) may be considered as the sum of the two
formal solutions (7.4.1) and (7.4.2).

We first assume that f (z) and f’ (z) are continuous on [0,!], and f (0) =
f (1) = 0. Then by Theorem 6.10.1, the series for the function f (x) given
by (7.3.20) converges absolutely and uniformly on the interval [0, ].

Using the trigonometric identity

. nmx
S T COS

u (x,t) may be written as

-3 0+ 53 o (o)
a Sln :C—C - Qp SIN — (T cl).
—= 247"

nmce 1 . nm 1 . nm
(Tt) = 5 sin— (x —ct) + 5 sin— (x +ct), (7.4.3)

l\D\H

Define
= . (nTT
r) = n§:1 ap sin (T) (7.4.4)

and assume that F (z) is the odd periodic extension of f (x), that is,

Fr)=f(z) 0<z<l
F(—z)=—-F(z) forallz
F(x+2]) = F(x).

We can now rewrite u; (,¢) in the form

up (x,t) = % [F'(x —ct) + F (z + ct)] . (7.4.5)
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To show that the boundary conditions are satisfied, we note that

wr (0,1) = % [F (—ct) + F (b))
_ % [~ F (ct) + F (ct)] = 0
w (1) = % [F(I—ct) + F (I +ct)]
= LI (L et) + F (1 +ct)
_ % [—F (I +ct)+ F (I+ct)] = 0.
Since
ur (2,0) = 5 [F (2) + F (@)

=F(z)=f(x), 0<x <,

we see that the initial condition u; (x,0) = f (z) is satisfied. Thus, equation
(7.3.1) and conditions (7.3.2)—(7.3.3) with g () = 0 are satisfied. Since f’
is continuous in [0,!], F” exists and is continuous for all z. Thus, if we
differentiate uq (x,t) with respect to ¢, we obtain

aul _1 / /

o —2[ cF'(x —ct) + ¢ F' (x + ct)],
and

Our

ML (2,0) = 5 [c F (@) + ¢ F' ()] = 0.
We therefore see that initial condition (7.3.3) is also satisfied.

In order to show that u; (z,t) satisfies the differential equation (7.3.1),
we impose additional restrictions on f. Let f” be continuous on [0,!] and
f7(0) = (1) = 0. Then, F" exists and is continuous everywhere, and
therefore,

82’U1 1

>3 = 502 [F" (x —ct) + F" (z + ct)],
0? 1
8521 =3 [F" (z —ct) + F" (z + ct)].
We find therefore that
82U1 o 62 (92’&1
o2 ox?”

Next, we shall state the assumptions which must be imposed on g to
make us (z,t) the solution of problem (7.3.1)—(7.3.5) with f () =0. Let g
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and ¢’ be continuous on [0,!] and let g (0) = g (I) = 0. Then the series for
the function g (z) given by (7.3.21) converges absolutely and uniformly in
the interval [0,]. Introducing the new coeflicients ¢,, = (nwc/l) b, we have

us (z,t) = <7Tlc> nil %“ sin (? t) sin (?) . (7.4.6)

We shall see that term-by-term differentiation with respect to ¢ is permitted,
and hence,

8u2 Z Cp, COS (— t) < ;i ) (7.4.7)

Using the trigonometric identity (7.4.3), we obtain
8’[1,2
= Z Cn sin (z — ct) Z Cn sin 7 (z + ct). (7.4.8)

These series are absolutely and uniformly convergent because of the as-

sumptions on g, and hence, the series (7.4.6) and (7.4.7) converge absolutely

and uniformly on [0,!]. Thus, the term-by-term differentiation is justified.
Let

= g Cy, Sin (?)

be the odd periodic extension of the function g (z). Then, equation (7.4.8)
can be written in the form

8u2

1
5t —i[G(a:—ct)—i-G(x—&—ct)].

Integration yields

ug (z,t) = = /Gw—ct dt' + - /G

xz+ct

2/ G (1)dr. (7.4.9)

It immediately follows that us (z,0) = 0, and

%(z,O):G(z):g(x), 0<z<lI.

Moreover,

t t
ug (0,t) = %/ G(—ct’)dt/Jr%/ G (ct")dt’
0 0
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and

I I
u2(l,t):§/ G(l—ct’)dt’+§/ G(l+ct')dt
0 0

1 t

t
:—/ G(*l*Ct/)dt/+1/ G(l+ct')dt
2 0 2 0

I I
:—f/ G(l—i—ct')dt’—i—f/ G(l+ct')dt =0.
2 0 2 0

Finally, us (z,t) must satisfy the differential equation. Since g’ is continuous
on [0,1], G’ exists so that

0%us c

— == [-G' (x —ct) + G’ (x + ct)].

R = LG a—et) + G (ot o)
Differentiating us (x,t) represented by equation (7.4.6) with respect to z,
we obtain

7 1 o

I e (5 ) s ()
i . nmw . nmw

— Y ¢ [—sm—(a:—ct)—l—sm—(a?—&—ct)
2c —~ l l

1

%[—G(x—ct)—I—G(x—i—ct)].
Differentiating again with respect to x, we obtain

2
% - i[—G’(x—ct)—l—G'(x—&—ct)].
It is quite evident that
82U2 o 282u2
oz~ o
Thus, the solution of the initial boundary-value problem (7.3.1)—(7.3.5) is
established.

Theorem 7.4.2. (Uniqueness Theorem) There exists at most one so-
lution of the wave equation

U = gy, 0<z<l, t>0,
satisfying the initial conditions
u(z,0) = f(z), w(r,0)=g(), 0<z<l,
and the boundary conditions
w(0,£) =0, u(l,t)=0, t>0,

where u (z,t) is a twice continuously differentiable function with respect to
both  and t.
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Proof. Suppose that there are two solutions v and us and let v = uy —us.
It can readily be seen that v (z,t) is the solution of the problem

Vit = C Vg, O<z<l, t>0,
v(0,t) =0, £>0,
v(l,t) =0, t>0,
v(x,0) =0, 0<z<l,
vy (x,0) =0, 0<z<lL

We shall prove that the function v (x,t) is identically zero. To do so,
consider the energy integral

1 l
E(t) = 5/0 (v +v7) da (7.4.10)

which physically represents the total energy of the vibrating string at time
t.

Since the function v (z,t) is twice continuously differentiable, we differ-
entiate F (t) with respect to ¢. Thus,

de [
E = (C2vxvxt + ’Ut’l)tt) dx. (7411)
0

Integrating the first integral in (7.4.11) by parts, we have

l 1
l
/ Ppvgpdr = [czvxvt]o 7/ Avpvggde.
0 0

But from the condition v (0,t) = 0 we have v; (0,¢) = 0, and similarly,
v (I,t) = 0 for & = I. Hence, the expression in the square brackets vanishes,
and equation (7.4.11) becomes

dE !
— = Vg (vtt — CQUM) dx. (7.4.12)
dt 0

Since vy — c?v,, = 0, equation (7.4.12) reduces to

dE

= _

dt
which means

E (t) = constant = C.

Since v (x,0) = 0 we have v, (z,0) = 0. Taking into account the condi-
tion vy (x,0) = 0, we evaluate C' to obtain
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1 : 2,2 2
E(0)=C= 5/0 e v$+vt]t:0dx:0.

This implies that E (¢t) = 0 which can happen only when v, = 0 and v; =0
for t > 0. To satisfy both of these conditions, we must have v (z,t) =
constant. Employing the condition v (z,0) = 0, we then find v (x,t) = 0.
Therefore, u; (x,t) = us (z,t) and the solution u (x,t) is unique.

7.5 The Heat Conduction Problem

We consider a homogeneous rod of length [. The rod is sufficiently thin
so that the heat is distributed equally over the cross section at time t.
The surface of the rod is insulated, and therefore, there is no heat loss
through the boundary. The temperature distribution of the rod is given by
the solution of the initial boundary-value problem

up = kg, 0<ax<l, t>0,
w(0,t) = 0, t>0,
w(l,t) =0, t>0, (7.5.1)
u(z,0) = f(z), 0<z<lLl

If we assume a solution in the form
u(x,t) =X ()T (t) #0.

Equation (7.5.1) yields

XT =kX"T.
Thus, we have
X
X kT ’

where « is a positive constant. Hence, X and T must satisfy

X" +a’X =0, (7.5.2)
T + kT = 0.

From the boundary conditions, we have
w(0,t) =X (0)T (t) =0, u(l,t) =X ()T (t) =0.

Thus,
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for an arbitrary function T (¢). Hence, we must solve the eigenvalue problem

X"+ X =0,
X(0)=0, X(@)=0.

The solution of equation (7.5.2) is
X (z) = Acosax + Bsinaz.
Since X (0) = 0, A = 0. To satisfy the second condition, we have
X (I) = Bsinal = 0.
Since B = 0 yields a trivial solution, we must have B # 0 and hence,
sinal = 0.

Thus,

az? for n=1,2,3....

Substituting these eigenvalues, we have

X, (z) = By, sin (@) .

Next, we consider equation (7.5.3), namely,
T + o?kT = 0,
the solution of which is
T (t) = Ce M,
Substituting o = (nw/l), we have
T, () = Cpe™(m/D7Ht,

Hence, the nontrivial solution of the heat equation which satisfies the two
boundary conditions is

Up (x,t) = Xy () T (1) = an e~ (T /DKt giy (?) , n=123...,

where a,, = B,C,, is an arbitrary constant.
By the principle of superposition, we obtain a formal series solution as

u(,t) = un (2,t),

n

Il
_

M

—(nw/0%kt i (TE
an e sm( ;i ), (7.5.4)

Il
—

n
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which satisfies the initial condition if
> nwx
’0 = = pe 1 (7) .
u(z,0) = f () n§:1aL81n ;i

This holds true if f (z) can be represented by a Fourier sine series with
Fourier coeflicients

ap, = ?/Ol f(z)sin (Zﬂ) dx. (7.5.5)

Hence,

u(z,t) = i [? /l f(7)sin (nlﬂ> dT] e~ (T /DKt giy (?) (7.5.6)
n=1 0

is the formal series solution of the heat conduction problem.

Ezample 7.5.1. (a) Suppose the initial temperature distribution is f (x) =
2 (I — ). Then, from equation (7.5.5), we have
812

W’ n:1,3,5,....

Ay =

Thus, the solution is
12 — 1
u(x,t) = (i’3) Z 3 e~ (T /DKt gip (#) :
n=1,3,5,...
(b) Suppose the temperature at one end of the rod is held constant, that
is,
u(l,t) = ug, t>0.
The problem here is
U = Kuge, O0<ax<l, t>0,
u(0,t) =0, u(l,t) = uo, (7.5.7)
u(z,0)=f(z), O<z<l

Let

u(x,t) :v(x,t)—i—ml)—x.

Substitution of u (z,t) in equations (7.5.7) yields
v =kvg, O0<ax<l, t>0,
v (0,%) =0, v(l,t) =0,

v(@,0) = f(x) — 2%

T 0<a<l
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Hence, with the knowledge of solution (7.5.6), we obtain the solution

o) = 35 [ (10 5 i (57 | e (1)

n=1
+ (#) . (7.5.8)

7.6 Existence and Uniqueness of Solution of the Heat
Conduction Problem

In the preceding section, we found that (7.5.4) is the formal solution of the
heat conduction problem (7.5.1), where a,, is given by (7.5.5).

We shall prove the existence of this formal solution if f (x) is continuous
in [0,1] and f(0) = f(I) = 0, and f’ (x) is piecewise continuous in (0,1).
Since f (x) is bounded, we have

! nnx
/0 f (z)sin (T) dx

where C' is a positive constant. Thus, for any finite ¢y > 0,

an] = 2
o

2 l
<7 [raa<c

’an e~ (T /DRt i) (Zﬂ)‘ < Ce~(m/D%kto when ¢ > t.

According to the ratio test, the series of terms exp {— (mr/l)2 kto} con-

verges. Hence, by the Weierstrass M-test, the series (7.5.4) converges uni-
formly with respect to z and ¢ whenever ¢t > ¢y and 0 < x < [.
Differentiating equation (7.5.4) termwise with respect to ¢, we obtain

Up = — ian (?)2 Je e~ (nm/OPKE gin (nlﬂ) . (7.6.1)

We note that

‘an (nl)2 fe e~ (/DK gip (mr:c)’ <C (@)2 fe e~ (n/*kto
l l - l

when ¢ > to, and the series of terms C (nw/l)® kexp [— (nm/1)? kto} con-

verges by the ratio test. Hence, equation (7.6.1) is uniformly convergent in
the region 0 < x <[, t > tg. In a similar manner, the series (7.5.4) can be
differentiated twice with respect to x, and as a result

Ugpy = — i an, (?)2 e~/ O%kt iy (nlﬂ) . (7.6.2)
n=1
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Evidently, from equations (7.6.1) and (7.6.2),
up = Kk Ugy-

Hence, equation (7.5.4) is a solution of the one-dimensional heat equation
in the region 0 < x <[, t > 0.

Next, we show that the boundary conditions are satisfied. Here, we note
that the series (7.5.4) representing the function u (z,t) converges uniformly
in the region 0 < z <[, t > 0. Since the function represented by a uniformly
convergent series of continuous functions is continuous, u (z, t) is continuous
at = 0 and =z = [. As a consequence, when x = 0 and z = [, solution
(7.5.4) satisfies

u (0,t) =0, u(l,t) =0,

for all ¢t > 0.
It remains to show that w (x,t) satisfies the initial condition

u(x,0) = f(x), 0<z <l

Under the assumptions stated earlier, the series for f (z) given by

fx)= i ayp, sin (?)
n=1

is uniformly and absolutely convergent. By Abel’s test of convergence the
series formed by the product of the terms of a uniformly convergent series

and a uniformly bounded and monotone sequence exp [— (nm/ 1)? k‘t} con-

verges uniformly with respect to ¢. Hence,
s 2 nwx
u(x,t) = Z an e~ (T /UTRE gin (T)
n=1
converges uniformly for 0 < x < [, t > 0, and by the same reasoning as
before, u (z,t) is continuous for 0 < x <, ¢t > 0. Thus, the initial condition
u(z,0) = f(z), 0<z<l

is satisfied. The existence of solution is therefore established.

In the above discussion the condition imposed on f (x) is stronger than
necessary. The solution can be obtained with a less stringent condition on
f (x) (see Weinberger (1965)).
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Theorem 7.6.1. (Uniqueness Theorem) Let u(x,t) be a continuously
differentiable function. If u (x,t) satisfies the differential equation

U = kg, 0<zx<l, t>0,
the initial conditions
u(z,0)=f(z), 0<z<l|,
and the boundary conditions
w(0,t) =0, u(l,t)=0, t>0,
then, the solution is unique.

Proof. Suppose that there are two distinct solutions u; (x,t) and us (, t).
Let

v(x,t) = uy (x,t) — ug (x,1).

Then,
vy = kU, 0<z<l, t>0,
v (0,t) =0, v(l,t) =0, t>0, (7.6.3)
v (z,0) =0, 0<z <,

Consider the function defined by the integral

1o,
J(t)zﬂ/ovda:.

Differentiating with respect to ¢, we have

! !
J(t) = %/ o :/ VU d,
0 0

by virtue of equation (7.6.3). Integrating by parts, we have
1 !
/ Vg dr = [vvw]é - / vida.
0 0
Since v (0,t) = v (I,t) =0,

!
J’(t):—/ v2dr <0.
0

From the condition v (x,0) = 0, we have J(0) = 0. This condition and
J' (t) <0 implies that J (t) is a nonincreasing function of ¢. Thus,
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J () <0.
But by definition of J (t),

J(t) > 0.
Hence,

J(t) =0, fort>0.

Since v (z,t) is continuous, J (t) = 0 implies

v(z,t) =0

in0 <z <l t>0. Therefore, u; = us and the solution is unique.

7.7 The Laplace and Beam Equations

Example 7.7.1. Consider the steady state temperature distribution in a thin
rectangular slab. Two sides are insulated, one side is maintained at zero
temperature, and the temperature of the remaining side is prescribed to be
f (x). Thus, we are required to solve

Viu =0, 0<z<a 0<y<b,
u(x,0) = f(x), 0<x<a,
u(z,b) =0, 0<z<a,

UI (0? y) = 07 um (a” y) = O'

Let u (z,y) = X (z) Y (y). Substitution of this into the Laplace equation
yields

X" -AX =0, Y'+)\X=0.

Since the boundary conditions are homogeneous on z = 0 and « = a, we
have A = —a? with a > 0 for nontrivial solutions of the eigenvalue problem

X" +a*’X =0,
X' (0) = X' (a) =0.

The solution is
X (x) = Acosax + Bsinax.

Application of the boundary conditions then yields B = 0 and o = (nw/a)
with n =0,1,2,.... Hence,

X, (z) = Acos (?) .
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The solution of the Y equation is clearly
Y (y) = Ccoshay + D sinh ay
which can be written in the form

Y (y) = E sinha (y+ F),

1
where E = (D? — C?)* and F = [tanh™" (C/D)] /.
Applying the homogeneous boundary condition Y (b) = 0, we obtain

Y (b) = Esinha(b+F)=0
which implies
F = —b, E+#0

for nontrivial solutions. Hence, we have

u(z,y) = (b y aOJrZ ncos( )sinh{%r(yfb)}.

Now we apply the remaining nonhomogeneous condition to obtain

u(z,0) = 24 Zan cos ( )smh (—”a”b) :

Since this is a Fourier cosine series, the coefficients are given by

aozg/af(ac)dx

anzib/ f(z cos(mm)dx, n=12,....
asinh (2X

Thus, the solution is

_(tor)m $ Oy e
u(m,y)—( 5 )2 +;an NN cos | — )7

f(z cos dx.
ol o ()

If, for example f (z) =2 in 0 <z <7, 0 <y <, then we find (note that
a=rm)

where

2
= o (-1 -1 =1,2,...
ag T, an, ﬂ_ng[( ) }7 n PR

and hence, the solution has the final form

sinhn (7 —y)

1 =2
== (r— iy O LGRSt VA 24 )
u(z,y) 3 (m—vy) +n§=1 s> [(=1) ] Snhne cosnT
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Example 7.7.2. As another example, we consider the transverse vibration
of a beam. The equation of motion is governed by

utt+a2umm:0, O<z<l, t>0,

where u (x,t) is the displacement and a is the physical constant. Note that
the equation is of the fourth order in z. Let the initial and boundary con-
ditions be

(7):f() O<z<l,
ug (,0) = g (z), 0<az<lI,

u(0,t) =u(l,t) =0, t>0, (7.7.1)
Ugg (0,8) = ugy (I,t) =0, t>0.

The boundary conditions represent the beam being simple supported, that
is, the displacements and the bending moments at the ends are zero.
Assume a nontrivial solution in the form

u(z,t) = X (x)T (),
which transforms the equation of motion into the forms
T" + a?a*T = 0, X _otX =0, a > 0.
The equation for X (x) has the general solution
X (z) = Acosh ax + Bsinhax + C cosax + D sin azx.
The boundary conditions require that
X(0)=X(1) =0, X" (0)=X"()=0.
Differentiating X twice with respect to x, we obtain
X" () = Aa? cosh ax + Ba? sinh ax — Co? cos ax — Da? sin ac.
Now applying the conditions X (0) = X" (0) = 0, we obtain
A+C =0, a?(A-0) =0,
and hence,
A=C=0.
The conditions X (I) = X" (I) = 0 yield

Bsinhal + Dsinal =0,
Bsinhal — Dsinal = 0.
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These equations are satisfied if
Bsinhal = 0, Dsinal = 0.
Since sinh al # 0, B must vanish. For nontrivial solutions, D # 0,
sinal = 0,
and hence,

a:(@>, n=12,3,....

‘We then obtain

X, (z) = Dy sin (%ﬂ)

The general solution for T (t) is
T (t) = Ecos (ac’t) + Fsin (aa’t) .
Inserting the values of a2, we obtain
2 2
T, (t) = E, cos {a (7177r> t} + F,, sin {a (nli) t} .
Thus, the general solution for the transverse vibrations of a beam is
= nm\ 2 nm 2 nwT
u(z,t) = Z [an cos {a (T) t} + by, sin {a (T) tH sin (T) .

n=1
(7.7.2)
To satisfy the initial condition u (z,0) = f (), we must have

u(z,0) Zan sin (mm:)

from which we find

/ f(z sm )dz (7.7.3)

Now the application of the second initial condition gives
nmwx
0 b () s ()
ug (z, Z a sin { —
and hence,

by = % (;T)Q /Olg () sin (m;—x) dz. (7.7.4)

Thus, the solution of the initial boundary-value problem is given by equa-
tions (7.7.2)—(7.7.4).
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7.8 Nonhomogeneous Problems

The partial differential equations considered so far in this chapter are homo-
geneous. In practice, there is a very important class of problems involving
nonhomogeneous equations. First, we shall illustrate a problem involving a
time-independent nonhomogeneous equations.

FEzample 7.8.1. Consider the initial boundary-value problem

Ut = gy + F(z), 0<a<l, t>0,
u(z,0) = f(z), 0<z<l,
u (2,0) = g (x), 0<z <], (7.8.1)
uw(0,t)=A, u(l,t)=B, t>0.

We assume a solution in the form
u(z,t) =v(x,t)+ U (z).
Substitution of w (z,t) in equation (7.8.1) yields
vy = € (Voo + Use) + F (z),
and if U (x) satisfies the equation
AUpp + F (x) =0,
then v (x,t) satisfies the wave equation
Vit = Vg

In a similar manner, if u (x,t) is inserted in the initial and boundary con-
ditions, we obtain

u(z,0) = v(z,0)+U(z) = f(z),

ut (,0) = vy (,0) =g(z),
u(0,t) = v(0,t)+ U (0) = A,
u(l,t)=v(,t)+U () =B.

Thus, if U (z) is the solution of the problem
AUy +F =0,
U =A4, U(l)=B1B,
then v (z,t) must satisfy

Ut = CVga,

=f(z) -U(z),

=g(x), (7.8.2)
=0, wv(,t)=0.

(2,0)
(x,0)
0,1)

v
Ut

—

v
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Now v (x,t) can be solved easily since U (x) is known. It can be seen that

U@)=A+B-A4)7 /{ /F dg}dn
[ 5 [ r@da

As a specific example, consider the problem

Uy = gy +h, his a constant
u(z,0) =0, ut (x,0) =0, (7.8.3)
u(0,t) =0, u(l,t) =

Then, the solution of the system

AUpy +h =0,
U (0) =0, U(l)=0,

is

The function v (z,t) must satisfy

it = Vg,
h 2
v (z,0) =32 (lw —2%), v (x,0) =0,
c
v(0,t) =0, v(l,t) =0.

The solution is given (see Section 7.3 with g (z) = 0) by

t) = gan cos (? t) sin (%ﬂ) ,

and the coefficient is

2 [ h n| . (nmx
anl/o{ 22(lxx)]sm(l)dx

412h
ap, = ~ i3 for n odd
anp =0 for n even.

The solution of the given initial boundary-value problem is, therefore, given
by
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u(z,t) =v(z,t)+ U (z)
hax > 412k \ cos (2n — 1) (wet/1)
202 (-2 Z < 627T3) (2n —1)°

xsin (2n — 1) (mz /1) . (7.8.4)

n=1

Let us now consider the problem of a finite string with an external force
acting on it. If the ends are fixed, we have

utt—CQUIz:h(m,t), O<z<l, t>0,

u(z,0)=f(z), 0<w<i
w (2,0) = g (x), 0<z<l, (7.8.5)
w(0,t) =0, w(l,t) =0, t>0.

We assume a solution involving the eigenfunctions, sin (n7z/l), of the as-
sociated eigenvalue problem in the form

u(z,t) = i un (t) sin (@) : (7.8.6)

where the functions wu, (t) are to be determined. It is evident that the
boundary conditions are satisfied. Let us also assume that

Z hy, (1) sin (””) . (7.8.7)
Thus,

ho (1) = % /Ol h(z,t) sin (?) dz. (7.8.8)

We assume that the series (7.8.6) is convergent. We then find wug and
Ugy from (7.8.6) and substitution of these values into (7.8.5) yields

[U;i (t) + )\i U, (t)] sin (n?‘rx) Z I (1) sin (n7‘r1‘> ,

where \,, = (nme/l). Multiplying both sides of this equation by sin (mnx/1),
where m = 1,2, 3, ..., and integrating from z = 0 to x = [, we obtain

NE

n=1

upy (8) + A% un () = B (2)

the solution of which is given by

1t
U (t) = ap cos A\t + by sin At + . / hy (T)sin [\, (t — 7)) dr. (7.8.9)
n Jo
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Hence, the formal solution (7.8.6) takes the final form

o0

u(xz,t) = Z {an cos At + by, sin At

n=1
o / ) sin [ (t—T)]dT}-Sin (@) (7.8.10)

Applying the initial conditions, we have

u(x,0) Z ap, sin (mrx)

Thus,
a —2/lf(x)sin<m)dx (7.8.11)
n — l 0 l . <O
Similarly,
ut (z,0) Zb An sm( )
Thus,

by = (zi) /Olg(a:) sin (@) dz. (7.8.12)

Hence, the formal solution of the initial boundary-value problem (7.8.5) is
given by (7.8.10) with a, given by (7.8.11) and b,, given by (7.8.12).

Example 7.8.2. Determine the solution of the initial boundary-value prob-
lem

Ut — Ugy = h, 0O<xz<l1l, t>0, h=-constant,
u(z,0)=z(l—-2z), 0<z<I,
ug (2,0) =0, 0<z<1, (7.8.13)
u(0,t) =0, u(l,t)=0, t>0.

In this case, ¢ =1, A\, = nm, b, = 0 and a,, is given by

4

nm

an:2/0 z(1—z)sinnrrdr = = [1—(-1)"].

We also have
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Hence, the integral term in (7.8.9) represents ¢, (t) given by

/h )sin| (t—r)]dT:mQT};\%[l—(—l)”](l—cos/\nt).

The solution (7.8.10) is thus given by

u(z,t) = Z {4 [1—(=1)"] cosnmt

n373

+n§Z3 [1—(=1)"](1 - cos mrt)} -sinnmx. (7.8.14)
We have treated the initial boundary-value problem with the fixed end
conditions. Problems with other boundary conditions can also be solved in
a similar manner.
We will now consider the initial boundary-value problem with time-
dependent boundary conditions, namely,

Ugt — Uge = h (x, 1), O<z<l, t>0,

u(z,0) = f(z), 0<z<l,

ue (x,0) = g (x), 0<z <], (7.8.15)
u(0,t) =p(t), u(l,t)=q(t), t>0.

We assume a solution in the form
u(z,t) =v(zr,t)+ U (z,1). (7.8.16)
Substituting this into equation (7.8.15), we obtain
Vit — Uy = h — Uyt + Uy

For the initial and boundary conditions, we have

v(z,0) = f(z) - Ul(z,0),
vi (2,0) = g (z) = Ut (2,0),
v(0,t) =p(t) —U(0,1),
v(l,t) =q(t) =U(L1t).

In order to make the boundary conditions homogeneous, we set
Ut)=p@), Ult)=q().

Thus, U (z,t) must take the form

U (a,t) = p(t) +

Tlaw-p ). (7.8.17)
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The problem now is to find the function v (x,t) which satisfies

Vg — gy = h — Uy = H (2,1
v(z,0) = f(z) - U(,0) =
vy (2,0) = g (x) = Up (2,0) =
v (0,t) =0, v(l,t) =

G (z) (7.8.18)
0.

This is the same type of problem as the one with homogeneous boundary
condition that has previously been treated.

Ezxample 7.8.3. Find the solution of the problem

Upp — Ugy = h, 0<x<l, t >0, h = constant,
u(z,0)=2(1l—2), 0<z<l,
ut (x,0) =0, 0<z<1, (7.8.19)
u(0,t) =1, u(l,t) =sint, ¢>0.

In this case, we use (7.8.16) and (7.8.17) with ¢ = 1 and A\, = nw so
that

u(z,t) =v(zx,t)+ U (z,t), U(x,t)=t+x(sint —t).(7.8.20)
Then, v must satisfy

Vit — Uz = h + xsint,
v(z,0) =z(1—x),
ve (2,0) = —1, (7.8.21)
v(0,t) =0, wv(l,t)=0.

It follows from (7.8.8) that

1
h, (t) = 2/0 (h + zsint) sinnrx dx

_2h w 2(=1)" .
1—(—-1 t= bsint . 7.8.22
= — 1 -(-D"]+ ———sin a + bsint (say) ( )
We also find
! 4
ay, = 2/ z(1—z)sinnrede = —— [1 - (-1)"],
0 (nm)
and
2 [t 2 n
b, =— | sinnmxrdr= 5 [1—(=1)"].

nm Jo (nm
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Then, we determine the integral term in (7.8.9) so that

1 t
On (t) = — (a + bsinT)sin[nx (t — 7)] dT
nw Jo
1 b
"o {1?77 (1 — cosnmt) + 1 [(sin 2t — 2t) cosnt

— (cos2t — 1) sin nﬂ't]} . (7.8.23)
Hence, the solution of the problem (7.8.21) is
v(z,t) = Z [an, cosnat + by, sinnat + ¢y, (¢)] sinnmz.  (7.8.24)
n=1

Thus, the solution of problem (7.8.19) is given by
u(z,t) =v(x,t) + U (x,t),
where v (z,t) is given by (7.8.24) and U (z,t) is given by (7.8.20)

FEzample 7.8.4. Use the method of separation of variables to derive the Her-
mite equation from the Fokker—Planck equation of nonequilibrium statistical
mechanics

Up — Ugy = (T W), - (7.8.25)

We seck a nontrivial separable solution u (x,t) = X (z)T (t) so that
equation (7.8.25) reduces to a pair of ordinary differential equations

X"+2X'+(14+n)X =0 and T'+nT =0, (7.8.26ab)

where (—n) is a separation constant.
We next use

X (2) = exp (-égﬂ) @) (7.8.27)

and rescale the independent variable to obtain the Hermite equation for f
in the form

d’f df
— —26— +2nf =0.
a2 §d£ +2nf =0
The solution of (7.8.26b) gives
T (t) = cpexp (—nt), (7.8.28)

where the coefficients ¢,, are constants.
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Thus, the solution of the Fokker—Planck equation is given by

ula,t) = nf:lan exp (—nt - ;gﬂ) H, (\%) :

where H, is the Hermite function and a, are arbitrary constants to be
determined from the given initial condition

(7.8.29)

u(z,0) = f(z). (7.8.30)
We make the change of variables
¢=xe' and u= e, (7.8.31)
in equation (7.8.25). Consequently, equation (7.8.25) becomes
ov o 0%V
— = -—- 7.8.32
ot~ o (7.8.32)

Making another change of variable ¢ to 7 (t), we transform (7.8.32) into the
linear diffusion equation

o v

Finally, we note that the asymptotic behavior of the solution w(x,t) as
t — oo is of special interest. The reader is referred to Reif (1965) for such
behavior.

7.9 Exercises

1. Solve the following initial boundary-value problems:

(a) Ut = CUgy, 0<x<l, t>0,
u(z,0) =z (1—x), ug (2,0) =0, 0<ax<1,
u(0,t) =u(1,t) =0, ¢>0.

(b) Upt = CUgy, O<z<m, t>0,

u (xz,0) = 3sinz, ug (2,0) =0, 0<z<m,
u(0,t) =u(l,t) =0, ¢>0.



266 7 Method of Separation of Variables

2. Determine the solutions of the following initial boundary-value prob-
lems:

(a) Ut = CPUgsy, O<z<m, t >0,
u(z,0) =0, ug (2,0) = 8sin?x, 0<z <,
u(0,t) =u(mt)=0, ¢>0.

(b) Ut = gy =0, 0<z<l, t>0,
u(x,0) =0, ug (,0) =xsinwz, 0<z<1,
w(0,t) =u(1,t) =0, ¢>0.

3. Find the solution of each of the following problems:

(a) Upt = CPUgy = 0, 0<x<l, t>0,
u(z,0) =z (1—x), u (2,0) =z —tan 7f, 0<2 <1,
u(0,t) =u(mt)=0, ¢>0.

(b) Upt = CPUgy = 0, O<z<m, t>0,
u(x,0) = sinz, ug (2,0) = 2% — 7o, 0<z<m,
u(0,t) =u(mt)=0, ¢>0.

4. Solve the following problems:

(a) Upt = CPUgy = 0, O<z<m, t>0,
u(xz,0) =z +sinzx, ug (2,0) =0, 0<z<m,
u(0,t) = ug (m,t) =0, ¢>0.

(b) Upt = CPUgy = 0, O<xz<m, t>0,

u(z,0) = cosz, u (2,0) =0, 0<z<m,

uy (0,8) =0, Ug (m,8) =0, ¢>0.
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By the method of separation of variables, solve the telegraph equation:

U + auy + bu = gy, 0<z<l, t>0,
u(z,0) = f(z), ug (2,0) = 0,
u(0,t) =u(l,t) =0, t>0.
Obtain the solution of the damped wave motion problem:
U + auy :c2um7 O<ax<l, t>0,
u(x70):07 ut(:c,()):g(:c),

w(0,t) =u(l,t) =0.

The torsional oscillation of a shaft of circular cross section is governed
by the partial differential equation

2
01 = a0z,

where 6 (z,t) is the angular displacement of the cross section and a is
a physical constant. The ends of the shaft are fixed elastically, that is,

0. (0,t) —h6(0,t) =0, 0. (L,t)+hO(l,t)=0.
Determine the angular displacement if the initial angular displacement
is f (x).

Solve the initial boundary-value problem of the longitudinal vibration
of a truncated cone of length [ and base of radius a. The equation of
motion is given by

-3 S -en[0-3 ] neeen o

where ¢ = (E/p), E is the elastic modulus, p is the density of the
material and h = la/(a —1). The two ends are rigidly fixed. If the
initial displacement is f (z), that is, u (x,0) = f (z), find u (z, ).

Establish the validity of the formal solution of the initial boundary-
value problems:

Uy = cQum, O<z<m, t >0,
u(z,0) = f(z), wu(z,0)=g(z), 0<zx<m,
ug (0,8) =0, Uy (m,t) =0, t>0.

Prove the uniqueness of the solution of the initial boundary-value prob-
lem:
uttZCQum7 O<x<m, t>0,
u(zr,0) = f(z), w(z,0)=g9(z), 0<az<m,
ug (0,¢) =0, Uy (m,t) =0, t>0.
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11. Determine the solution of

Uy = CPugy + Asinhz, 0<z<l, t>0,
u(z,0) =0, wu(z,00=0, 0<z<]|,
u(0,t) =h, u(l,t)=k, t>0,

where h, k, and A are constants.
12. Solve the problem:

Uy = gy + Az, 0<zx<l1l, t>0, A=constant,
u(z,0) =0, wu(z,00=0, 0<z<1,
u(0,t) =0, w(l,t)=0, t>0.

13. Solve the problem:

Ut :CQum—ka, O<z<l, t>0,
u(z,0) =z, w(z,00=0, 0<x<l1,
w(0,t) =0, w(l,t)=1, t>0.

14. Find the solution of the following problems:

(a) Uy = kg, + h, 0<z<l, t >0, h = constant,
w(z,0) =ug (1 —cosmx), 0<az<]1, up = constant,
u(0,t) =0, w(l,t) =2uy, t>0.

(b) Uy = kg, — hu, O<z<l, t >0, h = constant,
u(z,0) = f(2), 0<z<l,

ug (0,t) = uy (I, 1) = 0, t>0.
15. Obtain the solution of each of the following initial boundary-value prob-
lems:

(a) Up = dUyy, 0<z<l, t>0,

u(r,0)=22(1-2), 0<z<1,
u(0,t) =0, u(l,t) =0, t>0.

(b) ut:kua;wa O<z<m, t>0,

u(x,0) = sin® z, 0<z<m,

'I.L(O,t):O, u(ﬂ,t):(], t>0.



16.

17.

18.

19.

20.

7.9 Exercises 269

(c) Ut = Ugg, 0<z <2, t>0,
u(z,0) =z, 0<xz<2,
u(0,t) =0, ugy (2,8) =1, t>0.
(d) U = k Uy, 0<z<l, t>0,

u(x,0) =sin(rz/2l), 0<z <],
u(0,t) =0, u(l,t) =1, t>0.

Find the temperature distribution in a rod of length [. The faces are
insulated, and the initial temperature distribution is given by = (I — x).

Find the temperature distribution in a rod of length 7, one end of which
is kept at zero temperature and the other end of which loses heat at
a rate proportional to the temperature at that end x = 7. The initial
temperature distribution is given by f (z) = z.

The voltage distribution in an electric transmission line is given by
vy = kvge, O0<ax<lI, t>0.

A voltage equal to zero is maintained at = = [, while at the end z = 0,
the voltage varies according to the law

v (0,t) = Ct, t>0,

where C' is a constant. Find v (z,t) if the initial voltage distribution is
Z€ro.

Establish the validity of the formal solution of the initial boundary-
value problem:

U = k gy, 0<z<l, t>0,
u(z,0)=f(z), 0<z<l,
u(0,t) =0, ug (I,t) =0, t>0.

Prove the uniqueness of the solution of the problem:

U = Kk Ugg, O<z<l, t >0,
u(z,0)=f(z), 0<z<l,
ugz (0,t) =0, ug (1,t) =0, t>0.
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21. Solve the radioactive decay problem:

Up — k gy = Ae™ ", O<zx<m, t >0,
u(z,0) = sinzx, 0<z<m,
u (0,t) =0, u(m,t) =0, t>0.
22. Determine the solution of the initial boundary-value problem:
U — k gy = h(z,t), O<x<l, t >0, k= constant,
u(z,0) = f(z), 0<z<l,
u(0,t) =p(t), u(l,t)=q(t), t=0.

23. Determine the solution of the initial boundary-value problem:

ur — kg, = h(z,t), 0<z<l, t >0,
u(z,0) = f(z), 0<z <],
U(O,t):p(t), um(lat):(I(t)a t>0.
24. Solve the problem:
U — kg, =0, 0<z <1, t >0,
u(z,0)=x(1l—2), 0<z<l,
u(0,t) =t, u(l,t) =sint, t>0.

25. Solve the problem:

Uy — Uz, = at, 0<x<l, t>0,
u(x,0) =sinwe, 0<z<1,
u(0,t) = t, u(l,t) =t t>0.

26. Solve the problem:

U — kg, =xcost, 0<z<m, t>0,

u(x,0) = sinz, 0<z <,
u(0,t) =12, u(m,t) =2t, t>0.
27. Solve the problem:
utfum:Q:ﬁt, 0<ax<l, t>0,
u(xz,0) = cos (3rx/2), 0<z<1,
u(0,t) =1, uz(l,t):%r, t>0.
28. Solve the problem:
Up — 2Ugqe = h, 0<ax<l, t >0, h = constant,
u(x,0) = x, 0<z<1,

w(0,t) =sint, wu, (1,t)+u(l,t)=2, t>0.
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. Determine the solution of the initial boundary-value problem:

Uy — gy = h(z,t), 0<az<I, t >0,
u(z,0)=f(z), 0<w<i
u (2,0) = g (x), 0<z<l,
u(0,t)=p(t), us(,t)=gq(t), t=0.

. Determine the solution of the initial boundary-value problem:

Ug — gy = h(z,t), 0<a<I, t>0,
u(z,0)=f(z), O0=<z<l,
ut (2,0) = g (x), 0<z<l,
uz (0,6) =p(t),  us(l,t)=q(t), t=0.
. Solve the problem:
U — Ugg = 0, O<z<l, t>0,

u(z,0) =z, ug (x,0) =0, 0<z<1,
u (0,t) = t2, u(l,t) = cost, t>0.

. Solve the problem:

Upr — 4 Ugpe = T, O<zx<l, t >0,
u(z,0) = x, ug (2,0) = 0, 0<z<1,
u(0,t) =0, ug (L,t) =1+¢, t>0.

. Solve the problem:

Ut — QUgzr = 0, 0<z<l, t>0,
u(x,()):sin(%x), ug (2,0) =142, 0<z<1,
ug (0,t) = 7/2, ug (1,t) =0, t > 0.

. Find the solution of the problem:

utt+2kut702um:0, 0<z<l, t>0,
u(z,0) =0, ug (2,0) =0, 0<uz<l,
ug (0,t) = 0, u(l,t)=h, t>0, h=constant.

. Solve the problem:

U — gy + hu = huo, —nrT<z<m, t>0,
u(z,0) = f(z), —r<z<m,
U(—’]T,t) = U(’/T,t), Uy (—7T,t) = Ug (Wat)v tz 07

where h and ug are constants.
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36. Prove the uniqueness theorem for the boundary-value problem involving
the Laplace equation:

Upg + Uyy = 0, 0<z<a, 0<y<b,
u(x,0) = f(x), wu(z,b)=0, 0<z<a,
ug (0,y) =0 =1uy (a,y), 0<y<b.

37. Consider the telegraph equation problem:

Ut — gy + auy + bu = 0, O<z<l, t>0,
u(z,0) = f(z), ug (2,0) =g (z) for 0<ax <l
u(0,t) =0=wu(l,t) for ¢t>0,

where a and b are positive constants.

(a) Show that, for any 7' > 0,

! l
/ (uf + cPu2 + bug)t:T dz < / (uf + Pl + bu2)t:0 dz.
0 0

(b) Use the above integral inequality from (a) to show that the initial
boundary-value problem for the telegraph equation can have only one
solution.
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Eigenvalue Problems and Special Functions

“The tool which serves as intermediary between theory and practice, be-
tween thought and observation, is mathematics; it is mathematics which
builds the linking bridges and gives the ever more reliable forms. From this
it has come about that our entire contemporary culture, in as much as it
is based on the intellectual penetration and the exploitation of nature, has
its foundations in mathematics.”

David Hilbert

“In 1836/7, he published some important joint work with his friend Sturm
on what became known as Sturm—Liouville theory, which became important
in physics.”

Ioan James

8.1 Sturm—Liouville Systems

In the preceding chapter, we determined the solutions of partial differen-
tial equations by the method of separation of variables. In this chapter, we
generalize the method of separation of variables and the associated eigen-
value problems. This generalization, usually known as the Sturm-—Liouville
theory, greatly extends the scope of the method of separation of variables.
Under separable conditions we transformed the second-order homoge-
neous partial differential equation into two ordinary differential equations
(7.2.11) and (7.2.12) which are of the form
d%y dy N 1
al(x)w—kag(x)%—i—[ag(x)—k Jy = 0. (8.1.1)

If we introduce
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p(z) = exp UI Zj Egdt] @) =290y s@) = PY (519

into equation (8.1.1), we obtain

d dy
—Z ) 4 (g + = 1.
dx (p dac) (g+As)y =0, (8.13)

which is known as the Sturm-—Liouville equation. In terms of the Sturm—

Liouville operator
d d
L=—|(p—
dx <p da:> te

equation (8.1.3) can be written as
Lyl +As(z)y =0, (8.1.4)

where A is a parameter independent of x, and p, ¢, and s are real-valued
functions of z. To ensure the existence of solutions, we let ¢ and s be
continuous and p be continuously differentiable in a closed finite interval
[a, b].

The Sturm-Liouville equation is called regular in the interval [a,b] if
the functions p (x) and s (z) are positive in the interval [a, b]. Thus, for a
given A, there exist two linearly independent solutions of a regular Sturm—
Liouville equation in the interval [a, b].

The Sturm-Liouville equation

Liyl+As(x)y =0, a<z<b,
together with the separated end conditions
a1y (a) + azy’ (a) =0, b1y (b) + b2y’ (b) =0, (8.1.5)

where a1 and as, and likewise by and by, are not both zero and are given
real numbers, is called a regular Sturm-Liouville (RSL) system.

The values of A for which the Sturm-Liouville system has a nontrivial
solution are called the eigenvalues, and the corresponding solutions are
called the eigenfunctions. For a regular Sturm—Liouville problem, we denote
the domain of L by D (L), that is, D (L) is the space of all complex-valued
functions y defined on [a,b] for which y” € L?([a,b]) and which satisfy
boundary conditions (8.1.5).

Ezample 8.1.1. Consider the regular Sturm—Liouville problem

Yy’ 4+ Ay =0, 0<z<m,
y(0) =0, y'(m)=0
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When A <0, it can be readily shown that X is not an eigenvalue. How-
ever, when A > 0, the solution of the Sturm-Liouville equation is

y(x) = Acos VA z + Bsin VA .

Applying the condition y (0) = 0, we obtain A = 0. The condition ¢’ (w) = 0
yields

BV cosVAm =0.
Since A # 0 and B = 0 yields a trivial solution, we must have
cosVAT =0, B#0.

This equation is satisfied if

m—1
¢*=7g . n=1,2,3,...,

and hence, the eigenvalues are A, = (2n — 1)2 /4, and the corresponding
eigenfunctions are

om — 1
sm<”2 )@ n=1,2,3,....

Ezample 8.1.2. Consider the Euler equation
22y + xy’ + I =0, 1<z<e

with the end conditions

By using the transformation (8.1.2), the Euler equation can be put into

the Sturm—Liouville form:
d dy 1
— |z — —Ay=0.
dz <x dac) + z Y
The solution of the Euler equation is
y(x) =01 2V 4y VA,

Noting that z?® = €"*!"® = cos(alnx) + isin (alnz), the solution y ()
becomes

y(x) = Acos (ﬁln a:) + Bsin (\5\111 x),

where A and B are constants related to ¢; and cp. The end condition
y (1) =0 gives A = 0, and the end condition y (e) = 0 gives
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sinvVA=0, B#0,
which in turn yields the eigenvalues
A\p = n’n?, n=123,...,
and the corresponding eigenfunctions
sin(nrlnz), n=123,....

Another type of problem that often occurs in practice is the periodic
Sturm-Liouville system.
The Sturm-Liouville equation

dx dx
in which p (a) = p (b), together with the periodic end conditions

yla)=y(®), y(a)=y(b)

is called a periodic Sturm—-Liouville system.

d (p<x>dy)+[q<as>+xs<x>]y=o, a<z<h

Ezxample 8.1.3. Consider the periodic Sturm—Liouville system
y'+xy =0,  —m<z<m,
y(-m)=y(m), y(-7m) =y (7).

Here we note that p (z) = 1, hence p(—m) = p (7). When X > 0, we see
that the solution of the Sturm—Liouville equation is

y(z) = AcosV Az + Bsin V.

Application of the periodic end conditions yields
(QSiH\/XW) B =0,
<2ﬁ sin /\71') A=0.
Thus, to obtain a nontrivial solution, we must have
sin(\f)\>7r=0, A#0, B #0.
Consequently,
Ap =12, n=123,....

Since sin v A7 = 0 is satisfied for arbitrary A and B, we obtain two linearly
independent eigenfunctions cosnx, and sinnx corresponding to the same
eigenvalue n2.

It can be readily shown that if A < 0, the solution of the Sturm—Liouville
equation does not satisfy the periodic end conditions. However, when A = 0
the corresponding eigenfunction is 1. Thus, the eigenvalues of the periodic
Sturm—Liouville system are 0, {n2}7 and the corresponding eigenfunctions

are 1, {cosnz}, {sinnz}, where n is a positive integer.
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8.2 Eigenvalues and Eigenfunctions

In Examples 8.1.1 and 8.1.2 of the regular Sturm-Liouville systems in the
preceding section, we see that there exists only one linearly independent
eigenfunction corresponding to the eigenvalue A, which is called an eigen-
value of multiplicity one (or a simple eigenvalue). An eigenvalue is said to
be of multiplicity k if there exist k linearly independent eigenfunctions cor-
responding to the same eigenvalue. In Example 8.1.3 of the periodic Sturm—
Liouville system, the eigenfunctions cosnz, sinnx correspond to the same
eigenvalue n?. Thus, this eigenvalue is of multiplicity two.

In the preceding examples, we see that the eigenfunctions are cosnx
and sinnz for n = 1,2,3,.... It can be easily shown by using trigonometric
identities that

s
/ cosmx cos nx dx = 0, m # n,

—T

iy
/ cosmzsinnz dx = 0, for all integers m, n,

—T

T
/ sinmaz sinnx dx = 0, m # n.
—T
We say that these functions are orthogonal to each other in the interval
[—7, 7]. The orthogonality relation holds in general for the eigenfunctions
of Sturm-Liouville systems

Let ¢ (x) and ¥ (x) be any real-valued integrable functions on an interval
I. Then ¢ and v are said to be orthogonal on I with respect to a weight
function p (z) > 0, if and only if,

@m&=£¢@ﬂﬂ@puww=0 (8.2.1)

The interval I may be of infinite extent, or it may be either open or closed

at one or both ends of the finite interval.
When ¢ =1 in (8.2.1) we define the norm of ¢ by

2

|W=M&wmw4. (8:2.2)

Theorem 8.2.1. Let the coefficients p, q, and s in the Sturm—Liouville sys-
tem be continuous in [a,b]. Let the eigenfunctions ¢; and ¢r, corresponding
to A\; and X\, be continuously differentiable. Then ¢; and ¢y, are orthogonal
with respect to the weight function s (x) in [a,b].

Proof. Since ¢; corresponding to A; satisfies the Sturm-Liouville equa-
tion, we have

% (pd)) 4+ (g+X;8)¢; =0 (8.2.3)



278 8 Eigenvalue Problems and Special Functions

and for the same reason
d
dx

Multiplying equation (8.2.3) by ¢; and equation (8.2.4) by ¢;, and sub-
tracting, we obtain

(P 9k) + (¢ + Axs) b = 0. (8.2.4)

d
(A = Ak) s b0 = ¢ - (pdk) — P o (P¢ )
d / /
=i [(p o) ¢ — (¢) O]

and integrating yields

b
(Aj—m/ s dndz = [p (630, — din)]"
= p(0) [0 (5) & (8) — &, (b) & (8)]
(@) [0 ()64 (0) — &, (@) b (0)] (5:25)

the right side of which is called the boundary term of the Sturm—Liouville
system. The end conditions for the eigenfunctions ¢; and ¢y, are

b1 (b) + bag); (D)
bigy (b) + bagp), (b)

If by # 0, we multiply the first condition by ¢y (b) and the second condition
by ¢; (b), and subtract to obtain

0
0.

[ (b) ¢4, (b) — & (b) bk, (b)] = 0. (8.2.6)
In a similar manner, if as # 0, we obtain
[ (a) ¢}, (a) — &) (a) 6x, (a)] = 0. (8.2.7)

We see by virtue of (8.2.6) and (8.2.7) that

b
(Aj — )\k)/ s¢; ¢ dr = 0. (8.2.8)

If \; and A\ are distinct eigenvalues, then

b
/ s¢; o dr = 0. (8.2.9)

Theorem 8.2.2. The eigenfunctions of a periodic Sturm—Liouville system
in [a,b] are orthogonal with respect to the weight function s (x) in [a,b].
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Proof. The periodic conditions for the eigenfunctions ¢; and ¢;, are

¢j(a) =¢;(b),  ¢)(a)=9](b),
or (a) = ¢ (), ¢, (a) = ¢y, (b).

Substitution of these into equation (8.2.5) yields
b
(A — /\k)/ s¢;j o dz = [p (b) —p(a)] [¢; (a) G} (a) — ¢ (a) ¢k (a)] .

Since p (a) = p (b), we have

b
(Aj — /\k)/ $¢j ordz = 0. (8.2.10)

For distinct eigenvalues A; # Ag, (A\; — Ax) # 0 and thus,

b
/ s¢; o dx = 0. (8.2.11)

Theorem 8.2.3. For any y, z € D (L), we have the Lagrange identity

yLL) — 2Ll = - o (v’ — =) (8212)

Proof. Using the definition of the Sturm-Liouville operator, we have

d dz d dy
Lz — 2Ly = y— [ p== —a—(p=2) =
yL[z] — 2L [y] U (pdx)+qyz . (pdx) qyz
d

= (yz' —zy)].

Theorem 8.2.4. The Sturm—Liouville operator L is self-adjoint. In other
words, for any y, z € D (L), we have

(Llyl,2) =y, L[2]), (8.2.13)

where <, > is the inner product in L* ([a,b]) defined by

(f.g) = / f (@) (@) da. (8.2.14)

Proof. Since all constants involved in the boundary conditions of Sturm-—
Liouville system are real, if z € D (L), then Z € D (L).

Also since p, ¢ and s are real-valued, L[z] = L[z]. Consequently, we
have

b
<L[y1,z>f<y,L[z1>:/ (L] -y L[z)) de

=[pzy —yZ)]’, by (8212). (8.2.15)
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We next show that the right hand side of this equality vanishes for a
regular RSL system. If p (a) = 0, the result follows immediately. If p (a) > 0,
then y and z satisfy the boundary conditions of the form (8.1.5) at z = a.
That is,

y(a) y'(a) | [ @
=0.
zZ(a) Z'(a)| | a2

Since a; and as are not both zero, we have
Z(a)y' (a) —y(a)Z (a) = 0.

A similar argument can be used to the other end point z = b, so that the
right-hand side of (8.2.15) vanishes. This proves the theorem.

Theorem 8.2.5. All the eigenvalues of a regular Sturm-—Liouville system
with s (z) > 0 are real.

Proof. Let A be an eigenvalue of a RSL system and let y(x) be the
corresponding eigenfunction. This means that y # 0 and L[y] = —Asy.
Then

b
< 2
0= (L0}~ Llol) = (=) [ 5@ ly(e) o
a
Since s (x) > 01in [a, b] and y # 0, the integrand is a positive number. Thus,
A = A, and hence, the eigenvalues are real. This completes the proof.

Theorem 8.2.6. If ¢1 (z) and ¢3 (x) are any two solutions of the equation
Lyl 4+ Asy = 0 on [a,b], then p(x) W (z; ¢1,¢2) = constant, where W is
the Wronskian.

Proof. Since ¢; and ¢4 are solutions of L [y] + Asy = 0, we have

d [ dé, B

@ (Pdl,> +(g+As)d1 =0,
de2 B

. (p dx>+(q+)\s)¢2—0.

Multiplying the first equation by ¢ and the second equation by ¢, and
subtracting, we obtain

doo dé
¢1 ( dx ) ¢2 ( dx =0
Integrating this equation from a to z, we obtain

p(z) 61 (z) ¢ (z) — ¢ (z) d2 (2)] = p (@) [$1 (a) ¢5 (a) — ¢ (a) P2 (a)]
p(x) W (z; ¢, p2) = constant. (8.2.16)

This is called Abel’s formula where W is the Wronskian.



8.2 Eigenvalues and Eigenfunctions 281

Theorem 8.2.7. An eigenfunction of a regular Sturm-Liouville system is
unique except for a constant factor.

Proof. Let ¢ (x) and ¢3 (x) be eigenfunctions corresponding to an eigen-
value A. Then, according to Abel’s formula (8.2.16), we have

p (Z‘) w (xa Qsla ¢2) = constant, p (Z‘) > 07

where W is the Wronskian. Thus, if W vanishes at a point in [a, b], it must
vanish for all = € [a, b].
Since ¢1 and ¢9 satisfy the end condition at x = a, we have

a1¢1 (a) + az2¢; (a) = 0,
arps (a) + az gy (a) = 0.

Since a; and as are not both zero, we have
¢1(a) @1 (a)
¢1(a) ¢ (a)

Therefore, W (z; ¢1¢2) = 0 for all x € [a, b], which is a sufficient condition
for the linear dependence of two functions ¢1 and ¢2. Hence, ¢; (z) differs
from ¢ () only by a constant factor.

Theorem 8.2.5 states that all eigenvalues of a regular Sturm—Liouville
system are real, but it does not guarantee that any eigenvalue exists. How-
ever, it can be proved that a self-adjoint regular Sturm-Liouville system
has a denumerably infinite number of eigenvalues. To illustrate this, we
consider the following example.

=W (a;¢17¢2) =0.

Ezample 8.2.1. Consider the Sturm-Liouville system

'+ Xy =0, 0<z<1,
y(0)=0, y(1)+hy (1)=0, h>0a constant.

Here p =1, ¢ =0, s = 1. The solution of the Sturm-Liouville equation
is

y(z) = AcosV Iz + Bsin V.
Since y (0) = 0, gives A = 0, we have
y (z) = Bsin V.
Applying the second end condition, we have

sin VA + h VA cos VA = 0, B#0
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which can be rewritten as

tan VA = —hVA.
If & = /X is introduced in this equation, we have
tana = —ha.

This equation does not possess an explicit solution. Thus, we determine
the solution graphically by plotting the functions £ = tan« and £ = —ha
against «, as shown in Figure 8.2.1. The roots are given by the intersection
of two curves, and as is evident from the graph, there are infinitely many
roots o, forn =1,2,3, . ... To each root «,, there corresponds an eigenvalue

A = a2, n=1,23,....
Thus, there exists an ordered sequence of eigenvalues
A <A1 <A <Az <.
with

lim A, = .
n—oo

The corresponding eigenfunctions are sin (\/)\n {L‘)

&) A

& = tana

I
I
1
|
1
I
!
0 72, I
I
1
I
1
I
[

)

37/2

Figure 8.2.1 Intersection of £ = tana and £ = —ha.
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Theorem 8.2.8. A self-adjoint reqular Sturm—Liouville system has an in-
finite sequence of real eigenvalues

A <A< A3<...
with
lim A,, = co.

For each n the corresponding eigenfunction ¢, (x), uniquely determined up
to a constant factor, has exactly n zeros in the interval (a,b).

Proof of this theorem can be found in the book by Myint-U (1978).

8.3 Eigenfunction Expansions

A real-valued function ¢ (z) is said to be square-integrable with respect to
a weight function p (z) > 0, if, on an interval I,

/I¢2 (z) p(z)dz < +oc0. (8.3.1)

An immediate consequence of this definition is the Schwarz inequality

< /I¢2 (z) p(z)dx /I V2 (2) p (z) dzx (8.3.2)

/I¢<x>¢<x>p<x>dx

for square-integrable functions ¢ () and ¥ (z).

Let {¢y (x)}, for positive integers n, be an orthogonal set of square-
integrable functions with a positive weight function p(x) on an interval
I. Let f(z) be a given function that can be represented by a uniformly
convergent series of the form

f (m) = Z Cn On (-'17) 5 (833)

where the coefficients ¢,, are constants. Now multiplying both sides of (8.3.3)
by ¢ (2) p(z) and integrating term by term over the interval I (uniform
convergence of the series is a sufficient condition for this), we obtain

/I F@)om @) p(0)dr = 3 / enn () b () p () d,
and hence, for n = m,

/If(af) én (z) p () do = cn/1¢n () p(x) du.
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Thus,

_ Jifdnpdx
f1¢%pdm '

Hence, we have the following theorem:

(8.3.4)

C’IL

Theorem 8.3.1. If f is represented by a uniformly convergent series

f@) = catn (@)

on an interval I, where ¢, are square-integrable functions orthogonal with
respect to a positive weight function p (x), then ¢, are determined by

_ Jifdnpdx
f I ¢% pdx
Ezample 8.3.1. The Legendre polynomials P, (z) are orthogonal with re-

spect to the weight function p(x) = 1 on (—1,1). If we assume that f (z)
can be represented by the Fourier—Legendre series

Cn

oo
flx) = chPn (z)
n=1
then, ¢, are given by

L f (@) Pa (o) de
T L P2 (0)de

_ <2”2+1> /11f(:c)Pn (<) da.

In the above discussion, we assumed that the given function f (z) is
represented by a uniformly convergent series. This is rather restrictive, and
we will show in the following section that f (x) can be represented by a
mean-square convergent series.

8.4 Convergence in the Mean

Let {¢,} be the set of square-integrable functions orthogonal with respect
to a weight function p (z) on [a, b]. Let

sn (@) =Y cxtn (@)
k=1
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oo
be the nth partial sum of the series chdm (x).
k=1
Let f be a square-integrable function. The sequence {s,} is said to
converge in the mean to f (x) on the interval I with respect to the weight
function p (z) if

lim [ [f () — s, (2)]° p(x)dz = 0. (8.4.1)
n—-+4oo I
We shall now seek the coefficients ¢ such that s, () represents the
best approximation to f (z) in the sense of least squares, that is, we seek
to minimize the integral

E(cy) = / f @) = sn @) p (2) do

I
:/f2pd:v7220k/f¢kpdx+20i/d)ipdac. (8.4.2)
4 k=1 1 k=1 I

This is an extremal problem. A necessary condition on the c¢; for E to
be minimum is that the first partial derivatives of E with respect to these
coefficients vanish. Thus, differentiating (8.4.2) with respect to ¢, we obtain

E
8—:—2/f¢kpdm+20k/q§ipdx:0 (8.4.3)
Jey, I I
and hence,
f] f ¢k pdz
Cp = . 8.4.4
* J ¢ pda ( )

Now if we complete the square, the right side of (8.4.2) becomes

n 2 n 2
E= [ 1 2,4 fffd’”’dx] Ui orpde)”
/pr :L’+kz_:1/l¢k,0 x[ck fﬁﬁpdz kz::l fIgbipdx

The right side shows that E is a minimum if and only if ¢, is given by
(8.4.4). Therefore, this choice of ¢ yields the best approximation to f ()
in the sense of least squares.

For series convergent in the mean to f (x), we conventionally write

f@)~> erdr (@),
k=1

where the coefficients c; are the generalized Fourier coefficients and the
series is the generalized Fourier series. This series may or may not be point-
wise or uniformly convergent.
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8.5 Completeness and Parseval’s Equality

Substituting the Fourier coefficients (8.4.4) into (8.4.2), we obtain

n 2 n
Z(f(z)—kz_lcmm)) p(x)dxz/lf%dx—;ci/]asﬁpdaa

Since the left side is nonnegative, we have

Zci/d)i,@dmﬁ /prda:. (8.5.1)
k=1 71 4

The integral on the right side is finite, and hence, the series on the left side
is bounded above for any n. Thus, as n — oo, the inequality (8.5.1) may
be written as

Zcz/gb%pdxg /fzpdac. (8.5.2)
k=1 71 I

This is called Bessel’s inequality.
If the series converges in the mean to f (x), that is,

nh_)rr;o ’ (f () — Z CLPk (:I:)) p(z)dx =0,
k=1

then, it follows from the above derivation that
ZCi/qﬁipdx:/fgpdx
P I I

which is called Parseval’s equality. Sometimes it is known as the complete-
ness relation. Thus, when every continuous square-integrable function f ()
can be expanded into an infinite series

F@)=> crdr (@),
k=1

the sequence of continuous square-integrable functions {¢y} orthogonal
with respect to the weight function p is said to be complete.
Next we state the following theorem:

Theorem 8.5.1. The eigenfunctions of any regular Sturm-—Liouville sys-
tem are complete in the space of functions that are piecewise continuous
on the interval [a,b] with respect to the weight function s(x). Moreover,
any piecewise smooth function on [a,b] that satisfies the end conditions of
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the regular Sturm-—Liouville system can be expanded in an absolutely and
uniformly convergent series

F@)=> erdr (@),
k=1

where ¢ are given by

ck/abfms(:c)dx/[cbis(x)dx-

Proof of a more general theorem can be found in Coddington and Levinson
(1955).

Ezample 8.5.1. Consider a cylindrical wire of length [ whose surface is per-

fectly insulated against the flow of heat. The end [ = 0 is maintained at the

zero degree temperature, while the other end radiates freely into the sur-

rounding medium of zero degree temperature. Let the initial temperature

distribution in the wire be f (x). Find the temperature distribution u (x, t).
The initial boundary-value problem is

up = k gy, O<z<l, t>0, (8.5.3)

u(z,0) = f(z), 0<z <l (8.5.4)

w(0,t) = 0, t>0, (8.5.5)

hu (L) +u (I,t) = 0, t>0, h>0.(85.6)

By the method of separation of variables, we assume a nontrivial solu-
tion in the form

u(x,t) =X ()T (t)
and substituting it in the heat equation, we obtain
X"4+XX =0, T +k\N=0,
where A > 0 is a separation constant. The solution of the latter equation is
T (t) = Ce kM (8.5.7)

where C is an arbitrary constant. The former equation has to be solved
subject to the boundary conditions

X (0) =0, hX 1)+ X' (1) =0.
This is a Sturm-Liouville system which gives the solution with X (0) =0

X (z) = Bsin V), (8.5.8)
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where B is a constant to be determined.
Application of the second end condition (8.5.6) yields

hsin VAL+ VA cos VAL =0 for B#0
which can be rewritten as
tan VAL = —VA/h.
If & = v/l is introduced in the preceding equation, we have
tana = —a a,

where a = (1/hl). As in Example 8.2.1, there exists a sequence of eigenval-
ues
A <A< A3<...

with lim,, o A, = co. The corresponding eigenfunctions are sin /A, x, and
hence,

X, (z) = By sin \/Ex (8.5.9)

Therefore, combining (8.5.7) with C' = C,, and (8.5.9), the solution takes
the form

Up (@, 1) = an e Ftsin /A, z, a, = B,C,

which satisfies the heat equation and the boundary conditions. Since the
heat equation is linear and homogeneous, we form the series solution

oo
u(z,t) = Zan e Fntsin\/\, z, (8.5.10)
n=1

which is also a solution, provided it converges and is twice differentiable
with respect to x and once differentiable with respect to t. According to
Theorem 8.2.1, the eigenfunctions sin+/A, z form an orthogonal system
over the interval (0,1). Application of the initial condition yields

u(x,0) = f(x) ~ iansinmx.
n=1

If we assume that f is a piecewise smooth function on [a, b], then, by Theo-
rem 8.5.1, we can expand f (z) in terms of the eigenfunctions, and formally
write

fx)= Zansinmx,
n=1
where the coefficient a,, is given by
! l
ap = / f(m)sinmxdx// sin? /A, z dz.
0 0

With this value of a,, the temperature distribution is given by (8.5.10).
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8.6 Bessel’s Equat d Bessel’s Funct

Bessel’s equation frequently occurs in problems of applied mathematics and
mathematical physics involving cylindrical symmetry.
The standard form of Bessel’s equation is given by

2y +ay + (22 — )y =0, (8.6.1)

where v is a nonnegative real number. We shall first restrict our attention
to x > 0. Since = = 0 is the regular singular point, a solution is taken in
accordance with the Frobenius method to be

=3 apattn, (8.6.2)
n=0

where the index s is to be determined. Substitution of this series into equa-
tion (8.6.1) then yields

(s> —v?) agz® + [(s +1)° - V2:| ajz®t!

+ Z {[ s+n) — 1/2} an + an72} a*t" =0. (8.6.3)

The requirement that the coefficient of £° vanish leads to the initial equation
(s> = 1) ag =0, (8.6.4)

from which it follows that s = + v for arbitrary ag # 0. Since the leading
term in the series (8.6.2) is ag®, it is clear that for v > 0 the solution of
Bessel’s equation corresponding to the choice s = v vanishes at the origin,
whereas the solution corresponding to s = —v is infinite at that point.

We consider first the regular solution of Bessel’s equation, that is, the
solution corresponding to the choice s = v. The vanishing of the coefficient
of z5%1 in equation (8.6.3) requires that

(2v+1)a; =0, (8.6.5)

which in turn implies that a; = 0 (since v > 0). From the requirement that
the coefficient of %™ in equation (8.6.3) be zero, we obtain the two-term
recurrence relation

an—2
=——. 8.6.6
fin n(2v+n) ( )
Since a; = 0, it is obvious that a, = 0 for n = 3,5,7,.... The remaining
coefficients are given by
k
-1
agk = (=) 2o (8.6.7)

22N (v+ k) (v+k—-1)...(v+1)
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for k =1,2,3,.... This relation may also be written as

(=1)* 2" (v + 1) ag
22N (v 4+ k+ 1)

o = k=1,2,..., (8.6.8)
where I' («) is the gamma function, whose properties are described in the
Appendix.

Hence, the regular solution of Bessel’s equation takes the form

2°I(v+1) oy
= § v 8.6.9
- 22k+vklf wrk+1)" (86.9)

It is customary to choose

1

PTCTT (8.6.10)

apg =

and to denote the corresponding solution by J, (). This solution, called
the Bessel function of the first kind of order v, is therefore given by

oo ( l)k 2k+v
gy = . 8.6.11
(@) = kz_: 2RI (v + k + 1) (86.11)
To determine the irregular solution of the Bessel equation for s = —v,

we proceed as above. In this way, we obtain as the analogue of equation
(8.6.5) the relation

(=2v+1)a; =0

from which it follows, without loss of generality, that a; = 0. Using the
recurrence relation
Qp—2

_— >2 .6.12
n(n—2v)’ " (8.6.12)

Ay = —

we obtain the irregular solution of the Bessel function of the first kind of
order —v as

B 0o (71)]6 p2k—v
Joy(z) = ;) 2h—vEI (—v+ k+1)

(8.6.13)

It can be easily proved that, if v is not an integer, J, and J_, converge
for all values of z, and are linearly independent. Thus, the general solution
of the Bessel equation for nonintegral v is

y(x) =ady () + cad—, (x). (8.6.14)

If v is an integer, say v = n, then from equation (8.6.13), noting that,
when gamma functions in the coefficients of the first n terms become infi-
nite, the coefficients become zero, hence we have
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o (_1)k ka—n

Ton (@) = ]; 2k T (—n+k+1)

n = (_1)kx2k+n
=" 2RI T (n+ k+ 1)
k=0 ’

= (=1)" Ju (2). (8.6.15)

This shows that J_,, is not independent of J,, and therefore, a second
linearly independent solution is required.

A number of distinct irregular solutions are discussed in the literature,
but the one most commonly used, as defined by Watson (1966), is

(cosvm) J, (z) — J_, (2) .

sin vw

Y, (z) =

(8.6.16)

For nonintegral v, it is obvious that Y}, (x), being a linear combination of
Jy (z) and J_, (z), is linearly independent of J, (x). When v is a nonneg-
ative integer n, Y, (z) is indeterminate. But
Y, (z) = 1lmY, (x)
Vv—n

exists and is a solution of the Bessel equation. Moreover, it is linearly in-
dependent of J,, (z). (For an extended treatment, see Watson (1966)). The
function Y, (z) is called the Bessel function of the second kind of order v.
Thus, the general solution of the Bessel equation is

y(x)=cad, () + Y, (z), for v>0. (8.6.17)

Like elementary functions, the Bessel functions are tabulated (see Jahnke
et al. (1960)). For illustration, the functions Jy, Ji, Yy and Y; are plotted
for small values of x in Figure 8.6.1.

It should be noted that J, () for v > 0 and J_, (x) for a positive
integer v are finite at the origin, but J_, (z) for nonintegral v and Y, (x)
for v > 0 approach infinity as = tends to zero.

Some of the useful recurrence relations are

Jo—1 (@) + Jpy1 () = — T, (z), (8.6.18)
vl () +zJ, (x) = xJ,_1 (x), (8.6.19)
Jy—1 (z )— vt () = 24, ( ), (8.6.20)
v, (z) —zJ), (z) = vJ,41 (x), (8.6.21)
L @) = 2 s (@), (8.6.22)

% (27T, ()] = =27 Ty (2). (8.6.23)

All of these relations also hold true for Y, (z).



292 8 Eigenvalue Problems and Special Functions

1 Jo(x)
_ - Ji®
e > - — -~ o ~
0 : S e ————
2 T 7% 8 10
A
-~ T =< N - = =
7~ ! ~ | | >\1 =~ >
\’\/'/ _ A+ I >=_
2 4 6 8 10

Figure 8.6.1 Graphs of J, (z) and Y, (z).

For |z| > 1 and |z| > v, the asymptotic expansion of J, (z) is

2 (42 — 1) (42 - 3°)
L,1W)~vcx[{“‘ 21 (82)°
(4°-1°) (0°-3) (°-5) (w*-7) . } cos ¢

41 (8x)*

- { (2 -1) (1) (02 =) (1 -5) } SM]

8z 31 (8z)?

(8.6.24)

where

d)zx—(u—i—i) g

For |z| > 1 and |z| > v, the asymptotic expansion of Y, (x) is
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Yy (@) ~ = H1 @A) (- 5

™ 2! (8z)°
(42 -1%) (4* - 3°) (* - 5%) (4° - T7°) .
+ 4!(833)4 }s 0]
(4 -1%) (07 -17) (4? - 3%) (4° - 5%)
+{ sz 31 (82)° +"'}COS¢]'
(8.6.25)

When v = 4 (1/2), Bessel’s function may be expressed in the form

[ 2 .
1 (z) = — sinz, (8.6.26)
Ty (@) =2 (8.6.27)
—3 (@) =/ — cosu. 6.

The Bessel functions which satisfy the condition
Jy (aky) + hJ), (ak,,) =0, h, a = constant, (8.6.28)

are orthogonal to each other with respect to the weight function z, that is,
for the nonnegative integer v, the orthogonal relation is

/ xJy (xky) Jy (xky,) dz =0, n#m. (8.6.29)
0
When n = m, we have the norm

1, (ko) |2 = / "2 [y (ko) de

= oo { PR L k) + (@232, —02) [, (k)2

m

(8.6.30)

where k,,, are the roots of (8.6.28).

We now give a particular example of the eigenfunction expansion the-
orem discussed in Sections 8.4 and 8.5. Assume a formal expansion of the
function f (z) defined in 0 < z < @ in the form

F@) =" amd, (@hpn), (8.6.31)

m=1

where the summation is taken over all the positive roots ki, ko, k3, ...,
of equation (8.6.28). Multiplying (8.6.31) by xJ, (zk,,), integrating, and
utilizing (8.6.30), we obtain
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/xf()  (zk )dx—am/oax[Jl,(ka)]2dx

T2k,
+ (a2k2, —v2) [, (ak:m)]z}. (8.6.32)

{2 17, (aksn)

Thus, we have the following theorem:

Theorem 8.6.1. If

by, = /Oa xf (x) J, (vky,) dz (8.6.33)

then the expansion (8.6.31) of f (x) takes the form

. o 2k2 by d, (wkpy)
f( ) N Z k72n [Jl// (akm)]2 + (anfn — 1/2) [Jy (ak‘m)]Q' (8634)

m=1

In particular, when h =0 in (8.6.28), that is, when k,, are the positive
roots of J, (akm) = 0, then (8.6.34) becomes

o0

=5 Z 2 = 52 Z b J(ak ); . (8.6.35)

— V+1

These expansions are known as the Bessel-Fourier series for f(x). They
are generated by Sturm—Liouville problems involving the Bessel equation,
and arise from problems associated with partial differential equations.

Closely related to Bessel’s functions are Hankel’s functions of the first
and second kind, defined by
HV (z) = J, (2) +iY, (z),  HP (z) =J, (z) —iY, (z), (8.6.36)

v

respectively, where i = y/—1.
Other closely related functions are the modified Bessel functions. Con-
sider Bessel’s equation containing a parameter \, namely,

2?y" +ay + (V22— %)y =0. (8.6.37)
The general solution of this equation is
y(z) = anJy, (M) + Yy, ().
If A =14, then
y(x) = ey (iz) + oYy (ix) .

We write
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=S (D" ()™
Jy, (ir) = kz:% 2T (v + k + 1)

=4I, (z),

where

0o
x2k+1/

L) =) srromir wt+k+1) (86.38)

k=0

I, (z) is called the modified Bessel function of the first kind of order v.
As in the case of J, and J_,, I, and I_, (which is defined in a similar
manner) are linearly independent solutions except when v is an integer.
Consequently, we define the modified Bessel function of the second kind of
order v by

K, (z) = = (I‘”(m)_]”(x)> . (8.6.39)

2 sinvm
Thus, we obtain the general solution of the modified Bessel equation
22y +ay — (22 + 1)y =0 (8.6.40)
in the form
y(z) =al, () + K, (x). (8.6.41)
We should note that
I,(0) = (8.6.42)
0, v>0

and that K, approaches infinity as x — 0.

For a detailed treatment of Bessel and related functions, refer to Wat-
son’s (1966) Theory of Bessel Functions.

The eigenvalue problems which involve Bessel’s functions will be de-
scribed in Section 8.8 on singular Sturm—Liouville systems.

8.7 Adjoint Forms and Lagrange Identity

Self-adjoint equations play a very important role in many areas of applied
mathematics and mathematical physics. Here we will give a brief account
of self-adjoint operators and the Lagrange identity.

We consider the equation

Lyl =ao(x)y" +ai(z)y +az(x)y=0
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defined on an interval I. Integrating z (z) L [y] by parts from a to x, we
have

/f zL[yldz = [(za0)y — (2a0)'y + (2a1) y}z
+/” [(za0)" — (2a1)" + (za2)] ydz. (8.7.1)

Now, if we define the second-order operator L* by
L* 2] = (za0)" — (za1)" + (zaz) = ag 2" (2af — a1) 2’ + (af — a + az) 2

the relation (8.7.1) takes the form

/r (2L [y] —yL* [2]) dx = [ao (' z — y2') + (a1 — ag) yz], . (8.7.2)

The operator L* is called the adjoint operator corresponding to the operator
L. It can be readily verified that the adjoint of L* is L itself. If L and L* are
the same, L is said to be self-adjoint. The necessary and sufficient condition
for this is that

/ " li
a1 = 2ay — a, az = ag — ay + az,
which is satisfied if
/
ap = ag.
Thus, if L is self-adjoint, we have

L(y) = aoy” + apy’ + azy
= (aoy) + a2 (x)y. (8.7.3)
In general, L [y] is not self-adjoint. But if we let
1 “ay (t)
h(x) = exp{/ dt} 8.7.4
(@) ao ao (t) 87.4)

then h(z)Ly] is self-adjoint. Thus, any second-order linear differential
equation

ao (z)y" + a1 (z)y +az(z)y=0 (8.7.5)

can be made self-adjoint. Multiplying by h (z) given by equation (8.7.4),
equation (8.7.5) is transformed into the self-adjoint form

4
dzx

dy

[p (x) daJ +q(x)y =0, (8.7.6)
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where

p(x)zexp{/xz(l)ggdt}, q(x)z(Zi)eXp{/mZ;Egdt}. (8.7.7)

For example, the self-adjoint form of the Legendre equation

(1—2%)y" =229 +n(n+1)y=0
is

d

- [(1 — z?) dy] +n(n+1)y=0, (8.7.8)

dx
and the self-adjoint form of the Bessel equation

x2y"+xy’+(3:2f1/2)y:0

d dy A

Now, if we differentiate both sides of equation (8.7.2), we obtain

is

d
2L [y] —yL* 2] = o [ao (v'z — y2') + (a1 — ag) y2] (8.7.10)
which is known as the Lagrange identity for the operator L.
If we consider the integral from a to b of equation (8.7.2), we obtain
Green’s identity

b
/ (zL[y] —yL* [2]) do = [ag (y'z — y2') + (a1 — @) y2l.  (8.7.11)

When L is self-adjoint, this relation becomes

b
/ (2L [y] — yL [2)) do = [ao (' z — y2")]".. (8.7.12)

8.8 Singular Sturm—Liouville Systems

A Sturm—Liouville equation is called singular when it is given on a semi-
infinite or infinite interval, or when the coefficient p (x) or s (z) vanishes, or
when one of the coefficients becomes infinite at one end or both ends of a
finite interval. A singular Sturm-Liouville equation together with appropri-
ate linear homogeneous end conditions is called a singular Sturm-Liouville
(SSL) system. The conditions imposed in this case are not like the sepa-
rated boundary end conditions in the regular Sturm-Liouville system. The
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condition that is often necessary to prescribe is the boundedness of the
function y () at the singular end point. To exhibit this, let us consider a
problem with a singularity at the end point = a. By the relation (8.7.12),
for any twice continuously differentiable functions y (x) and z (x), we have
on (a,b)

b
/ {zL [yl = yL[2]} dw =p () [y (b) 2 (b) — y (b) ' ()]

N
—pla+e)ly' (a+e)z(ate)—ylate) (at+e),

where ¢ is a small positive number. If the conditions

Jim p (@) [ (2) 2 (@)~ y (@) 2 ()] = 0. (881)
PO (1)) =y () 4) =0, (352

are imposed on y and z, it follows that

b
/ (L ly] — yL[]} dz = 0. (8.8.3)

For example, when p (a) = 0, the relations (8.8.1) and (8.8.2) are replaced
by the conditions
1. y (z) and ¢’ (z) are finite as z — a
2. byy (b) + by’ (b) = 0.

Thus, we say that the singular Sturm—Liouville system is self-adjoint, if
any functions y (x) and z (x) that satisfy the end conditions satisfy

b
/ {2Lly] - yL [} dx = 0.

Ezample 8.8.1. Consider the singular Sturm-Liouville system involving Leg-
endre’s equation

d dy
[( X ) } + Ay =0, <z <l

with the conditions that y and ¢’ are finite as x — + 1.

In this case, p (z) = 1 —22 and s (x) = 1, and p (v) vanishes at z = + 1.
The Legendre functions of the first kind, P, (z), n = 0,1,2,..., are the
eigenfunctions which are finite as © — + 1. The corresponding eigenvalues
are A\, = n(n+1) for n = 0,1,2,.... We observe here that the singu-
lar Sturm—Liouville system has infinitely many real eigenvalues, and the
eigenfunctions P, (x) are orthogonal to each other.

Example 8.8.2. Another example of a singular Sturm-Liouville system is
the Bessel equation for fixed v
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2
i x@ + /\x—y— y=0, 0<zx<a,
dx dx T

with the end conditions that y (a) = 0 and y and y’ are finite as z — 0+.

Herep (x) =, q(x) = —”x—z, and s () = 2. Now p (0) = 0, ¢ (x) becomes
infinite as x — 0+, and s (0) = 0; therefore, the system is singular. If A = k2,
the eigenfunctions of the system are the Bessel functions of the first kind of
order v, namely J, (k,x), n = 1,2,3,..., where ky,a is the nth zero of J,.
The Bessel function .J, and its derivative are both finite as * — 0+. The
eigenvalues are \,, = k2. Thus, the system has infinitely many eigenvalues,
and the eigenfunctions are orthogonal to each other with respect to the
weight function s (z) = .

In the preceding examples, we have seen that the eigenfunctions are
orthogonal with respect to the weight function s (x). In general, the eigen-
functions of a singular Sturm-Liouville system are orthogonal if they are
square-integrable with respect to the weight function s (z) = .

Theorem 8.8.1. The square-integrable eigenfunctions corresponding to dis-
tinct eigenvalues of a singular Sturm—Liouville system are orthogonal with
respect to the weight function s (x).

Proof. Proceeding as in Theorem 8.2.1, we arrive at

b
(=) [ 565 uds=pO) [65 (0 ()~ &} (5) o O]
- (@) [6; ()¢ (0) ~ (@) (0)].

Suppose the boundary term vanishes, as in the case mentioned earlier, where
p(a) = 0, y and 3 are finite as * — a, and at the other end b1y (b) +
bay’ (b) = 0. Then, we have

b
(>\3_)\k)/ S¢]¢kd$:0

This integral exists by virtue of (8.3.2). Thus, for distinct eigenvalues A; #
Ak, the square-integrable functions ¢; and ¢ are orthogonal with respect
to the weight function s (z).

Example 8.8.3. Consider the singular Sturm-Liouville system involving the
Hermite equation

u” —2zu’ + M =0, —00 < = < 00, (8.8.4)

which is not Self—adjoin‘g.
If we let y (z) = e /2u (), the Hermite equation takes the self-adjoint
form

y"—i—[(1—962)—1—)\}y:07 —0 < T < 0.
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Here p = 1, q(x) = 1 — 22, s = 1. The eigenvalues are )\, = 2n for

nonnegative integers n, and the corresponding eigenfunctions are ¢, (x) =
e=*"/2H, (), where H, (z) are the Hermite polynomials which are so-
lutions of the Hermite equation (8.8.4) (See Magnus and Oberhettinger
(1949)).

Now, we impose the end conditions that y tends to zero as z — + oc.
This is satisfied because H,, (x) are polynomials in « and in fact zre= = /2
0 as ¢ — + co. Since ¢, (x) are square-integrable, we have

/OO H,, (z) H, (z) e dy = 0, m # n.

Example 8.8.4. Consider the problem of the transverse vibration of a thin
elastic circular membrane

9 1
Uty = C Urr+;ur 5 T<1, t>0,
u(r,0)=f(r),  w(r,0)=0  0<r<l, (8.8.5)
u(l,t) =0, limou(r,t)<oo, t>0.

We seek a nontrivial separable solution in the form
w(r,t) =R(r)T(t).
Substituting this in the wave equation yields
R'"+(1/r)R 17 9
_—— = = — = — (Y 5
R T
where « is a positive constant. The negative sign in front of a? is chosen to
obtain the solution periodic in time. Thus, we have

rR"+ R +o?rR =0, T" + %32T = 0.
The solution T (t) is therefore given by
T (t) = Acos (act) + Bsin (act) .

Next, it is required to determine the solution R (r) of the following
singular Sturm—Liouville system
d | dR 9
. {Tdr} +a*rR =0, (8.8.6)

R(1) =0, limR(r)<oo. (8.8.7)

r—0
We note that in this case, p = r which vanishes at » = 0. The condition on
the boundedness of the function R (r) is obtained from the fact that

1111%u(r, t) = lin%)R(r)T(t) < oo

T



8.8 Singular Sturm—Liouville Systems 301
which implies that

lim R (r) < oo (8.8.8)

r—0

for arbitrary T (t). Equation (8.8.6) is Bessel’s equation of order zero, the
solution of which is given by

R (r) = CJy (ar) + DY, (ar), (8.8.9)

where Jy and Y, are Bessel’s functions of the first and second kinds re-
spectively of order zero. The condition (8.8.7) requires that D = 0 since
Yo (ar) — —oo as r — 0. Hence,

R(r)=CJy(ar).

The remaining condition R (1) = 0 yields Jy (a)) = 0.
This transcendental equation has infinitely many positive zeros

o <og <az<....
Thus, the solution of problem (8.8.5) is given by
U (r,t) = Jo (anr) (Ay cos ayct + By sinapct) n=123,....

Since the Bessel equation is linear and homogeneous, the linear superposi-
tion principle gives

u(rt) = Z Jo (o) (Ay, cos apct + By sin ay,ct) , (8.8.10)

n=1

is also a solution, provided the series converges and is sufficiently differen-
tiable with respect to r and ¢. Differentiating (8.8.10) formally with respect
to t, we obtain

oo
ug (r,t) = Z Jo (anr) (— Ay oy, csinay,ct + By, ac cos apct) .
n=1

Application of the initial condition wu; (r,0) = 0 yields B,, = 0. Conse-
quently, we have

u(r,t) = AnJo (anr) cos (anct). (8.8.11)

n=1

It now remains to show that u (r,t) satisfies the initial condition u (r,0) =
f (r). For this, we have

w(r,0) = f(r)~ > ApJo(anr).
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If f (r) is piecewise smooth on [0, 1], then the eigenfunctions Jy (cu,r) form
a complete orthogonal system with respect to the weight function r over
the interval (0,1). Hence, we can formally expand f (r) in terms of the
eigenfunctions. Thus,

r) = i Ando (ar), (8.8.12)

where the coefficient A,, is represented by

A, = /0 () Jo (anr) dr / /0 o) Pdr. (8813)

The solution of the problem (8.8.5) is therefore given by (8.8.11) with the
coefficients 4,, given by (8.8.13).

8.9 Legendre’s Equation and Legendre’s Function

The Legendre equation is
(1- :c2) y' =22y +v(v+1)y=0, (8.9.1)

where v is a real number. This equation arises in problems with spherical
symmetry in mathematical physics. Its coefficients are analytic at x = 0.
Thus, if we expand near the point z = 0, the coefficients are

o0 o0

2x m m
p<x):_7l—x2 :—2:1;2:52 = Z(—2)x2 1
m=0 m=0
and
(l/—|—1 = 2m
q(x) = 4z - v(v+1) Zx mz::()l/(V—FI)JZ

We see that these series converge for || < 1. Thus, the Legendre equation
on |z| < 1 has convergent power series solution at z = 0.
Now to find the solution near the ordinary point x = 0, we assume

oo
= E A 2™

m=0

Substituting y, %', and ¢ in the Legendre equation, we obtain

o0

(1—2%) m(m—1)ayz™ ? -2z Z My,
m=0

m=0

+r(v+1) Zamxmzo.

m=0
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Simplification gives

> lm+1) (m+2) amiz+ (v —m) (v +m+ 1) ap]a™ = 0.

m=0

Therefore the coefficients in the power series must satisfy the recurrence

relation

wv-—m)(r+m+1)
(m+1)(m+2)

Um42 = —

This relation determines as, a4, ag, ... in terms of ag, and as, as, az, ... in
terms of ap. It can easily be verified that agr and agr41 can be expressed
in terms of ag and a; respectively as

(1) v (=2 . (v=2k+2)(v+1) (v +3)... (v + 2k —1)

ok = (2k)! 0
and
B (—l)k(l/—1)(V—3)...(1/—2]€—|—1)(V+2)(1/+4)...(V+2k)
A2k+1 = (2k+1)! ai.
Hence, the solution of the Legendre equation is
y(z) = ag {1
() -2).  (r—2k+2)(v+1) (v +3)... (v + 2k — 1) 22
+k§ 25! ]
“+aq [1’
(=) =) =3) ... (v=2k+ 1) +2) (v +4)...(v+ 2k)22*H
+k2:1 2kt 1) ]
= apd, () + a1, (x). (8.9.3)

It can easily be proved that the functions ¢, (z) and v, (z) converge for
x < 1 and are linearly independent.

Now consider the case in which v = n, with n a nonnegative integer. It
is then evident from the recurrence relation (8.9.2) that, when m = n,

an+2:an+4:...:0.

Consequently, when n is even, the series ¢, () terminates with z", whereas
the series for 1, (z) does not terminate. When n is odd, it is the series for
¥y, (x) which terminates with 2™, while that for ¢,, (x) does not terminate.
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In the first case (n even), ¢, (z) is a polynomial of degree n; the same is
true for 1, (x) in the second case (n odd).

Thus, for any nonnegative integer n, either ¢, (z) or ¥, (x), but not
both, is a polynomial of degree n. Consequently, the general solution of the
Legendre equation contains a polynomial solution P, (x) and an infinite
series solution @, (z) for a nonnegative integer n. To find the polynomial
solution P, (), it is convenient to choose a, so that P, (1) = 1. Let this
a, be

2n)!
an = (L)Q (8.9.4)
2m (n!)
Rewriting the recurrence relation (8.9.2), we have
oy = —n=bn
2(2n—1)

Substituting a,, from (8.9.4) into this relation, we obtain

(2n —2)!
C2n(n—Dl(n—2)

Ap—2

and
(2n —4)!
2721 (n — 2)! (n — 4)!

Ap—4

It follows by induction that

(1) (2n — 2k)!
20kl (n — k)! (n — 2k)!"

Ap—2k =

Hence, we may write P, (z) in the form

N
(2n — 2k)! ok
" 8.9.5
kZ:OZ”k' (n—k (n—2k)!x ’ ( )

where N = (n/2) when n is even, and N = (n — 1) /2 when n is odd. This
polynomial P, (z) is called the Legendre function of the first kind of order
n. It is also known as the Legendre polynomial of degree n.

The first few Legendre polynomials are

Py (z) =1,

Py (z) =z,
&@):%(3:&4),

P; () :%(5x3—3x),

Py (z) :5(3514—30x2+3).
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A
Poy(x)
1
P
D/ 2
A
[0} >
X
—-12

Figure 8.9.1 The first four Legendre’s polynomials.

These polynomials are plotted in Figure 8.9.1 for small values of x.

Recall that for a given nonnegative integer n, only one of the two solu-
tions ¢, () and ), (z) of Legendre’s equation is a polynomial, while the
other in an infinite series. This infinite series, when appropriately normal-
ized, is called the Legendre function of the second kind. It is defined for
|z| <1 by

On (1), (x)  formeven
Qn () = : (8.9.6)
—1p (1) ¢ () for nodd

Thus, when n is a nonnegative integer, the general solution of the Legendre
equation is given by

y(z) = 1Py () + 2@y (2) - (8.9.7)
The Legendre polynomial may also be expressed in the form

1 da

= oy 7o (@ = )", (8.9.8)

P, (z)

This expression is known as the Rodriguez formula.
Like Bessel’s functions, Legendre polynomials satisfy certain recurrence
relations. Some of the important relations are
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(n+1)Pyy1(z) — 2n+1)zP, (z) + nPp_1(x) =0, n>1, (8.9.9)
(2 = 1) P, (z) = nzP, () —nP,_1(z), n>1, (8.9.10)

nP, (x)+P,_,(z)—zP,(z) =0, n>1, (89.11)

P, (z)=2aP,(x)+(n+1)P,(z), n>0. (89.12)

In addition,

Pop (=) = Pan (), (8.9.13)

P2n+1 (—l’) = _P2n+1 (a:) . (8914)

These indicate that P, (z) is an even function for even n, and an odd
function for odd n.

It can easily be shown that the Legendre polynomials form a sequence
of orthogonal functions on the interval [—1,1]. Thus, we have

/1 P, () Py (z)dx =0, for n#m. (8.9.15)
—1

The norm of the function P, (x) is given by

1P, ()] = / P2 (1) do = —2

= . 8.9.16
—1 27’I,+ 1 ( )

Another important equation in mathematical physics, one which is
closely related to the Legendre equation (8.9.1), is Legendre’s associated
equation:

2

1— 22

(1—2%)y" =22y + [n (n+1)— y=0, (8.9.17)
where m is an integer. Although this equation is independent of the alge-
braic sign of the integer m, it is often convenient to have the solutions for
negative m differ somewhat from those for positive m.

We consider first the case for a nonnegative integer m. Introducing the
change of variable

y = (1—x2)m/2u, |z] <1,
Legendre’s associated equation becomes
(1-2)u" —2(m+1)zu' +(n—m)(n+m+1)u=0.

But this is the same as the equation obtained by differentiating the Legendre
equation (8.9.1) m times. Thus, the general solution of (8.9.17) is given by
dmY (z)

y(z) = (1—22)"" — (8.9.18)
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and
Y (2) = c1Py (7) + c2Qn () (8.9.19)

is the general solution of (8.9.1). Hence, we have the linearly independent
solutions of (8.9.17), known as the associated Legendre functions of the first
and second kind, respectively given by

Pl (z) = (1 -2 9.2
() ( T ) e (8.9.20)
and
m(a) = (1-22)"? 921
(x) = (1-a?) e (8.9.21)
We observe that
P(x)=Pu(x),  Q(2)=Qn(2),
and that P (x) vanishes for m > n.
The functions P, ™ (z) and Q,," (x) are defined by
—m m (n m
P, =0,1,2,... .9.22
_ m (n— m)‘
mn = n =0,1,2,...,n.(8.9.2
Q" (z) = (1) (n+m),Q (),  m=0,1,2,...,n.(89.23)

The first few associated Legendre functions are
(1-2%)°

P2 (z) =3z (1—2%)2,
3 (1 —x )

The associated Legendre functions of the first kind also form a sequence of
orthogonal functions in the interval [—1,1]. Their orthogonality, as well as
their norm, is expressed by the equation

Pll’

|-

ey P () de = 2T g g
-1 (2n+1) (n+m)!

Note that (8.9.15) and (8.9.16) are special cases of (8.9.24), corresponding
to the choice m = 0.
We finally observe that PJ* (x) is bounded everywhere in the interval
[—1, 1], whereas Q7 (z) is unbounded at the end points x = + 1.
Problems in which Legendre’s polynomials arise will be treated in Chap-
ter 10.
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8.10 Boundary-Value Problems Involving Ordinary
Differential Equations

A boundary-value problem consists in finding an unknown solution which
satisfies an ordinary differential equation and appropriate boundary condi-
tions at two or more points. This is in contrast to an initial-value problem
for which a unique solution exists for an equation satisfying prescribed ini-
tial conditions at one point.

The linear two-point boundary-value problem, in general, may be writ-
ten in the form

(8.10.1)
Ui[y]:a% 1S2§n7

where L is a linear operator of order n and U; is the boundary operator
defined by

n

Uilyl =Y aiy¥ " () +> by yV=" (b). (8.10.2)
j=1

Jj=1

Here a;j;, b;;, and o; are constants. The treatment of this problem can
be found in Coddington and Levinson (1955). More complicated boundary
conditions occur in practice. Treating a general differential system is rather
complicated and difficult.

A large class of boundary-value problems that occur often in the physical
sciences consists of the second-order equations of the type

y' = f(zy,y), a<z<b

with the boundary conditions

where a1, as, b1, bs, o, and § are constants. The existence and uniqueness
of solutions to this problem are treated by Keller (1968). Here we are inter-
ested in considering a special case where the linear boundary-value problem
consists of the differential equation

Lyl =y" +p)y +qx)y=f(z) (8.10.3)

and the boundary conditions

a1y
Us [y] = biy (b) + b2y (b) = B, (8.10.4)
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where the constants a; and as, and likewise b; and by, are not both zero,
and «, and (8 are constants.

In general, a boundary-value problem may not possess a solution, and
if it does, the solution may not be unique. We illustrate this with a simple
problem.

Example 8.10.1. We first consider the boundary-value problem
y'+y=1,
™
y( =0, y(3)=0.
By the method of variation of parameters, we find a unique solution
y(x) =1—cosz —sinzx.

We observe that the solution of the associated homogeneous boundary-value
problem

y' +y =0,
™
y0 =0, y(3)=0.

is trivial.
Next we consider the boundary-value problem

y' +y=1,
y(0) =0, y(m)=0.

The general solution is
y(x) = c¢pcosx + cosinx + 1.
Applying the boundary conditions, we see that
y(0)=c14+1=0, y(r)=-c1+1=0.

This is not possible, and hence, the boundary-value problem has no solu-
tion. However, if we consider its associated homogeneous boundary-value
problem

we can easily determine that solutions exist and are given by
y(z) = casinz,

where ¢y is an arbitrary constant.
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This leads to the following alternative theorem:

Theorem 8.10.1. Let p(x), q (), and f (z) be continuous on [a,b]. Then
either the boundary-value problem

Llyl=f
(8.10.5)
Ulyl=a, Uxly]=5,

has a unique solution for any given constants « and 3, or else the associated
homogeneous boundary-value problem

Llyl=0
(8.10.6)

has a nontrivial solution.

Proof of this theorem can be found in Myint-U (1978).

8.11 Green’s Functions for Ordinary Differential
Equations

In the present section, we will introduce Green’s functions. Let us consider
the linear homogeneous ordinary differential equation of second order:

Llyl=-f(z), a<z<b, (8.11.1)

where

d

L=—
dr

b | e,

with the homogeneous boundary conditions

a1y (a) + a2y’ (a) = 0, (8.11.2)
by (b) + bay' (b) =0, (8.11.3)

where the constants a; and as, and likewise b; and by, are not both zero.
We shall assume that f and ¢ are continuous and that p is continuously
differentiable and does not vanish in the interval [a, ].

According to the theory of ordinary differential equations, the general
solution of (8.11.1) is given by

y(z) = Ay (x) + By (x) + yp (2) (8.11.4)
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where A and B are arbitrary constants, y; = y; (z) and y2 = y» (x) are two
linearly independent solutions of the corresponding homogeneous equation
L[y] =0, and y, (z) is a particular integral of (8.11.1).

Using the method of variation of parameters, the particular integral will
be sought by replacing the constants A and B by arbitrary functions of z,
up () and us (x), to get

yp () = w1 () y1 (2) + uz (z) y2 (). (8.11.5)

These arbitrary functions are to be determined so that (8.11.5) satisfies
equation (8.11.1). The substitution of the above trial form for y, (z) into
(8.11.1) imposes one condition that (8.11.5) must satisfy. However, there are
two arbitrary functions, and hence, two conditions are needed to determine
them. If follows that another condition is available in solving the problem.

The first task is to substitute the trial solution into equation (8.11.1).
Differentiating y, (z), we obtain

!

Yp = Yy + u2ys +uiyr + usye.

It is convenient to set the second condition noted above to require that
uhyr +usys =0, (8.11.6)

leaving
Yp = 1Y) + Uy (8.11.7)

A second differentiation of y, gives

"o_

Yy = wryy + ugys +uly) + uhysh.

Putting these results into equation (8.11.1) and grouping yields
ui [p(2) i + 0’1 + ay] +uz [p (@) y3 + 'y + el
+p (2) {uhyy +upys} = —f (2).

Since y1 (z) and ya (x) are solutions of the homogeneous equations, both
the square brackets in the above expression vanish. The result is that
rr o[ (@)
= — . 8.11.8
U1Yy + UsYs (@) ( )
Thus, two equations ((8.11.6) and (8.11.8)) determine w; (z) and wus (z).
Solving these equations algebraically for v} and u} produces
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where W (z) = (y1y4 — y2y4) is the non-zero Wronskian of the solutions y;
and yo. Integration of these results yields

L[ f@e@d i@ @)de
x)‘+/ r@W @ W /p<x>W<x>‘

The substitution of these results into (8.11.5) gives the solution in (a, b)

x)=y1@j/miﬁg%&gd&—yz@)/zfﬁiging

yz( ) y1 yl y2
/a p@wie) %" / J(€)de. (8.11.9)

This form suggests the definition

 p@mnE
pEOW© 4SE<7T,

G (2,6) = e (8.11.10)
oW T<ESh

This is called Green’s function. Thus, the solution becomes

b
yp (z) = / G (2.€) f () de (8.11.11)

provided G (z, &) is continuous and f () is at least piecewise continuous in
(a,b). The existence of Green’s function is evident from equations (8.11.10)
provided W (§) # 0.

In order to obtain a deeper insight into the role of Green’s function,
certain properties are important to note. These are

(i) G (x,&) is continuous at 2 = £, and consequently, throughout the inter-
val (a,b). This follows from the fact that G (z,€) is constructed from
the solutions of the homogeneous equation which are continuous in the
intervals a < ¢ <z and x < £ < b, W (£) #0.

(ii) Its first and second derivatives are continuous for all  # £ in a < z,
¢ <b.

(iil) G (z,€) is symmetric in z and &, that is, if  and £ are interchanged
n (8.11.10), the definition is not changed.

(iv) The first derivative of G (z,£) has a finite discontinuity at = = ¢

_(0G . jaay 1
i (m) - Jim <ax> =5 @ G

(v) G (z,€) is a solution of the homogeneous equation throughout the inter-
val except at x = £. This point can be pressed further by substitution
of (8.11.11) and (8.11.1), note that y, («) is a solution of (8.11.1). This
leads to
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b
d dG (z,€) -
[ {0 “Ed rawewo] 1@ = -r.

where the quantity in the square bracket is zero except at x = &. If
follows that, in order for this result to hold,

4
dx

dG (z,§)

[p (z) dx] +q(z)G(x,8) =—06(£—x), (8.11.13)

where ¢ (¢ — z) is the Dirac function which has the following properties:
§(—x)=0, exceptatz=2_¢,

b
/5(§fx)d§:1, a<x<b.

For any continuous function f (£) in (a,b) and for a < z < b,

b
/f(€)5(€—w)d£=f(w)-

(vi) For fixed &, G (z,€) satisfies the given boundary conditions (8.11.2)—
(8.11.3).
Differentiating (8.11.11) with respect to = by Leibniz’s rule, we obtain

b
) () = / G (2.) f(€)dé + G (a,2-) f ()
b
+ [ 6 @O ©de -G laat) £

b
- / G (.6) £ (€) de,

since G (z,€) is continuous in &, that is, G (z,z—) = G (x, z+).
Because G (z,€) satisfies the boundary conditions, it follows that

b
artp (@) + azy (a) = / (01G (a,€) + asG (a, €)] f (€) d€ = 0.
Similarly,

bryp (b) + bay,, (b) = 0.

The result embodied in equation (8.11.13) permits a meaningful physi-
cal interpretation of the role of Green’s function. If we assume that the
differential equation (8.11.1) represents a vibrating mechanical system
driven by a uniformly distributed force —f (x) in the interval (a,b),
where the system is defined, then G (z,&) governed by (8.11.13) repre-
sents the displacement of the system at a point x resulting from a unit
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impulse of force at x = £. The displacement at the point = due to uni-
formly distributed force f (§) per unit length over an elementary interval
(&,€ +dE) is given by f (&) G (x,£)dE. Finally, the total displacement
of the system at the point x results from superposition (addition) of
these contributions so that the total solution over the entire interval
(a,b) is given by (8.11.1), that is,

%@=/G@@f@%

Combining all above results, we state the fundamental theorem for
Green’s function:

Theorem 8.11.1. If f (x) is continuous on [a,b], then the function

b
v = [ G ©a
s a solution of the boundary-value problem

L [y] = 7f (I)a
ary (a) + asy’ (a) = 0, by (b) + bay’ (b) = 0.

Ezample 8.11.1. Consider the problem
Yy’ = —u, y(0) =0, y (1) =0. (8.11.14)

For a fixed value of £, Green’s function G (z, &) satisfies the associated
homogeneous equation

G"=0
in0<z< &<z <1, and the boundary conditions
G(0,6)=0, G(1,6)=0.

In addition, it satisfies

Now choose G (z, &) such that
Gi(z,)=(1-¢&x, for 0<x<E
G (2,8) =
Gz (z,§) =(1—-2)¢, for <z <1

It can be seen that G” = 0 over the intervals 0 < z < &, £ <z < 1. Also
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G1(0,6) =0, G2 (1,€) = 0.
Moreover,

GIZ (xvg)_Gll (l‘,f) = _5_(1_§> =-1

which is the value of the jump —1/p (§), because in this case p = 1. Hence,
by Theorem 8.11.1, keeping in mind that £ is the variable in G (z,€), the
solution of (8.11.14) is

y<x>=/jc<x,fs>f<f>d§+/ G (0.6) ] (€) de

! x
:/ (1—x)§2d§+/ x(l—f){dfzg(l—x2).

0 T

8.12 Construction of Green’s Functions

In the above example, we see that the solution was obtained immediately as
soon as Green’s function was obtained properly. Thus, the real problem is
not that of finding the solution but that of determining Green’s function for
the problem. We will now show by construction that there exists a Green’s
function for L [y] satisfying the prescribed boundary conditions.

We first assume that the associated homogeneous equation satisfying the
conditions (8.11.2) and (8.11.3) has the trivial solution only, as in Example
8.11.1. We construct the solution y; (x) of the equation

Liyl=0

satisfying a1y (a) + a2y’ (@) = 0. We see that c¢yy1 () is the most general
such solution, where ¢; is an arbitrary constant.

In a similar manner, we let coys (x), with ¢y is an arbitrary constant,
be the most general solution of

Liyl=0

satisfying b1y (b) + bay’ (b) = 0. Thus, y; and yo exist in the interval (a, b)
and are linearly independent. For, if they were linearly dependent, then
Y1 = cyo, which shows that y; would satisfy both the boundary conditions
at x = a and x = b. This contradicts our assumption about the trivial
solution. Consequently, Green’s function can take the form

@)y (), for =<
G (x,6) = . (8.12.1)

co(§ya(x), for z=>¢&

Since G (,¢) is continuous at x = £, we have
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c2(§)y2 (&) —e1(§)y (§) =0. (8.12.2)

The discontinuity in the derivative of G' at the point requires that

G e ) )
Zp (@) e (€ y2(§) =1 (§) i (&) = ) (8.12.3)
Solving equations (8.12.2) and (8.12.3) for ¢; and ¢y, we find
c1(§) = —2 (£) e (&) = 41 (§) , (8.12.4)

P W (y1,92:€)’ (&)W (y1,92;€)

where W (y1,y2;€) is the Wronskian given by W (y1,y2; &) = y1 (§) y2 (§) —
Y2 (&) v (§). Since the two solutions are linearly independent, the Wronskian
differs from zero.

From Theorem 8.2.6, with A = 0, we have

pW = constant = C. (8.12.5)

Hence, Green’s function is given by

=1 (2)y2 (§) /C, for x<¢
G(z,§) = (8.12.6)
—y2 ()11 (&) /C, for = >¢.

Thus, we state the following theorem:

Theorem 8.12.1. If the associated homogeneous boundary-value problem
of (8.11.1)-(8.11.3) has the trivial solution only, then Green’s function ex-
ists and is unique.

Proof. The proof for uniqueness of Green’s function is left as an exercise
for the reader.

FEzample 8.12.1. Consider the problem

y'+y=-1,  y(0)=0, y (3) =0. (8.12.7)

2
The solution of L [y] = (dy'/dx) + y = 0 satisfying y (0) = 0 is
y1 (z) = sinz, 0<zr<¢
and the solution of L [y] = 0 satisfying y (7/2) = 0 is

Y2 (x) = cosz, E<z <

o1

The Wronskian of y; and ys is then given by
W) =y1 (&) w2 (&) —y2(&) w1 (§) = —1.
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Since in this case p = 1, (8.12.6) becomes
sinzcosf, for z <¢&
G(z,¢) =

cosxsing, for x> €.

Therefore, the solution of (8.12.7) is

z w/2
y(x>:/0 G(x,i)f(f)d£+/ G (x.6) f (€) de

z /2

/ cosmsinfdf—l—/ sin z cos € d€
0 T

= —1+sinxz + cosz.

It can be seen in the formula (8.12.6) that Green’s function is symmetric
in z and €.

Example 8.12.2. Construct the Green’s function for the two-point boundary-
value problem

y'(x)+ Py =f(z), yla)=y(b)=0.

This describes the forced oscillation of an elastic string with fixed ends at
r=aand x =b.

It is easy to check that sin wz and cos wz are two functions which satisfy
the homogeneous equation y” + w?y = 0. These are used to construct two
functions y; (x) and ys () which satisfy the boundary conditions y; (a) =
y2 (b) = 0. Accordingly, y; (z) = Asinwz+ B coswz and ys (z) = C sinwz+
D coswz, and the resulting functions are

y1 () = sinw (z — a), Yo () =sinw (x — b).

The corresponding Wronskian is W = —wsinw (a — b). Substituting these
results into (8.11.10) yields

sinw(£—a) sinw(z—b)
—wsinw(a—>b)

sas§<w

G (x,8) =

sinw(z—a) sinw(&—b)’ < f <b

—wsinw(a—0b)

provided sinw (a — b) # 0.

8.13 The Schrodinger Equation and Linear Harmonic
Oscillator

The quantum mechanical motion of the harmonic oscillator is described by
the one-dimensional Schrodinger equation



318 8 Eigenvalue Problems and Special Functions
Hy (z) = By (2), (8.13.1)

where the Hamiltonian H is given by

H=— e d—2+V() V()—EMQZ (8.13.2)
= o1f ) dr2 ), m—2 wx”, ds.

and E is the energy, V (z) is the potential, h = 27h is the Planck con-
stant, M is the mass of the particle, and w is the classical frequency of the
oscillator.

We solve equation (8.13.1) subject to the requirement that the solution
be bounded as || — oo. The solution of (8.13.1) is facilitated by the first
solving the equation for large x. In terms of the constants

2ME Mo

=g *=75 "

the equation (8.13.1) takes the form

@Hﬁ—a?x?)w:o (8.13.3)

e . 13.

For small 3 and large z, 8 — a?z? ~ —a?x? so that the equation becomes
d*y 2.2

As|z| = 00,9 () = 2™ exp i%) satisfies (8.13.3) for a finite n so far

as leading terms (N —a2x2) are concerned. The positive exponential fac-

tor is unacceptable because of the boundary conditions, so the asymptotic

_azx

solution ¢ (z) = z™ exp ( TZ> suggests the possibility of the exact solu-

tion in the form ¢ (z) = v (x) exp (—O‘TIQ) where v (z) is to be determined.

Substituting this result into (8.13.3), we obtain

d*v dv
i 20z e +(B—-—a)v=0. (8.13.4)

In terms of a new independent variable { = x4/, this equation reduces
to the form

d?v dv I6]

N (a - 1) v =0. (8.13.5)

We seek a power series solution

v(¢) = an" (8.13.6)
n=0
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Substituting this series into equation (8.13.5) and equating the coefficients
of (" to zero, we obtain the recurrence relation

2n+1-p/a)

nt2 = T~ v Un 8.13.7
which gives
n 2
Int2 02 a5 n— oo (8.13.8)
an, n

This ratio is the same as that of the series for (" exp (CQ) (N m"ewz) with

finite n. This leads to the fact that 1 (z) = v (z) e=**"/2 ~ g"e**/2 which
does not satisfy the basic requirement for |x| — oo. This unacceptable
result can only be avoided if n is an integer and the series terminates so
that it becomes a polynomial of degree n. This means that a,.2 = 0 but
an 7 0 so that

omt1-2 o, (8.13.9)
(6%
or
Y]
—=(2 1).
S~ enty)

Substituting the values for o and (3, it turns out that
1
E=E, = (n+2> wh, n=0,1,2,.... (8.13.10)

This represents a discrete set of energies. Thus, in quantum mechanics,
a stationary state of the harmonic oscillator can assume only one of the
values from the set F,,. The energy is thus quantized, and forms a discrete
spectrum. According to the classical theory, the energy forms a continuous
spectrum, that is, all non-negative numbers are allowed for the energy of a
harmonic oscillator. This shows a remarkable contrast between the results
of the classical and quantum theory.

The number n which characterizes the energy eigenvalues and eigen-
functions is called the quantum number. The value of n = 0 corresponds to
the minimum value of the quantum number with the energy

1
Ey = 5 wh. (8.13.11)

This is called the lowest (or ground) state energy which never vanishes as
the lowest possible classical energy would. Fy is proportional to A, repre-
senting a quantum phenomenon. The discrete energy spectrum is in perfect
agreement with the quantization rules of the quantum theory.



320 8 Eigenvalue Problems and Special Functions

To determine the eigenfunctions for the harmonic oscillator associated
with the eigenvalues E,,, we obtain the solution of equation (8.13.5) which
has the form

d*v dv
— —2( — 4+ 2nv = 0. 13.12
a2 CdC—i— nv =0 (8.13.12)

This is a well-known differential equation for the Hermite polynomials
H, (¢) of degree n. Thus, the complete eigenfunctions can be expressed
in terms of H,, (¢) as

2

Un (z) = ApH, (z+/a) exp <—0‘;”> , (8.13.13)

where A,, are arbitrary constants.
The Hermite polynomials H,, (z) are usually defined by

H, (z) = (—1)"”" D" (e—wz) , D= %. (8.13.14)

They form an orthogonal system in (—oo,00) with the weight function
exp (—x2).

The orthogonal relation for these polynomials is
0, n#m

—oo 2"nl\/mw, n=m.

The Hermite polynomials H,, (z) for n = 0,1,2,3,4 are

Hy(z)=1

Hy (z) =2z

Hy () = —2 + 42?

Hs (z) = —12z + 82°

Hy (x) = 12 — 4822 4 162%.

Finally, the eigenfunctions 1), of the linear harmonic oscillator for the quan-
tum number n = 0,1, 2,3 are given in Figure 8.13.1.
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A

0.8k 0.8
Po(x) P1(x)
a4 0.4
L L L L . . X . . t . L ’ >X
6 -4 —2 2 4 6 Z6 —4 \-2 2 4 6
—04F r—0.4
—08F —0.8
A
0.8 ya(x) r08 3

/\?'4_/\ _0"/\
-6 —4 =2 2 4 6 -6 - -2 2 4 6
—04 04

-08 | -0.8f

Figure 8.13.1 Eigenfunctions 9, for n =0,1,2,3.

8.14 Exercises

1. Determine the eigenvalues and eigenfunctions of the following regular
Sturm-Liouville systems:

(a) " + Ay =0,
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2. Find the eigenvalues and eigenfunctions of the following periodic Sturm-
Liouville systems:

(a) " + Ay =0,

(b) " + Ay =0,
y(0) =y (2m), ¥ (0) =y (2m).

(c) ¥+ Ay =0,

3. Obtain the eigenvalues and eigenfunctions of the following Sturm-—
Liouville systems:

@)y +y +1+N)y=0,

() y"+2y +(1 =Ny =0,

4. Find the eigenvalues and eigenfunctions of the following regular Sturm-—
Liouville systems:

(a) 22y" + 3xy + Ay =0, 1 <z <e,
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. Determine all eigenvalues and eigenfunctions of the Sturm-Liouville
systems:

(a) 2%y" + 2y’ + Ay =0,
y (1) =0, y,y" are bounded at z = 0.
(b) "+ Ay =0,
y(0) =0, y,y" are bounded at infinity.
. Expand the function
f(z)=sinz, 0<z<m
in terms of the eigenfunctions of the Sturm-Liouville problem

¥+ Xy =0,
y(0) =0, y(m) +y (1) =0.

. Find the expansion of
f(z) ==, 0<z<m
in a series of eigenfunctions of the Sturm—Liouville system

y'+ Ay =0,
y' (0) =0, y' (7) = 0.

. Transform each of the following equations into the equivalent self-
adjoint form:
(a) The Laguerre equation

2y + (1 —2z)y +ny =0, n=20,1,2,....
(b) The Hermite equation
y" = 2xy + 2ny = 0, n=0,1,2,....
(¢) The Tchebycheff equation
(1—2?)y" — 2y +ny =0, n=0,1,2,....

. If ¢ (z) and s (z) are continuous and p (x) is twice continuously differ-
entiable in [a, b], show that the solutions of the fourth-order Sturm-—
Liouville system
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[p () y"" + la (@) + As (2)]y = 0,

=0,

xr=b

ary + as (py”)'} =0, [bly + by (py”)'}

ey’ + 2 (py")]y—e = 0, [d1y' + d2 (py”)],—, = 0,

where a? + a3 #0, b3 +b3 #0, 2 +c3 #0, d? + d3 # 0,
are orthogonal with respect to s () in [a, b].

10. If the eigenfunctions of the problem

1d
;%(ry’)+)\y:0,0<r<a,

c1y (a) + c2y/' (a) = 0,

i
Jim y (r) < oo,

satisfy

. / _
Jim 7y (r) =0,

show that all the eigenvalues are real for real ¢; and cs.

11. Find the Green’s function for each of the following problems:

12. Determine the solution of each of the following boundary-value prob-
lems:

(a)y" +y=1,
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(e) y' = —x,
y(0)=2,y(1)+y' (1) =4
(f) y" = —a?,

13. Determine the solution of the following boundary-value problems:

14.

15.

(a) y" =—f(z), y(0)=0, vy (1)=0.

(b)y"=~f(z), y(-1)=0, y(1)=0.

Show that the Green’s function G (¢, &) for the forced harmonic oscilla-
tor described by initial-value problem

4wz = (F> sin £2t,
m
z(0)=a, #(0)=0,

is
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G(t,¢) = 5 sinw (t — &) .

Hence, the particular solution is

Fooqt
zp (t) = %/0 sinw (¢t — &) sin (£2€) d€.

16. Determine the Green’s function for the boundary-value problem

Y +y =—f(x),

y(1) =0, lim |y (z)] <oo.

17. Determine the Green’s function for the boundary-value problem

1" ! 77/2
zy" +y —;y=—f($)7

y(1) =0, lim |y (z)] < oo.

18. Determine the Green’s function for the boundary-value problem
[(1—2?) ,],_L =—f(z), h=1,23
Yy (l_xQ)y_ ) I Rt At I

iy ()] < oc.

19. Prove the uniqueness of the Green’s function for the boundary-value
problem

a1y (a) + agy’ (a) = 0,

b1y (b) + bay’ (b) = 0.
20. Find the Green’s function for the boundary-value problem

Lyl =y") =—f (),

y(0)=y(1)=4"(0)=y"(1)=0.

Prove that the homogeneous problem has a trivial solution only, and
prove that the nonhomogeneous problem has a unique solution.



21.

22.

23.

24.
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Determine the Green’s function for the boundary-value problem
y'=—f@),y(-)=y1), ¥ (-)=y(1).
Consider the nonself-adjoint boundary-value problem

Liyl=y"+3y +2y=—f(a),

2y(0)—y(1) =0, y' (1) =2

By direct integration of GL [y] from 0 to 1, show that

1
ya) = -2G(12) - [ G f©de
0
is the solution of the boundary-value problem, if G satisfies the system

Gee —3Ge +2G =0, & #ux,
G(Oax) =0,
6G(1,z) —2G (1,z) + Ge (0,2) = 0.

Find the Green’s function G (z, §).

Show that
dG (x,€) ”f—” _ 1
de |, p(2)
is equivalent to
dG (z, )"~ 1
dr |, p(&)

(a) Apply the Priifer transformation

R =y +p* ()", 0=tan"' (y,>
py

to transform the Sturm-Liouville equation (8.1.3) into the first order
nonlinear equation in the form

drR 1 (1 de 1

dx:2r(p—q—/\r)sin29, @z(q+/\r)sin29—|—];c0529,
where a < x < b.
(b) Draw the direction field (%) in the (6, z) plane withp = z, g = —1
and r = x. Hence draw the solution curves of the #-equation for different
A with data 6 (a) = a and 6 (b) is arbitrary.






9

Boundary-Value Problems and Applications

“The enormous usefulness of mathematics in the natural sciences is some-
thing bordering on the mysterious and there is no rational explanation for
it. It is not at all natural that “laws of nature” exist, much less that man is
able to discover them. The miracle of the appropriateness of the language
of mathematics for the formulation of the laws of physics is a wonderful gift
which we neither understand nor deserve.”

Fugene Wigner

9.1 Boundary-Value Problems

In the preceding chapters, we have treated the initial-value and initial
boundary-value problems. In this chapter, we shall be concerned with
boundary-value problems. Mathematically, a boundary-value problem is
finding a function which satisfies a given partial differential equation and
particular boundary conditions. Physically speaking, the problem is inde-
pendent of time, involving only space coordinates. Just as initial-value prob-
lems are associated with hyperbolic partial differential equations, boundary-
value problems are associated with partial differential equations of elliptic
type. In marked contrast to initial-value problems, boundary-value prob-
lems are considerably more difficult to solve. This is due to the physical
requirement that solutions must hold in the large unlike the case of initial-
value problems, where solutions in the small, say over a short interval of
time, may still be of physical interest.

The second-order partial differential equation of the elliptic type in n
independent variables x1, x2, ..., x, is of the form

Vzu =F(21,Z2. .., Tny Ugy s Uz - ooy Uy, ) s (9.1.1)

where
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n
2, —
Vu= Ug,;x; -
=1

Some well-known elliptic equations include
A. Laplace equation

v2u = 0. (9.1.2)
B. Poisson equation

Viu=g(z), (9.1.3)

where
g(x) =g(z1,22,...,2y).
C. Helmholtz equation
V2u + Au = 0, (9.1.4)

where A\ is a positive constant
D. Schrédinger equation (time independent)

V2u+ A —q(x)]u = 0. (9.1.5)

We shall not attempt to treat general elliptic partial differential equa-
tions. Instead, we shall begin by presenting the simplest boundary-value
problems for the Laplace equation in two dimensions.

We first define a harmonic function. A function is said to be harmonic
in a domain D if it satisfies the Laplace equation and if it and its first two
derivatives are continuous in D.

We may note here that, since the Laplace equation is linear and homo-
geneous, a linear combination of harmonic functions is harmonic.

1. The First Boundary-Value Problem

The Dirichlet Problem: Find a function u(z,y), harmonic in D, which sat-
isfies

u=f(s) on B, (9.1.6)

where f (s) is a prescribed continuous function on the boundary B of the
domain D. D is the interior of a simple closed piecewise smooth curve B.
We may physically interpret the solution w of the Dirichlet problem as
the steady-state temperature distribution in a body containing no sources or
sinks of heat, with the temperature prescribed at all points on the boundary.
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2. The Second Boundary-Value Problem

The Neumann Problem: Find a function u (z,y), harmonic in D, which
satisfies

ou
= f(s) on B, (9.1.7)
with

/ f(s)ds =0. (9.1.8)
B

The symbol du/On denotes the directional derivative of u along the out-
ward normal to the boundary B. The last condition (9.1.8) is known as the
compatibility condition, since it is a consequence of (9.1.7) and the equa-
tion 7?u = 0. Here the solution v may be interpreted as the steady-state
temperature distribution in a body containing no heat sources or heat sinks
when the heat flux across the boundary is prescribed.

The compatibility condition, in this case, may be interpreted physically
as the heat requirement that the net heat flux across the boundary be zero.

3. The Third Boundary-Value Problem

Find a function u (z,y) harmonic in D which satisfies

u +h(s)u=f(s) on B, (9.1.9)
on
where h and f are given continuous functions. In this problem, the solution
u may be interpreted as the steady-state temperature distribution in a body,
from the boundary of which the heat radiates freely into the surrounding
medium of prescribed temperature.

4. The Fourth Boundary-Value Problem

The Robin Problem: Find a function u (z,y), harmonic in D, which satisfies
boundary conditions of different types on different portions of the boundary
B. An example involving such boundary conditions is

u= f1(s) on By, (9.1.10)
Ju
i B
o f2(s) on B,
where B = B1 @] BQ.

Problems 1 through 4 are called interior boundary-value problems. These
differ from exterior boundary-value problems in two respects:

i. For problems of the latter variety, part of the boundary is at infinity.

ii. Solutions of exterior problems must satisfy an additional requirement,
namely, that of boundedness at infinity.
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9.2 Maximum and Minimum Principles

Before we prove the uniqueness and continuity theorems for the interior
Dirichlet problem for the two-dimensional Laplace equation, we first prove
the maximum and minimum principles.

Theorem 9.2.1. (The Maximum Principle) Suppose that u(x,y) is
harmonic in a bounded domain D and continuous in D = DU B. Then u
attains its maximum on the boundary B of D.

Physically, we may interpret this as meaning that the temperature of a
body which was neither a source nor a sink of heat acquires its largest (and
smallest) values on the surface of the body, and the electrostatic potential in
a region which does not contain any free charge attains its maximum (and
minimum) values on the boundary of the region.

Proof. Let the maximum of v on B be M. Let us now suppose that
the maximum of v in D is not attained at any point of B. Then it must
be attained at some point Py (xo,y0) in D. If My = u (x,yo) denotes the
maximum of u in D, then My must also be the maximum of » in D.

Consider the function

My — M

AR2 [(x - x0)2 +(y— yo)z} , (9.2.1)

v(2,y) = u(z,y) +

where the point P (x,y) is in D and where R is the radius of a circle
containing D. Note that
v (20, 0) = u (0, y0) = Mo.

We have v (z,y) < M + (Mg — M) /2 = (M + My) < My on B. Thus,
v (z,y) like u (z,y) must attain its maximum at a point in D. It follows
from the definition of v that

(Mo — M) (Mo — M)

Vga + Vyy = Uga + Uyy + 2 = 2 >0. (9.2.2)
But for v to be a maximum in D,
Vae <0, Vyy < 0.

Thus,
Ugz + Vyy <0

which contradicts equation (9.2.2). Hence, the maximum of w must be at-
tained on B.

Theorem 9.2.2. (The Minimum Principle) If u(x,y) is harmonic in
a bounded domain D and continuous in D = D U B, then u attains its
minimum on the boundary B of D.
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Proof. The proof follows directly by applying the preceding theorem to
the harmonic function —u (z,y).

As a result of the above theorems, we see that u =constant which is evi-
dently harmonic attains the same value in the domain D as on the boundary
B.

9.3 Uniqueness and Continuity Theorems

Theorem 9.3.1. (Uniqueness Theorem) The solution of the Dirichlet
problem, if it exists, is unique.

Proof. Let u; (z,y) and ug (z,y) be two solutions of the Dirichlet prob-
lem. Then u; and uy satisfy

viu1 =0, V2uz =0 in D,
up = f, ug = f on B.

Since u; and ug are harmonic in D, (u; — ug) is also harmonic in D.
But

up —us =0 on B.
The maximum-minimum principle gives
Uy —ug =0
at all interior points of D. Thus, we have
Uy = Usg.
Therefore, the solution is unique.

Theorem 9.3.2. (Continuity Theorem) The solution of the Dirichlet
problem depends continuously on the boundary data.

Proof. Let u; and us be the solutions of

V2 =0 in D,
U1:f1 on B7

and

V2us =0 in D,

Uz = fo on B.

If v = uy — us, then v satisfies
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vv=0 inD,
’l):fl—fg on B.

By maximum and minimum principles, f; — fo attains the maximum
and minimum of v on B . Thus, if |f1 — fa| < €, then

—€ < VUmin < Umae < € on B.
Thus, at any interior point in D , we have

—& < Umiin LUV < Uppag < €.
Therefore, |v| < € in D. Hence,

|’LL1 — ’LLQ| < E.

Theorem 9.3.3. Let {u,} be a sequence of functions harmonic in D and
continuous in D. Let f; be the values of u; on B. If a sequence {u,} con-
verges uniformly on B, then it converges uniformly in D.

Proof. By hypothesis, {f,} converges uniformly on B. Thus, for € > 0,
there exists an integer IV such that everywhere on B

‘fnffm‘<5 for n,m > N.
It follows from the continuity theorem that for all n, m > N
"Ltn - um‘ <e€

in D, and hence, the theorem is proved.

9.4 Dirichlet Problem for a Circle

1. Interior Problem

We shall now establish the existence of the solution of the Dirichlet problem
for a circle.
The Dirichlet problem is

v2u:urr+%u,,+ri2u99:0, 0<r<a, 0<0<2m,(9.4.1)

u(a,0) = f () for all 6 in [0, 27]. (9.4.2)

By the method of separation of variables, we seek a solution in the form
u(r,0) = R(r)©(0) #0.

Substitution of this in equation (9.4.1) yields



9.4 Dirichlet Problem for a Circle 335

" ’ "

R R e
27 —_— = —— =
r R—H“R o A

Hence,

R +rR — AR =0, (9.4.3)
0" +x6=0. (9.4.4)
Because of the periodicity conditions © (0) = © (27) and @ (0) =

e (27) which ensure that the function © is single-valued, the case A < 0
does not yield an acceptable solution. When A = 0, we have

u(r,0) = (A+ Blogr)(CO+ D).

Since log r — —o0 as 7 — 0+ (note that r = 0 is a singular point of
equation (9.4.1)), B must vanish in order for « to be finite at »r = 0. C
must also vanish in order for u to be periodic with period 27. Hence, the
solution for A = 0 is w = constant. When A > 0, the solution of equation
(9.44) is

O () = A cos VA + Bsin VAS.
The periodicity conditions imply
Vi=n for n=1,23,....

Equation (9.4.3) is the Euler equation and therefore, the general solution
is

R(r)=Cr™+ Dr=".

n

Since r™" — oo as v — 0, D must vanish for u to be continuous at

r=0.
Thus, the solution is

u(r,0) =Cr"(Acosnf+Bsinnf) for n=1,2,....

Hence, the general solution of equation (9.4.1) may be written in the
form

_ G0 NN (Y -
u(r,0) = 5 —i—Z(a) (ar, cos nf + by, sin nd), (9.4.5)

where the constant term (ao/2) represents the solution for A = 0, and a,
and b,, are constants. Letting p = r/a, we have

u(p,0) = % + Z p" (an cos nf + b, sin nd). (9.4.6)

n=1
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Our next task is to show that w (r,0) is harmonic in 0 < r < a and
continuous in 0 < r < a. We must also show that w satisfies the boundary
condition (9.4.2).

We assume that a,, and b,, are the Fourier coefficients of f (), that is,

1 21
ap = — f(8) cosnd db, n=20,1,23,...,
™ Jo
(9.4.7)
1 27
b, = — f(6) sin né db, n=1,23,....
™ Jo

Thus, from their very definitions, a,, and b,, are bounded, that is, there
exists some number M > 0 such that

lag| < M, lan| < M, |bn] < M, n=123,....
Thus, if we consider the sequence of functions {u,} defined by
un (p,0) = p" (ap cos nh + b, sin nh), (9.4.8)
we see that
lun| < 2p5 M, 0<p<py <Ll

Hence, in any closed circular region, series (9.4.6) converges uniformly.
Next, differentiate u,, with respect to r. Then, for 0 < p < pg < 1,

Oun
ar

‘ﬁpn_l (an, cos nb + by, sin nﬂ)‘ <2 (ﬁ) pi M.
a a

Thus, the series obtained by differentiating series (9.4.6) term by term
with respect to r converges uniformly. In a similar manner, we can prove
that the series obtained by twice differentiating series (9.4.6) term by term
with respect to r and 6 converge uniformly. Consequently,

1
V2U=urr+*ur+f2u(99
T T
e pn—2

pe (an cos nf + by, sin nb) [n(n —1) +n — n?]

=1
; 0<p<po <l

Il
o 3

Since each term of series (9.4.6) is a harmonic function, and since the
series converges uniformly, u (r, ) is harmonic at any interior point of the
region 0 < p < 1. It now remains to show that u satisfies the boundary
data f (0).

Substitution of the Fourier coefficients a,, and b,, into equation (9.4.6)
yields
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1 27 1 0 n 27
wlp.0)=5- | f<9>d9+;n§:jlp 1)
X (cosnT cosnb + sinntsinnd) dr
1 27 oo
= — 142 Z p"cosn (0 — 7')] f(r)dr. (9.4.9)
2 0 el

The interchange of summation and integration is permitted due to the
uniform convergence of the series. For 0 < p <1

142 Z [P cosn(@—T1)] =1+ Z [p"em(e_T) + plein(0-7)
n=1 n=1

i(0—7) e—i(G—T)
S o
1_pel( T) 1_pe i(0—7)
_ 1y’
- 1— pei(O—T) _ pe—i(Q—T) + p2
_ 1-p’
1—2pcos (0 —1)+p?
Hence,
1 27 1 _p2
0) = — dr. 9.4.10
u(p,9) 27r/0 1 —2p cos (0—7)+p2f(7) ’ ( )

The integral on the right side of (9.4.10) is called the Poisson integral
formula for a circle.

Now if f(0) = 1, then, according to series (9.4.9), u (r,0) = 1 for 0 <
p < 1. Thus, equation (9.4.10) gives

1 [ 1—p?
1=— dr.
2 Jo 1—2pcos (6 —7)+ p?

Hence,
1 2T 1 _pg
f(0) = %/o T 5pcos (7)1 2 f@)dr, 0<p<l.
Therefore,
1 2 1— 2 ) — 0
u(p,0) = f(0) = %/0 1(_25C)0£f((0)_7)fi /))]2 dr.  (9.4.11)

Since f (6) is uniformly continuous on [0, 27, for given ¢ > 0, there exists
a positive number 6 (¢) such that |§ — 7| < ¢ implies |f (8) — f(7)] < e. If
|6 — 7| > § so that 6 — 7 # 2nm for n =0,1,2,..., then
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li 1-p*
im =
p—1— 1 —2pcos (0 — 1)+ p?

In other words, there exists pg such that if |§ — 7| > §, then

1—p?
1—2pcos (0 —71)+p?

<e,

for 0 < p < pg < 1. Hence, equation (9.4.10) yields
2w 1— 2 _ 2
ool -sosk [ LT TO],
lo—r|>s 1 —2pcos (0 —7)+p

7
1T (=) O - f(r
),

)
27 Jig—rj<s L —2pcos (6 —7) + p?

|d7’

IN

1
—ﬂ_(?ms) [202)22)577”(9)@ +=on

2 o2
2w 70)))

lim w(r,0) = f(0)

p—1—

which implies that

uniformly in 6. Therefore, we state the following theorem:

Theorem 9.4.1. There exists one and only one harmonic function u (r,6)
which satisfies the continuous boundary data f(0). This function is either
given by

oL [" o d 412
u(r )_%/0 a2—2arcos(9—7)+r2f(T) mo (9412)

or

ao

2

Z T—n (an cosnb + b, sinnd) , (9.4.13)

where a,, and by, are the Fourier coefficients of f (9).

For p = 0, the Poisson integral formula (9.4.10) becomes

1 2w
1 (0,0) =u(0) = —/ f(r)dr. (9.4.14)
2T 0
This result may be stated as follows:

Theorem 9.4.2. (Mean Value Theorem) If u is harmonic in a circle,
then the value of u at the center is equal to the mean value of u on the
boundary of the circle.
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Several comments are in order. First, the Continuity Theorem 9.3.2
for the Dirichlet problem for the Laplace equation is a special example of
the general result that the Dirichlet problems for all elliptic equations are
well-posed. Second, the formula (9.4.12) represents the unique continuous
solution of the Laplace equation in 0 < r < a even when f (6) is discontin-
uous. This means that, for Laplace’s equation, discontinuities in boundary
conditions are smoothed out in the interior of the domain. This is a re-
markable contrast to linear hyperbolic equations where any discontinuity
in the data propagates along the characteristics. Third, the integral solution
(9.4.12) can be written as

u(r,0) = i P(r,7—=0)f(r)dr,

—T

where P (r,7 — 0) is called the Poisson kernel given by

L @)
Plrr—0) = — .
(r,m=9) 27 [a? — 2ar cos (7 — 0) + 1?]

Clearly, P (a,7 — 0) = 0 except at 7 = 6. Also

f(0) = lim u(r,&):/Tr lim P(r,7—0) f(r)dr.

T—a~ T rT—a

This implies that

lim P(r,7—6)=46(1—10),
r—a
where § (x) is the Dirac delta function.
As in the preceding section, the exterior Dirichlet problem for a circle
can readily be solved. For the exterior problem u must be bounded as
r — oo. The general solution, therefore, is

ao

u(r,0) = 5 + Z (;) (an cosnb + b, sinnb) . (9.4.15)

n=1

Applying the boundary condition « (a, ) = f (6), we obtain
a = .
f6) = EO + ; (an cosnb + b, sinnb).

Hence, we find

1 27
n = 7/ f(r)cosnrdr, n=0,1,2,..., (9.4.16)
0

™

1 27
by, = 7/ f (7)sinnrdr, n=0,1,2,.... (9.4.17)
0

™
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Substituting a,, and b, into equation (9.4.15) yields

1 27
u(r,0) = %/0

Comparing this equation with (9.4.9), we see that the only difference
between the exterior and interior problem is that p™ is replaced by p~™.

Therefore, the final result takes the form

1 [ pr—1
0)=— dr, f 1.(9.4.1
u(p.f) 27r/0 1—2pcos (0 —7) + p? J(r)drforp>1.094.18)

9.5 Dirichlet Problem for a Circular Annulus

The natural extension of the Dirichlet problem for a circle is the Dirichlet
problem for a circular annulus, that is

Viu =0, ro <1 <71, (9.5.1
w(r,0) = £(0), u(rs,0)=g(0). (9.5.2)

In addition, u (r, ) must satisfy the periodicity condition. Accordingly, f (6)
and g (6) must also be periodic with period 2.

Proceeding as in the case of the Dirichlet problem for a circle, we obtain
for A=0

u(r,0) = (A+ Blogr) (CO+ D).

The periodicity condition on u requires that C' = 0. Then, u (r, §) becomes

b
u(r,8) = % + glogr,

where a9 = 2AD and by = 2BD.
The solution for the case A > 0 is

u(r,0) = (C’rﬁ—i— Dr‘ﬁ> (Acosﬁ@—i— Bsinﬁ@) ,

where VA =n =1,2,3,.... Thus, the general solution is

u(r,0) = % (ag + bologr) + Z [(ant™ 4 byyr™™) cos nf
n=1

+ (cpr™ 4 dpr™") sinnb] , (9.5.3)

where a,,, by, c,, and d,, are constants.
Applying the boundary conditions (9.5.2), we find that the coefficients
are given by
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1 2

ap + bglogr; = 7/ f(r)dr,
™ Jo
1 27

anry + by " = 7/ f(7)cosnrdr,
™ Jo
1 2m

el +dpr" = 7/ f(m)sinnrdr,
™ Jo

and

1 27

ag + by logry = f/ g (1) dr,
™ Jo
1 27

anry +bpry " = — / g (1) cosmr dr,
™ Jo
1 27

enry +dpry "t = — / g (7)sinnTtdr.
T Jo

The constants ag, by, Gn, bn, cp, dn for n = 1,2,3,... can then be deter-

mined. Hence, the solution of the Dirichlet problem for an annulus is given
by (9.5.3).

9.6 Neumann Problem for a Circle

Let u be a solution of the Neumann problem

V2u=0 inD,

@—f on B.

It is evident that uw+ constant is also a solution. Thus, we see that the
solution of the Neumann problem is not unique, and it differs from another
by a constant.

Consider the interior Neumann problem

Viu = 0 r <R, (9.6.1)
ou
5 = ar =f(®), r=R. (9.6.2)

Before we determine a solution of the Neumann problem, a necessary
condition for the existence of a solution will be established.
In Green’s second formula

// W2 — uV?) dS = /( gz g:;) ds,  (9.6.3)

we put v = 1, so that V2v = 0 in D and dv/0n = 0 on B. Then, the result
is
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//V2ud5 /—ds (9.6.4)

Substituting of (9.6.1) and (9.6.2) into equation (9.6.4) yields

/B fds =0 (9.6.5)

which may also be written in the form

2m

R[ f(0)db

0

0. (9.6.6)

As in the case of the interior Dirichlet problem for a circle, the solution
of the Laplace equation is

24 Z % (ay, cos k6 + by, sin k) . (9.6.7)
k=1

Differentiating this with respect to r and applying the boundary condition
(9.6.2), we obtain

ou

5 ( =Y kR (axcoskf + by sink6) = f (0).  (9.6.8)

k=1

Hence, the coefficients are given by

1 2
ak:W f(T)COSdeT, k:1,2,3,...,
s
(9.6.9)
1 2
bk:W f(T)SindeT, k:1,2,37....
s

Note that the expansion of f () in a series of the form (9.6.8) is possible
only by virtue of the compatibility condition (9.6.6) since

1 27

Inserting ax and by, in equation (9.6.7), we obtain

u(r,0) = — /27r

Using the identity

o0

Z cos k(0 T)] f(r)dr.

Feos{k(0—1)},

Pv\»—‘

oo
—flog [1+ p* —2pcos (¢ Z
=1
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with p = (r/R), we find that

27
u(r,f) = % - % i log [R* — 2rRcos (0 — 7) 4+ r*] f (t)dr. (9.6.10)

in which a constant factor R? in the argument of the logarithm was elimi-
nated by virtue of equation (9.6.6).

In a similar manner, for the exterior Neumann problem, we can readily
find the solution in the form

27
u(r,f) = % % ; log [R* — 2rRcos (0 — 7) +r?] f (t)dr. (9.6.11)

9.7 Dirichlet Problem for a Rectangle

We first consider the boundary-value problem
V23U = gy + uyy =0, O<z<a 0<y<b, (9.7.1)

u(z,0) = f(z), u(z,b) =0, 0<z<a, (9.7.2)
u(0,y) =0, u(a,y) =0, 0<y<hb. (9.7.3)

We seek a nontrivial separable solution in the form

u(z,y) =X (2)Y (y)
Substituting « (z,y) in the Laplace equation, we obtain

X" - 2X =0, (9.7.4)
Y+ )Y =0, (9.7.5)
where ) is a separation constant. Since the boundary conditions are homo-

geneous for x = 0 and x = a, we choose A = —a? with a > 0 in order to
obtain nontrivial solutions of the eigenvalue problem

X"+ a?X =0,
X (0) = X (a) = 0.

It is easily found that the eigenvalues are

nmw
a=—, n=12,3,....
a

and the corresponding eigenfunctions are sin (nmz/a). Hence

X, (x) = By sin Ty
a
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The solution of equation (9.7.5) is Y (y) = C cosh ay + D sinh ay, which
may also be written in the form

Y (y) = Esinha(y + F),

where E = (D? — CQ)% and F = (1/a)tanh™" (C/D). Applying the re-
maining homogeneous boundary condition

u(x,b) = X ()Y (b) =0,
we obtain
Y (b) = Esinha (b+ F) =0,
and hence,
F=-b, E#0

for a nontrivial solution u (z,y). Thus, we have

Y, (y) = E, smh{ (y — b)}

Because of linearity, the solution becomes

= gansin (?) Sinh{% (y —b)}7

where a,, = B, E,,. Now, we apply the nonhomogeneous boundary condition
to obtain

u(e.0) = zansmh( ™ sin (M50

This is a Fourier sine series and hence,

nwT
tn = asmh ""b / @ sm( a )dm.

Thus, the formal solution is given by

=2 it (). o7

n=1

where
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To prove the existence of solution (9.7.6), we first note that

< Cvlefnﬂ'y/a7

sinh 2% (b — y) nry/a {1 _ o—(2n7/a)(b—y)
a7 I,
1 — e—2nmb/a

sinh 2xb -
a
where C is a constant. Since f () is bounded, we have
* 2 “
@il <2 [l @)lde=ca
aJo

Thus, the series for u (z,y) is dominated by the series
o0
Z Me™"mvo/e  for y>1yg >0, M = constant,
n=1

and hence, u (z,y) converges uniformly in  and y whenever 0 < z < a,
y > yo > 0. Consequently, u (z,y) is continuous in this region and satisfies
the boundary values u (0,y) = u (a,y) = u (x,b) = 0.

Now differentiating u twice with respect to x, we obtain

Uge (T,Y) = i —a (@)2 sinh % (b — y) sin (nmc)
1

a sinh 2 a

n=

and differentiating u twice with respect to y, we obtain

Uyy (2,Y) = ia; (@)2 sinh % (b — y) sin (mmc) .
1

a sinh ”T”b a

n=

It is evident that the series for u,, and wu,, are both dominated by
o0
Z M*n2€fn7ryg/a
n=1

and hence, converge uniformly for any 0 < yg < b. It follows that u,,and
Uyy exist, and hence, u satisfies the Laplace equation.

It now remains to show that u (z,0) = f (z). Let f (z) be a continuous
function and let f’(x) be piecewise continuous on [0,a]. If, in addition,
f(0) = f(a) = 0, then, the Fourier series for f (z) converges uniformly.
Putting y = 0 in the series for u (z,y), we obtain

Since u (x,0) converges uniformly to f (z), we write, for € > 0,

|$m (x,0) — sy, (2,0)] <& for m,n > Ng,
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where
> nwL
m (T, y) = Za; sin (T) .
n=1

We also know that s, (z,y) — s (x,y) satisfies the Laplace equation and
the boundary conditions at x = 0, z = a and y = b. Then, by the maximum
principle,

|sm (2,9) = sn (2,y)] <& for m,n> N

in the region 0 < x < a, 0 < y < b. Thus, the series for u (x,y) converges
uniformly, and as a consequence, u (x,y) is continuous in the region 0 <
z < a, 0 <y <b. Hence, we obtain

u(x,0) :ia;‘Lsin (?) = f(x).

n=1

Thus, the solution (9.7.6) is established.
The general Dirichlet problem

V2u =0, 0<z<a, 0<y<b,
U(.I’,O):fl(])),U(Jj,a):fQ(J?), OSQfSCL,
U(an):fa(y)7U(b»y)=f4(y)7 OSySb

can be solved by separating it into four problems, each of which has one
nonhomogeneous boundary condition and the rest zero. Thus, determining
each solution as in the preceding problem and then adding the four solu-
tions, the solution of the Dirichlet problem for a rectangle can be obtained.

9.8 Dirichlet Problem Involving the Poisson Equation

The solution of the Dirichlet problem involving the Poisson equation can be
obtained for simple regions when the solution of the corresponding Dirichlet
problem for the Laplace equation is known.

Consider the Poisson equation

V2U = Upy + Uyy = f (z,y) in D,
with the condition
u=g(x,y) on B.
Assume that the solution can be written in the form

u=v-+w,
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where v is a particular solution of the Poisson equation and w is the solution
of the associated homogeneous equation, that is,

Viw =0,
Vv = f.
As soon as v is ascertained, the solution of the Dirichlet problem
Viw =0 inD,
w=-v+g(z,y) onB

can be determined. The usual method of finding a particular solution for

the case in which f (z,y) is a polynomial of degree n is to seek a solution in

the form of a polynomial of degree (n + 2) with undetermined coefficients.
As an example, we consider the torsion problem

Viy = -2, 0<z<a, 0<y<b,
u(0,y) =0, wu(a,y) =0 u(z0) =0, u(zb) =0.
We let © = v + w. Now assume v to be the form
v(z,y) = A+ Bz + Cy + Dx? + Eay + Fy.
Substituting this in the Poisson equation, we obtain
2D 4+ 2F = 2.
The simplest way of satisfying this equation is to choose
D=-1 and F=0.
The remaining coefficients are arbitrary. Thus, we take
v(z,y) = ax — 2*

so that v reduces to zero on the sides x = 0 and x = a. Next, we find w
from

Viw =0, 0<z<a, 0<y<b,
w(0,y) = —v(0,y) =0,
w(a,y) = —v(a,0) =0,
w(z,0) = —v (z,0) = — (ax — 2°)
w (z,0) = —v (2,b) = — (az — 2?).

As in the Dirichlet problem (Section 9.7), the solution is found to be

oo
w(z,y) = Z (an cosh Y by, sinh @> sin (@> .
— a a a
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Application of the nonhomogeneous boundary conditions yields

w(z,0) = — (az — 2° Zan sm(mm)

= az—2?) = nh g ik Y sin (T
w(z,b) = — (ax — 2°) = (ancosh . + by, sinh . )sm( . ),

from which we find
a, =

2
a

if niseven
{ ﬂ3n3 ifnisodd

/ (o — az) sin (") da
U

and

(an cosh 7b + by, sinh mrb) _2 / (2° — az) sin (@) dx.
0 a

Thus, we have

sinh (@)

Hence, the solution of the Dirichlet problem for the Poisson equation is
given by
u(z,y) =(a—x)x
sa2 & [sinh (20 — 1) " 4 sink (2n — 1) 2| g (99 1) 22
3 sinh (2n — 1) =2 (2n —1)°

9.9 The Neumann Problem for a Rectangle

Consider the Neumann problem

V2u =0, 0<z<a, 0<y<b, (9.9.1)

Uy (an) = fl (y) ) Uy (aay) = f2 (y) ) 0 S Yy S b7 (992)
Uy (2,0) = g1 (), uy(x,b)=g2(x), 0<z<a. (9.9.3)

The compatibility condition that must be fulfilled in this case is

a b
/ 01 (2) — g ()] do + / (W)~ o )]dy=0.  (99.4)
0 0

We assume a solution in the form
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u(z,y) = ur (,y) + uz (z,9), (9.9.5)

where u; (z,y) is a solution of

V2u1 = O,
8u1 -
o (0,9) =0,
9 () = 0 (9.9.6)
63;‘ ’y - b M M
0
T (@0 =g ().
0
G (@) = g2 (@),

and where g; and go satisfy the compatibility condition

/Oa (91 () — g2 (v)] dz = 0. (9.9.7)

The function us (z,y) is a solution of

Viuy =0,
% 0,9) = f1(y)
22 (0,9) = o) (999
S0 =0
ERCUR

where f; and f5 satisfy the compatibility condition

b
/0 1 () — fa (v)]dy = 0. (9.9.9)

Hence, uy (z,y) and usg (z,y) can be determined. Conditions (9.9.7) and
(9.9.9) ensure that condition (9.9.4) is fulfilled. Thus, the problem is solved.

However, the solution obtained in this manner is rather restrictive. In
general, condition (9.9.4) does not imply conditions (9.9.7) and (9.9.9).
Thus, generally speaking, it is not possible to obtain a solution of the
Neumann problem for a rectangle by the method described above.

To obtain a general solution, Grunberg (1946) proposed the following
method. Suppose we assume a solution in the form

u(e) = 2 )+ Xa (@) Ya (), 99.10)
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where X, (x) = cos (nmx/a) is an eigenfunction of the eigenvalue problem
X"+ XX =0,
X' (0) = X' (a) =0,

corresponding to the eigenvalue A\, = (mr/a)z. Then, from equation
(9.9.10), we see that

2 a
7/0 u(z,y) X, (z) dz,

a

g /Oau (z,y) cos (%) dzx. (9.9.11)

Yo (y)

a

Multiplying both sides of equation (9.9.1) by 2 cos (nwz/a) and integrating
with respect to x from 0 to a, we obtain

2 [° nTT
- xx Y1 — d :0,
a/o (g +UJJ)COS< . ) x

or,

2 a
Y) + = / Uy, COS (@> dx = 0.
aJo a

Integrating the second term by parts and applying the boundary conditions
(9.9.2), we obtain

nm

v, (y) - (7)2 Y, (y) = Fu (y), (9.9.12)

where F, (y) = 2[f1 (y) — (=1)" f2 (y)] /a. This is an ordinary differential
equation whose solution may be written in the form

Y, (y) = Ay cosh (%) B, sinh <%>

2 " F (r) sinb (% ty-m}dr (9913)

™ Jo a

The coefficients A,and B,, are determined from the boundary conditions

a a

_2 /Oa g1 () cos (?) dz (9.9.14)

a

Y (0) = 2 /O uy (,0) cos (@) dz

and

Y, (b) = 2 /Oa go () cos (?) d. (9.9.15)
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For n = 0, equation (9.9.12) takes the form

Y () = 2 [ () ~ 2 (0)

and hence,

2

) =2 [0~ falar .

where C' is an integration constant. Employing the condition (9.9.14) for
n = 0, we find

Thus, we have

Yo/(y)zz{/Oy[f1(7)—fg(T)]dT—i—/Oagl(x)dx}.

Consequently,

b a
Y()'(b)—j{/o =R+ [ o <x>dx}.

Also from equation (9.9.14), we have

Ya<b>=2/0a92<x>dx.

a

It follows from these two expressions for Yy (b) that

a

/0 A () — fo ()] dy + / (01 (2) — g» ()] ds = 0.

which is the necessary condition for the existence of a solution to the Neu-
mann problem for a rectangle.

9.10 Exercises

1. Reduce the Neumann problem to the Dirichlet problem in the two-
dimensional case.

2. Reduce the wave equation

Uy = (Ugw + Uyy + Uszz)
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to the Laplace equation
Ugy + Uyy + Uz +Urr =0

by letting 7 = ict where i = /—1. Obtain the solution of the wave equa-
tion in cylindrical coordinates via the solution of the Laplace equation.
Assume that u (r, 0, z, 7) is independent of z.

Prove that, if u (z,t) satisfies
Ut = kUgg

for 0 <z <1,0 <t <ty then the maximum value of u is attained
either at t = 0 or at the end points x = 0 or x = 1 for 0 < ¢t < 4. This
is called the maximum principle for the heat equation.

Prove that a function which is harmonic everywhere on a plane and is
bounded either above or below is a constant. This is called the Liouwille
theorem.

Show that the compatibility condition for the Neumann problem

Viu=f inD
%:g on B

is

/de+/gds:O,
D B

where B is the boundary of domain D.
Show that the second degree polynomial
P = A2? + Bzy + Cy? 4+ Dyz + Fz? + Faz
is harmonic if
E=-(A+0)
and obtain
P:A(z2—22) —|—Ba:y+C’(y2 —zz) + Dyz + Fzxz.
Prove that a solution of the Neumann problem
V2u=f inD
u=g¢g onB

differs from another solution by at most a constant.
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8. Determine the solution of each of the following problems:

(a) VZu =0, 1<r<2, 0<0<m,
u(1,0) =sind, u(2,6) =0, 0<6<m,
u(r,0) =0, u(r,m) =0, 1<r<2.

(b) VZu =0, 1<r<2, 0<0<m,
u(1,60) =0, u(2,0)=0(0—-m), 0<0<m,
u(r,0) =0, u(r,m) =0, 1<r<2.

(c) V2u =0, 1<r<3, 0<6<m/2,
u(1,6) =0, u(3,0) =0, 0<0<n/2,
u(r,0)=(r-1)(r-3), u(r,z) =0, 1<r<3.

(d) VZu =0, l<r<s, 0<6<m/2,
u(l,60) =0, u(3,6) =0, 0<6<m,
u(r,0) =0, u(r,Z)=r1(r), 1<r<3.

9. Solve the boundary-value problem

Viu =0, a<r<hb, 0<0<a,

u(a,0) = f(0), u(b,0)=0, 0<0<aq,

u(r,a) =0, u(r,0)=f(r), a<r<h.
10. Verify directly that the Poisson integral is a solution of the Laplace
equation.
11. Solve

Viu =0, 0<r<a, 0<0<m,
u(r,0) =0, wu(r,m)=0,
u(a,0) =60(r—0), 0<6<m,

1 (0,0) is bounded.
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12. Solve

Viu+u =0, O0<r<a, 0<0<a,
u(r,0) =0, u(r,a)=0,
u(a,8)=f(0), 0<6<q,

u (0, 6) is bounded.
13. Find the solution of the Dirichlet problem

Viu = -2, r<a, 0<0<2m,
u(a,0) = 0.
14. Solve the following problems:
(a) V2u =0, l<r<?2, 0<86<2nm,
ur (1,0) = sin b, ur (2,0) =0, 0<6<2m,
(b)  Vu=0, l1<r<?2, 0<6<2m,
ur (1,0) =0, ur (2,0)=0—m, 0<0<2m.
15. Solve

Vu =0, a<r<hb, 0<6<2m,

ur(aae):f(e)a ur(bae):g(e)v 0<60<2m,

/ fds +/ gds = 0.
r=a r=b

16. Solve the Robin problem for a semicircular disk

where

Viu =0, r <R, 0<0<m,
ur (R,0) =sinf, 0<6<m,

u(r,0) =0, u(r,m) = 0.
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20.
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Solve
VZu =0, a<r<hb, 0<6<a,
uy (a,0) =0, ur (b,0) = f(0), 0<60<a,
u(r,0) =0, u(r,a) =0, a<r<b.
Determine the solution of the mixed boundary-value problem

Viu=0, r<R, 0<6<2m,

ur (R,0) + hu (R,0) = f(0), h = constant.
Solve

Viu =0, a<r<hb, 0 <0< 2m,

ur (a,0) +hu(a,0) = f(0), ur(b,0)+hu(b0)=g(0).

Find a solution of the Neumann problem

V2u = —r?sin 26, ry <1 <7, 0 <6 < 2m,

ur (r1,0) =0, up (r9,0) =0, 0<6<2m.
Solve the Robin problem

V2u = —r?sin 26,

u(ry,0) =0, up (r2,0) =

Solve the following Dirichlet problems:

(a) Viu =0, 0<x<l, 0<y<1,
u(z,0)=z(x—1), u(z,1) =0, 0<z<1,
u(0,y) =0, u(l,y) =0, 0<y<1.

(b) VZu =0, O<x<l, 0<y<l,
u(z,0) =0, u(z,1) =sin (7z), 0<z<1,

u (0,y) =0, u(l,y) =0, 0<y<l.

355
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23.
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(c) VZu =0,
u(z,0) =0,
u(0,y) = (cos

(d) V2u = 0,
u(z,0) = 0,
u(0,y) =0,

0<x<l,

u(z,1) =0,

— 1) cos (%), u(1l,y) =0,

O0<x<l,

u(xz,1) =0,

u(1,y) = sinmy cos y,

Solve the following Neumann problems:

(b) V2u =0,
uz (0,y) =0,
Uy (2,0) =0,
(c) V2u =0,
uz (0,y) =0,

Uy (2,0) = cosz,
(d) V2u =0,
Ug (Oa y) =Y,

uy (z,0) =z,

O<z<m,
ug (m,y) =0,
uy (z,m) =z,
O<zx<m,
ug (m,y) = 2cosy,
Uy (z,7) =0,
O<zx<m,
ug (m,y) =0,
Uy (z,7) =0,
O<zx<m,
Uy (ﬂ,y) =Y,

Uy (z,7) = 2.

The steady-state temperature distribution in a rectangular plate of
length a and width b is described by

Viu =0,

0<zx<a,

0<y<b.

At z = 0, the temperature is kept at zero degrees, while at = a, the
plate is insulated. The temperature is prescribed at y = 0. At y = b,
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heat is allowed to radiate freely into the surrounding medium of zero
degree temperature. That is, the boundary conditions are

u(0,y) =0, g (a,y) =0, 0<y<b,

u(z,0) = f(x), uy(z,b)+hu(z,b)=0, 0<z<a.
Determine the temperature distribution.

Solve the Dirichlet problem

Vu = —2y, 0<z<l, 0<y<1,
u(0,y) =0, u(ly)=0, 0<y<1,
u(z,0) =0, u(z,1) =0, 0<z<l.

Find the harmonic function which vanishes on the hypotenuse and has
prescribed values on the other two sides of an isosceles right-angled
triangle formed by =z =0, y = 0, and y = a — =, where a is a constant.

Find a solution of the Neumann problem

V2u:(a:2—y2), 0<z<a, 0<y<a,
Um(oay)zov uz(aay):07 OSySGa
uy (2,0) =0, uy (z,a) =0, 0<z<a.

Solve the third boundary-value problem

Vu =0, 0<x<l, 0<y<l1,
ug (0,y) +hu(0,y) =0, 0<y<1, h = constant
Uz (Ly) +hu(l,y) =0, 0<y<l,

Uy (2,0) + hu(z,0) =0, 0<z<1,

Uy (z,1)+hu(z,1)=f(x), 0<z <L
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Determine the solution of the boundary-value problem

Viu =1, O<z<m, O<y<m,
uw(0y) =0,  uy(my)=0, 0<y<m,
Uy (2,0) =0, Uy (z,m) +hu(z,m)=f(z), 0<z<m.

Obtain the integral representation of the Neumann problem

V?u=f inD,
ou

— =g on boundary B ofD.
on

Find the solution in terms of the Green’s function of the Poisson prob-
lem

V2u=f inD,
Ou

+ hu =g on boundary B ofD.
on

Find the steady-state temperature distribution inside a circular annular
region governed by the boundary-value problem

1 1
Upp + = Up + — ugp = 0, 1<r<2, - <0<,
r r
u(1,0) = sin? 6, ur (2,60) =0, —T <6<
Consider a radially symmetric steady-state problem in a solid homoge-
neous cylinder of radius unity and height h. The temperature distribu-
tion function w (r, z) satisfies the equation

1
V2u:uw+7ur+uu:0, O<r<l1, 0<z<h.
r

Solve the Dirichlet boundary-value problem with the following bound-
ary conditions:

(a) u(l,2) = f(2), u(r,0) =0, u(r,h) =0,
(b)u(l,z):O, u(r,()):g(r), U(T‘,h):(],
(¢c)u(l,z) =0, u(r,0) =0, w(r,h) =w(r),

(d) u(l,2) = asin (32), u(r,0)=0=u(rh).
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34. Show that the solution of the problem 33(c) is given by

smhk: z
ZanJO knr) hk %

n=1
where Jo (k,) =0, n=1,2,3,....

35. Solve the following boundary-value problem:

(a)  VZu=0, 0<r<l, 0<z<1,
u(l,z) =0=wu(r0), u(r,1)=1-12, 0<r<1.
(b)  V2u=0, 0<r<l, 0<z<m,
u(1l,z) = A = constant, u(r,0) =0, uy (r,m) =0.
(c) V2u =0, 0<r<a, 0<z<h,
u(a,z) = f(2), u(r,0)=0=u(rh), 0<r<a.
(d)  VZu=0, 0<r<a, 0<z<h,

u(a,z) =z(h—2), u(r,0) =0=u(r,h).

In each of the above problems (a)-(d),

1
Viu = upp + - Uy + Uy
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Higher-Dimensional Boundary-Value
Problems

“As long as a branch of knowledge offers an abundance of problems, it is
full of vitality.”

David Hilbert

10.1 Introduction

The treatment of problems in more than two space variables is much more
involved than problems in two space variables. Here a number of multi-
dimensional problems involving the Laplace equation, wave and heat equa-
tions with various boundary conditions will be presented. Included are the
Dirichlet problem for a cube, for a cylinder and for a sphere, wave and heat
equations in three dimensional rectangular, cylindrical polar and spherical
polar coordinates. The solution of the three-dimensional Schrédinger equa-
tion in a central field with applications to hydrogen and helium atoms is
discussed. We also consider the forced vibration of a rectangular membrane
described by the three-dimensional, nonhomogeneous wave equation with
moving boundaries.

10.2 Dirichlet Problem for a Cube

The steady-state temperature distribution in a cube is described by the
Laplace equation

VU = Ugy + Uyy + Usy =0 (10.2.1)

for0<z<m0<y<m0<z < The faces are kept at zero degree
temperature except for the face z = 0, that is,
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u(0,y,2) =u(my,z) =0
u(x,0,2) =u(z,mz2)=0
u(z,y,m) =0, u(z,y,0)=f(z,y), 0<z<m, 0<y<m

We assume a nontrivial separable solution in the form
u(w,y,2) =X (2)Y (y) Z (2).
Substituting this in the Laplace equation, we obtain
X"YZ+XY"Z+XYZ" =0.
Division by XY Z yields
X// Y// Zl/
— =
X Y Z
Since the right side depends only on z and the left side is independent of
z, both terms must be equal to a constant. Thus, we have

Xl/ Y// Z//

= =\
X + Y Z
By the same reasoning, we have
X// Y/l
— =A— ===
X y *

Hence, we obtain the three ordinary differential equations

X" - uX =0,
Y"'—(A=—p)Y =0,
Z" +\Z = 0.

Using the boundary conditions, the eigenvalue problem for X,

X" —puX =0,
X (0)=X(m) =0,
yields the eigenvalues ;1 = —m? for m = 1,2,3,... and the corresponding

eigenfunctions sin mz.
Similarly, the eigenvalue problem for Y’

V'-(A=pY =0,
Y (0)=Y (1) =0,

gives the eigenvalues A — = —n? where n = 1,2, 3, ... and the correspond-
ing eigenfunctions sinny.
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Since A is given by — (m? + n?), it follows that the solution of Z""+\Z =
0 satisfying the condition Z (7) = 0 is

Z (z) = C'sinh [\/m2 +n? (7 — z)} .

Thus, the solution of the Laplace equation satisfying the homogeneous
boundary conditions takes the form

oo oo
(z,y,z Z Z @ Sinh (\/ m? 4+ n? (m — z)) sin ma sin ny.
m=1n=1
Applying the nonhomogeneous boundary condition, we formally obtain
oo oo
= Z Z Ay, Sinh (\/mﬂ'> sin max sin ny.
m=1n=1

The coefficient of the double Fourier series is thus given by

4 s Us
Amn SiNh (w/mQ 4+ n2 7r) = — / / f (x,y) sinma sin ny dx dy.
™ Jo Jo

Therefore, the formal solution to the Dirichlet problem for a cube may be
written in the form

i i sinh (vVm? 4+ n? (7 — 2))
il? ’
e == sinh (vVm? + n? )

sinma sin ny, (10.2.2)

where

binn = Gmn SiNh (\/ m?2 4+ n? 77) )

10.3 Dirichlet Problem for a Cylinder

Ezxample 10.3.1. We consider the problem of determining the electric po-
tential u inside a charge-free cylinder. The potential u satisfies the Laplace
equation in cylindrical polar coordinates

1 1
Viu = upp + — uyp + — Uy + Uz =0, (10.3.1)
T T

for 0 <r < a, 0 < z <. Let the lateral surface »r = a and the top z = [
be grounded, that is, zero potential. Let the potential on the base z = 0 be
given by

U(T,G,O) = f({ra 0) 5 (1032)

where f (a,0) = 0.
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We assume a nontrivial separable solution in the form
u(r,0,z) =R(r)O(0) Z (2).
Substituting this in the Laplace equation yields

R'+.R 10"  Z2"

- —=——=A\
R + r2 O Z
It follows that
’I"QR” + ,r,Rl 5 9//
R " e I
Thus, we obtain the equations
r?R"+rR — (Ar® + ) R =0, (10.3.3)
0" +ub =0, (10.3.4)
Z"+\Z = 0. (10.3.5)

Using the periodicity conditions, the eigenvalue problem for © (6),

0" 4+ ud =0,
0(0) =6 (2r), ©(0) =0 @2m),

yields the eigenvalues u = n? for n = 0,1,2,... with the corresponding
eigenfunctions sin né, cosnfd. Thus,

©(0) = Acosnb + Bsinnd. (10.3.6)

Suppose A is real and negative and let A = —32 where 3 > 0. If the condition
Z (1) = 0 is imposed, then the solution of equation (10.3.5) can be written
in the form

Z(z) =Csinhp (I —z). (10.3.7)
Next we introduce the new independent variable £ = [r. Equation
(10.3.3) transforms into
d’R dR
2 ah 2\ p _
13 d§2+§ §+(§ -n’)R=0

which is the Bessel equation of order n. The general solution is

where J,, and Y,, are the Bessel functions of the first and second kind
respectively. In terms of the original variable, we have
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Ry, (r) = DJn (Br) + EY, (Br) .

Since Y, (Br) is unbounded at » = 0, we choose E = 0. The condition
R (a) = 0 requires that

Jn (Ba) = 0.

For each n > 0, there exist positive zeros. Arranging these in an infinite
increasing sequence, we have

O<ap <apa <...<apm<....
Thus, we obtain
Brm = (anm/a).
Consequently,
R, (r) = DJ, (apmr/a).

The solution u then finally takes the form

(r,0,z2) Z Z Jn ( anm> (anm cos nb + by, sinnb)

n=0m=1
X sinh {(l—z) anm].
a

To satisfy the nonhomogeneous boundary condition, it is required that

Z Z In ( anm) A, €08 N0 + by, sin ) sinh ((lz anm> .

n=0m=1

The coefficients a,, and b,,, are given by

1 a 2 r
Aom = r,0)Jo | — agm ) drdb,
0 ma? sinh (l aOm) [J1 (om)] 2 / / 1(r6) Jo (a 0 )

) 27
nm 0 nm
¢ Ta2 smh( anm) [Jn+1 (Qnm)] / i ( @ )

x cosnfrdrdf,

2 2
bpm = 0) J,
" a2 sinh (£ am) [Jns1 (0] / /0 i (a am”)

x sinnf rdr do.

FEzxzample 10.5.2. We shall illustrate the same problem with different bound-
ary conditions. Consider the problem
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Viu=0 0<r<a 0<z<m,
u(r,0,0) =0, wu(r,0,m)=0,
u(a,0,2) = f(9,z).

As before, by the separation of variables, we obtain

r’R"+rR — (M*+p)R=0,
0" +u6 =0,
2"+ X7 =0.

By the periodicity conditions, again as in the previous example, the © equa-
tion yields the eigenvalues 1 = n? with n = 0,1,2,...; the corresponding
eigenfunctions are sinnf, cosnf. Thus, we have

O (0) = A, cosncosf + By, sinnd.
Now let A = 32 with 8 > 0. Then, the boundary value problem

7"+ 372 =0
Z(0)=0, Z(m)=0,

has the solution
Z (z) = Cysinmz, m=1,2,3,....
Finally, we have
r’R"+rR — (m*r* +n*) R =0,
or
1 2
M+H—Gﬁ+@)3:@
r r
the general solution of which is
R(r) = DI, (mr) + EK,, (mr),
where I,, and K,, are the modified Bessel functions of the first and second
kind, respectively.
Since R must remain finite at » = 0, we set £ = 0. Then R takes the
form
R(r) = DI, (mr).

Applying the nonhomogeneous condition, we find the solution
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I, (mr)
I, (ma)

where

) g 27
A, = —2/ / f(0,z)sinmzcosnf df dz,
™ Jo Jo

™ 2
bn = %/ / f(0,2)sinmzsinnddfdz.
™ Jo Jo

10.4 Dirichlet Problem for a Sphere
Ezxample 10.4.5. To determine the potential in a sphere, we transform the

Laplace equation into spherical coordinates. It has the form

9 2 1 cot 1
Vou = upr + —up + — ugp + —5— ug +
T T r

g teer (104)

where 0 <r <a,0< 60 <7, and 0 < ¢ < 27.
Let the prescribed potential on the sphere be

u (aa 9) 90) = f (97 90) . (1042)
We assume a nontrivial separable solution in the form
u(r,0,0) =R(r)O(0)P(p).

Substitution of u in the Laplace equation yields

r?R" 4+ 2rR' — AR = 0, (10.4.3)
sin®0 @ +sinflcos0 O + (Asin®0 — p) © = 0, (10.4.4)
D" + ud = 0. (10.4.5)

The general solution of equation (10.4.5) is

D (p) = Acos/1L @ + By siny/p . (10.4.6)

The periodicity condition requires that

Vie=m, m=20,1,2,....
Since equation (10.4.3) is of Euler type, the solution is of the form

R(r) =1r".
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Inserting this is equation (10.4.3), we obtain
2+B8-A=0.

The roots are § = (—1++/1+4X) /2 and — (1 + ). Hence, the general
solution of equation (10.4.3) is

R(r) = CrP 4+ Dr=(F0), (10.4.7)

The variable £ = cos 6§ transforms equation (10.4.4) into the form

m2

which is Legendre’s associated equation. The general solution with 8 = n
forn=0,1,2,...1s

©(0) = EP) (cosh) + F Q. (cosb).

Continuity of © () at § = 0, m corresponds to continuity of © (&) at
€ = 4+ 1. Since Q7 () has a logarithmic singularity at £ = 1, we choose
F = 0. Thus, the solution of equation (10.4.8) becomes

©(0) =EP) (cosh).
Consequently, the solution of the Laplace equation in spherical coordinates
is
o0 n

u(r,0,¢) = Z Z " P (€08 0) (anm o8 mMp + by sinmep) .

n=0m=0

In order for u to satisfy the prescribed function on the boundary, it is
necessary that

f(0,0) = Z Z a™ P (cos 0) (anm cos mp + by, sin mep)

n=0m=0

for 0 <0 <7, 0 < < 2w By the orthogonal properties of the functions
P (cos 8) cosmep and P (cos 0) sinmep, the coefficients are given by

2 1 27
— _ 2n+n n m§ / / f( (cos ) cosmesinf df dp,
ma® (n+m
2 1 | 27
[ ( 2”7;:” o Z?' / / 16 (cos 0) sin myp sin 6 df dyp,
form=1,2,...,andn=1,2,..., and
2 1 2m
(no = ij_" / / f(6,p) Py, (cos)sin 6 d do,
T

forn=0,1,2,....
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FEzample 10.4.4. Determine the potential of a grounded conducting sphere
in a uniform field that satisfies the problem
ViZu=0, 0<r<a, 0<60<m 0<¢<2m,
u(a,0) =0, u— —FEgrcosf, as 1 — oo.

Let the field be in the z direction so that the potential v will be inde-
pendent of ¢. Then, the Laplace equation takes the form

cot 0
2

urr+%ur+ri2ue9+ ug = 0.

We assume a nontrivial separable solution in the form
u(r,8) = R(r)O(0).

Substitution of this in the Laplace equation yields

r’R" 4+ 2rR' — AR = 0,
sin? 0 ©" + sinfcosH O + Asin®H O = 0.

If weset A\=n(n+1) withn=0,1,2,..., then the second equation is the
Legendre equation. The general solution of this equation is

O (0) = A, P, (cosl) + B, @y, (cosb),

where P,, and @,, are the Legendre functions of the first and second kind
respectively. In order for the solution not to be singular at § = 0 and 6 = 7,
we set By, = 0. Thus, © (0) becomes

O (0) = A, P, (cosb).
The solution of the R-equation is obtained in the form
R(r) = Cpr™ + D, r~ (1,

Thus, the potential function is

oo

u(r,0) = Z (an "+ by r_("+1)) P, (cos9).

n=0

To satisfy the condition at infinity, we must have
ap =—FEy, and a,=0, for n>2

and hence,

u(r,0) = —Eorcosﬁ—i—zz—nﬂpn (cos®).
r

n=1
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The condition u (a,0) = 0 yields

9] bn
0= —EOaCOSG—&—ZWPn (cosb).

n=1

Using the orthogonality of the Legendre functions, we find that b,, are given
by

2 1 T
by = (7127+>E0 ant? / cos @ P, (cos ) d (cos0) = FEg a1,

since the integral vanishes for all n except n = 1. Hence, the potential
function is given by

3
u(r,0) = —Eorcosﬁ—i—an—Qcos@.
T

Example 10.4.5. A dielectric sphere of radius a is placed in a uniform elec-
tric field Ejy. Determine the potentials inside and outside the sphere.
The problem is to find potentials u; and uo that satisfy
VZU1 = V2u2 = 0,
Ou _ Ou,

KW: E UL = Uo, on r=a,

uy — —FEgrcosf as r — oo,

where uq, and us are the potentials inside and outside the sphere, respec-
tively, and K is the dielectric constant.
As in the preceeding example, the potential function is

u(r,0) = Z (an r" + b, rf("Jrl)) P, (cosb). (10.4.9)

n=0

Since u; must be finite at the origin, we take

uy (r,0) = Z anr" Py (cosf) for r<a. (10.4.10)

n=0

For us, which must approach infinity in the prescribed manner, we choose

ug (r,0) = —Egrcosf + Z byr~ VP, (cosh).  (10.4.11)

n=0
From the two continuity conditions at r = a, we obtain

b 2b
a1:—E0+;§, KGJl:—Eo—il

an = b, =0, n>2.
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The coefficients a; and b; are then found to be

3E, S (K —1)
K12 O UK 12

ay =

Hence, the potential for r < a is given by

up (r,0) = — 3o rcosf,

and the potential for r > a is given by

K—-1
ug (r,0) = —Egrcos + Eya® EK‘F?;TQ cos 6.

FEzample 10.4.6. Determine the potential between concentric spheres held
at different constant potentials.
Here we need to solve

Viu =0, a<r<hb,
u=A on r=a,

u=B on r=ua.

In this case, the potential depends only on the radial distance. Hence, we

have
1 9 (20u) _
r2 Or or)

By elementary integration, we obtain

where ¢; and ¢y are arbitrary constants.
Applying the boundary conditions, we obtain

Bb — Aa ab
—71)_@ s CQ—(A*B)b_a.

C1

Thus, the solution is

_Bb—Aa (A—B)ab
v ==t oo

(7)) () 6=
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10.5 Three-Dimensional Wave and Heat Equations

The wave equation in three space variables may be written as
ugy = V2, (10.5.1)

where V? is the three-dimensional Laplace operator.
We assume a nontrivial separable solution in the form

u(x,y,z,t) :U(:v,y,z)T(t).

Substituting this into equation (10.5.1), we obtain

T" + \*T = 0, (10.5.2)
VU + \U =0, (10.5.3)
where —\ is a separation constant. The variables are separated and the

solutions of equations (10.5.2) and (10.5.3) are to be determined.
Next we consider the heat equation

uy = kV->2u. (10.5.4)
As before, we seek a nontrivial separable solution in the form
u(xz,y,2,t) =U (z,y,2) T (¢).
Substituting this into equation (10.5.4), we obtain
T 4+ T =0,
VAU 4+ AU = 0.

Thus, we see that the problem here, as in the previous case, is essentially
that of solving the Helmholtz equation

VU + \U = 0.

10.6 Vibrating Membrane

As a specific example of the higher-dimensional wave equation, let us de-
termine the solution of the problem of the vibrating membrane of length
a and width b. The initial boundary-value problem for the displacement
function wu (x,y,t) is

Uy = € (Ugy + Uyy) O<z<a, 0<y<b, t>0, (10.6.1)
u(z,y,0) = f(z,y), 0<z<a, 0<y<h, (10.6.2)
ug (x,y,0) = g(x,y), 0<z<a, 0<y<hb, (10.6.3)

u(0,y,t) =0, u(a,y,t) =0, (10.6.4)
u(z,0,t) =0, u(z,b,t) =0. (10.6.5)
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We have just shown that the separated equations for the wave equation
are

T" + \c*T = 0, (10.6.6)
V2U + AU =0, (10.6.7)

where, in this case, V2U = U,, + Uyy. Let A = a?. Then the solution of
equation (10.6.6) is

T (t) = Acosact + Bsin act.
Now we look for a nontrivial solution of equation (10.6.7) in the form
Ulz,y) =X (2)Y (y).
Substituting this into equation (10.6.7) yields

X" —uX =0,
Y'+A+u)Y =0.

If we let ;1 = — 32, then the solutions of these equations take the form

X (z) = Ccos fz + Dsin fz.
Y (y) = Ecos~vyy + Fsin~y,

where
V2= (A4 p) =ao® - 32
The homogeneous boundary conditions in z require that C' = 0 and
Dsinfa =0

which implies that 8 = (mn/a) with D # 0. Similarly, the homogeneous
boundary conditions in y require that £ = 0 and

Fsinyb=0

which implies that v = (nn/b) with F # 0. Noting that m and n are
independent integers, we obtain the displacement function in the form

o0 o0
. . /mmx\ . [(nTYy
9 at = mn S Omn t bnm mn t 5 ( )‘ (7)7
u(x,y,t) mE:“LE:l (@mn COS Qi ct + Sin auyy, ct) sin o )sin(
(10.6.8)

where o, = (m27r2/a2) + (nzwg/bz), Ampn and by,, are constants.
Now applying the nonhomogeneous initial conditions, we have
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u(z,y,0) = f (z,y) = i iamn sin (m;r:z:) sin (n%;y) ,

m=1n=1

and thus,

4 (@ [° . /mmwx\ . [nTYy
amn—%/o /0 f (x,y)sin (T) sin (T) dxdy. (10.6.9)

In a similar manner, the initial condition on u; implies

ug (x,9,0) =g (z,y) = i i bimn Qi € SID (?) sin (nfzy) ,

m=1n=1

from which it follows that

4 a rb . /mmwx\ . /N7y
b = W/o /0 g (x,y)sin (T) sin (T) dx dy. (10.6.10)

The solution of the rectangular membrane problem is, therefore, given by
equation (10.6.8).

Ezample 10.6.1. (Vibration of a Circular Membrane). For a circular
elastic membrane that is stretched over a circular frame of radius a, the
motion of the membrane can be described by a function w(r,6,t) that
satisfies the partial differential equation

1

1 1
= Upp = Upy + - Uy + ) 9o, (10.6.11)

where ¢? = (T/p), T is the tension in the membrane and p is its mass
density.

We consider the synchronous vibrations of the vibration of the mem-
brane defined by the separable solution

w(r,0,t) =v(r,0,t)cos (wet). (10.6.12)
Substituting (10.6.12) into (10.6.11) gives

1 1 )
Vpr + = Vp + — Ugp + w v = 0. (10.6.13)
r r

We seek a nontrivial separable solution
v(r,0) = R(r)O (0)
of equation (10.6.13) so that

2 DI / "
w Fwl? = 7% = A2, (10.6.14)
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This must hold for all points of the membrane, 0 < r < a and 0 < 6 < 27.
Consequently,

R’ +rR + (W —N*)R =0, 0<r<a, (10.6.15)
6" + X0 =0, 0<6<2r. (10.6.16)

The general solution of (10.6.16) is
O (0) = Acos A0 + Bsin \f. (10.6.17)

This represents a single-valued solution at all points of the disk only if
A =n is an integer. Thus,

O (0) =6, () = A, cosnb + B, sinnf. (10.6.18)
With A = n, the radial equation (10.6.15) becomes
r’R"+rR + (w’r* —n®) R =0. (10.6.19)
The parameter w can be eliminated by defining
r=wr, and y(z)=y(wr)=R(r).

Substituting these into (10.6.19) gives

22y + xy + ($2 _ n2) y=0. (10.6.20)
Or, equivalently,
1 2
v+ 2y + (1 - ”2> y=0. (10.6.21)
x X

This is the well-known Bessel equation of order n, which has been discussed
in Section 8.6.

10.7 Heat Flow in a Rectangular Plate

Another example of a two-dimensional problem is the conduction of heat
in a thin rectangular plate. Let the plate of length a and width b be per-
fectly insulated at the faces x = 0 and = = a. Let the two other sides be
maintained at zero temperature. Let the initial temperature distribution be
f(z,y). Then, we seek the solution of the initial boundary-value problem

up = k VZu, O<x<a, O0<y<b t>0, (10.7.1)
u(z,y,0) = f(z,y), 0<z<a, 0<y<hb, (10.7.2)
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Uy (07 Y, t) = 07 Uy (a7 Y, t) = 07 (1073&b)
u(z,0,t) =0, u(x,b,t) =0. (10.7.4ab)

As shown earlier, the separated equations for this problem are found to
be

T' + \kT = 0, (10.7.5)
V2U + AU = 0. (10.7.6)

We assume a nontrivial separable solution in the form
Ulz,y) = X ()Y (y).

Inserting this in equation (10.7.6), we obtain

X" —uX =0, (10.7.7)
Y'+A+u)Y =0. (10.7.8)
Because the conditions in 2 are homogeneous, we choose y = —a? so that

X () = Acosax + Bsinax.
Since X’ (0) = 0, B = 0 and since X' (a) =0,
sinaa = 0, A#0
which gives
a= (mn/a), m=123,....
We note that u = 0 is also an eigenvalue. Consequently,
Xm (x) = Ay cos (mmx/a), m=0,1,2,....

Similarly, for nontrivial solution Y, we select 32 = A 4+ = A — o so that
the solution of equation (10.7.8) is

Y (y) = Ccos By + Dsin By.
Applying the homogeneous conditions, we find C' = 0 and
sin §b = 0, D #0.
Thus, we obtain
B = (nm/b); n=123,...,

and
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Y, (y) = Dy, sin (nmy/b) .

Recalling that A = a? + 32, the solution of equation (10.7.5) may be
written in the form

Tmn (t) = Emn e—(7n2/a2+n2/b2)7r2kt.

Thus, the solution of the heat equation satisfying the prescribed boundary
conditions may be written as

W) = 303 g e O ) g (T g (1T

m=0n=1

(10.7.9)

where a,,n = Ay D By are arbitrary constants.
Applying the initial condition, we obtain

u(x,y,0) = i i Ay, COS ( x) sin (%:y) . (10.7.10)

This is a double Fourier series, and the coefficients are given by

on = (ab)/ / fz,y) sm )dmdy,
and for m > 1
4 a b mmx\ . (NTY
Amn = <ab) /0 /0 f (z,y) cos (T) sin (T) dz dy.

The solution of the heat equation is thus given by equation (10.7.9).

Ezample 10.7.1. (Steady-state temperature in a Circular Disk). We
next consider the steady-state temperature distribution « (r, ) in a circular
disk of radius r = a that satisfies the Laplace equation

1 1
Uy + = Uy + — Ugg = 0, 0<r<a, 0<6<2m (10.7.11)
T T

u(r,0)=f(0), on r=a forall 6, (10.7.12)

where f (0) is a given function of 6.

This is exactly the Dirichlet problem for a circle that was already solved
in Section 9.4.

We also consider the steady-state temperature distribution u (7,8, ¢)
in a sphere of radius @ where 0 < r < a, 0 < 8§ < wand 0 < ¢ <
27. For simplicity, we assume only steady temperature distribution which
depends on r and . Thus, u is independent of the longitudinal coordinate
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¢, and hence, the steady-state temperature distribution u (r, §) satisfies the
Laplace equation in spherical polar coordinates in the form

0 ( ,0u 1 0 (. ,ou\
o (r 87“) + 50 50 <sm0 89) = 0. (10.7.13)

We seek a separable solution of (10.7.13) in the form w (r,0) = R (r) © (0)
so that (10.7.13) leads to

1d [ ,dR 1 d e,
2@ 1 a0 10714
Rdr(r dr) @(e)sineda(“n d9> 0. (10.7.14)

This must hold for 0 < r < @ and 0 < 8 < 7. Consequently,

1 d [ ,dRY 1 d (., dO\

or

d [ ,dR
% (T d’r‘) — AR = 0, O0<r< a, (10716)

d (. dO . _
0 (sm@ d9> +AsinfoO(0) =0, 0<f<m (10.7.17)

Equation for R (r) can also be written as

2 A
R'+ZR -2 R=0. (10.7.18)
r 72

We simplify equation (10.7.17) by the change of variable.
x = cosf, y(x)=01(0).

Using the chain rule we obtain

a6 _ dydr
d9  dx df

70 (sm@ d0> =— (sm 9dz>

= d {(1$2)@]m

and hence,

Cdx dz | do
o d 2\ Y
= smﬁdx {(1 z?) dx} )

Combining this result with (10.7.17) leads to the Legendre equation
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d dy
1-22) Y 4y = —1<z<1 10.7.1
dm[( w)dx%y 0, <z<l,  (10.7.19)
or, equivalently,
d?y dy
1-— — —2x—=+ Ay =0. 10.7.20
( o ) dx? dx tAY ( )

This equation was completely solved in Section 8.9. Equation (10.7.19) is
the well-known Sturm-Liouville equation with ¢ (—1) and y (41) finite. The
results are

A=\, =n(n+1), y(xz)=P,(z), n=0,1,2,3,...,

where P, (x) is the Legendre polynomial of degree n.

10.8 Waves in Three Dimensions

The propagation of waves due to an initial disturbance in a rectangular vol-
ume is best described by the solution of the initial boundary-value problem

uy = *V2u, O<z<a, 0O0<y<d 0O0<z<d t>0,

(10.8.1)
u(z,y,2,0) = f(z,y,2), 0<z<a, 0<y<b 0<z<d (10.8.2)
ut (,9,2,0) = g(x,y,2), 0<zx<a, 0<y<b 0<z<d (10.8.3)
u(0,y,2,t) =0, wu(a,y,zt)=0, (10.8.4)
u(z,0,2,t) =0, wu(x,b,z2t)=0, (10.8.5)
u(z,y,0,t) =0, wu(x,y,d,t)=0. (10.8.6)

We assume a nontrivial separable solution in the form

u(x7y7z7t):U(x7y7z)T(t)'
The separated equations are given by

T" + \*T = 0, (10.8.7)
VU + \U = 0. (10.8.8)

We assume that U has the nontrivial separable solution in the form
Ulz,y,2) = X ()Y (y) Z (2).-
Substitution of this into equation (10.8.8) yields

X"~ X =0, (10.8.9)
Y- vy =0, (10.8.10)
Z"+ A+ p+v)Z=0. (10.8.11)



380 10 Higher-Dimensional Boundary-Value Problems

Because of the homogeneous conditions in z, we let u = —a? so that
X (z) = Acosax + Bsinaz.

As in the preceding examples, we obtain
I
X (z) = Blsm< x), [=1,2,3,....
a

In a similar manner, we let v = —3? to obtain
Y (y) = Ccos By + Dsin By

and accordingly,

Ym(y):Dmsin<$>, m=1,23,....

We again choose v2 = A+ pu+v = XA — a? — 32 so that
Z (z) = Ecos(vz) + Fsin (yz2) .
Applying the homogeneous conditions in z, we obtain
nmz

Zy (2) = Fysin (7) .
Since the solution of equation (10.8.7) is
T (t) = G cos (\f)\ct) + H sin (\F/\ct) ,

the solution of the wave equation has the form

[c olNe SENo o)

(z,y,2,t) = Z Z Z (almncosﬁct—f—blmnsin\&ct)

I=1 m=1n=1
X sin (T) sin (%) sin (n;rz>

where ajm, and by, are arbitrary constants. The coeflicients ajp,, are
determined from the initial condition u (z,y, z,0) = f (z,y, z) and are found
to be

Almn = bd///fxy, sm(l )s' (mby>sin<n%;z)dmdydz.

Similarly the coefficients by, are determined from the initial condition
u(z,y,2,0) =g (z,y, 2) and are found to be

blmn

8 a rbord . (lrz\ . /mmy\ . /nwz
_m/o /o /0 g(x,y,z)sm(a)sm(b)sm<d>dxdydz,

where
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10.9 Heat Conduction in a Rectangular Volume

As in the case of the wave equation, the solution of the heat equation in
three spaces variables can be determined. Consider the problem of heat
distribution in a rectangular volume. The faces are maintained at zero de-
gree temperature. The solid is initially heated so that the problem may be
written as

uy = k V3u, 0<z<a, O<y<b 0<z<d t>0,
u(z,y,2,0)=f(z,y,2), 0<z<a, 0<y<b 0<z<d,
u(0,y,2,t) =0, u(a,y,z,t) =0,
u(z,0,2,t) =0, u(z,b,z,t) =0,
u(xz,y,0,t) =0, u(x,y,d,t) =0.

As before, the separable equations are

T 4+ \kT =0, (10.9.1)
V23U 4+ \U = 0. (10.9.2)

If we assume the solution U to be of the form
U(z,y,2) =X (@)Y (y) Z (2),

then the solution of the Helmholtz equation is

l
Uimn (2,9, 2) = B;D,, F), sin (T;I) sin (%) sin (%) .

Since the solution of equation (10.9.1) is
T (t) = Ge M,
the solution of the heat equation takes the form

0o oo oo l
st = 3232 3 e s (5 ) i (M72) i (),
where A\ = [(ZQ/(;F) + (m2/b2) + (n2/d2>] 2 and ay,,, are constants.

Application of the initial condition yields

o= (@[ [ [ remr () 2

sin (n;z) dx dy dz.
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10.10 The Schrodinger Equation and the Hydrogen
Atom

In quantum mechanics, the Hamiltonian (or energy operator) is usually
denoted by H and is defined by

2
p
H=— 10.10.1
Wi +V(r) (10.10.1)
where p = (h/i) V = —ihV is the momentum of a particle of mass M,
h = 27h is the Planck constant, and V (r) is the potential energy.
The physical state of a particle at time ¢ is described as fully as possible
by the wave function ¥ (r,t¢). The probability of finding the particle at

position r = (z,y, z) within a finite volume dV = dz dy dz is

// |@|? da dy dz.

The particle must always be somewhere in the space, so the probability of
finding the particle within the whole space is one, that is,

oo (oo} (oo}
/ / / @ ? dz dy dz = 1.
— 00 — 00 — 00

The time dependent Schrodinger equation for the function ¥ (r,t) is

thW, = HY, (10.10.2)
where H is explicitly given by
o,

Given the potential V (r), the fundamental problem of quantum me-
chanics is to obtain a solution of (10.10.2) which agrees with a given initial
state ¥ (r, 0).

For the stationary state solutions, we seek a solution of the form

W(r,t)=f()¢(r).

Substituting this into (10.10.2) gives

df iE,
S0, (10.10.4)
Hi(r) = By (v) (10.10.5)

where F is a separation constant and has the dimension of energy. Integra-
tion of (10.10.4) gives
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f(@t) = Aexp( Z?), (10.10.6)

where A is an arbitrary constant.

Equation (10.10.5) is called the time independent Schrédinger equation.
The great importance of this equation follows from the fact that the sepa-
ration of variables gives not just some particular solution of (10.10.5), but
generally yields all solutions of physical interest. If ¢ (r) represents one
particular solution of (10.10.5), then most general solutions of (10.10.2) can
be obtained by the principle of superposition of such particular solutions.
In fact, the general solution is given by

)= Apexp (-’?) Vg (r), (10.10.7)

where the summation is taken over all admissible values of F, and Ag is
an arbitrary constant to be determined from the initial conditions.

We now solve the eigenvalue problem for the Schrédinger equation for
the spherically symmetric potential so that V (r) = V (r). The equation for
the wave function 1 (1) is

V%ﬁ—%[E V (1)) =0, (10.10.8)

where V? is the three-dimensional Laplacian.

To determine the wave function 1, it is convenient to introduce spherical
polar coordinates (r, 6, ¢) so that equation (10.10.8) takes the form

16( 3¢)+ : (sm@aw)-&- ! @

r2 Or or r2sinf 90 ol r2sin® 6§ 0¢?
YK [E—V (r)]% =0, (10.10.9)

where K = (2M/h2),wzw(r,0,¢)), 0<r<oo,0<f<mand 0<¢ <
2.

We seek a nontrivial separable solution of the form

Y =R(r)Y(0,0)

and then substitute into (10.10.9) to obtain the following equations

a <r2 dR) +[K(E-V)r2=A]R=0, (10.10.10)

dr dr
1 9 0 1 0?
Lin& 20 (51n9 80) + o 8(;52] Y+AY =0, (10.10.11)

where X is a separation constant.
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We first solve (10.10.11) by separation of variables through Y =
O (0) ? (¢) so that the equation becomes

3 d < de 2 2 —

blnH@ (bln0 d9> + (Asin*6 —m?*) © =0, (10.10.12)
d*® 5

— D= 10.10.1

e +m 0, (10.10.13)

where m? is a separation constant.
The general solution of (10.10.13) is
D = Ae™? 4 Be ™9,

where A and B are arbitrary constants to be determined by the boundary
conditions on ¢ (r, 6, ¢) = R (r) © () $ (¢) which will now be formulated.

According to the fundamental postulate of quantum mechanics, the
wave function for a particle without spin must have a definite value at
every point in space. Hence, we assume that v is a single-valued function
of position. In particular, v must have the same value whether the az-
imuthal coordinate ¢ is given by ¢ or ¢ + 2w, that is, @ (¢) = & (p + 2m).
Consequently, the solution for @ has the form

d=Ce™ m=0,+1,+2,..., (10.10.14)

where C' is an arbitrary constant.
In order to solve (10.10.12), it is convenient to change the variable z =
cosf, O (0) = u(z), —1 <z <1 so that this equation becomes

d du m?
— (1 —2?) — A — = 0. 10.10.15
dx{( m)daj}—’_( 1—x2)u ( )
For the particular case m = 0, this equation becomes
d du
— (1 —=2%) —| +Au=0. 10.10.1
dx{( x)daj—i—u 0 (10.10.16)

This is known as the Legendre equation, which gives the Legendre poly-
nomials P, () of degree ! as solutions provided A = (I + 1) where [ is a
positive integer or zero.

When m # 0, equation (10.10.15) with A\ = [ (I + 1) admits solutions
which are well known as associated Legendre functions, P/™ (x) of degree !
and order m defined by

m
P (z) = (1 —x2)m/2d—le (x), x = cosd.
dx™
Clearly, P (x) vanishes when m > [. As for the negative integral values of
m, it can be readily shown that
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P (@) = (1" (e P a).

Hence, the functions P, (z) differ from P/ (x) by a constant factor, and
as a consequence, m is restricted to a positive integer or zero. Thus, the
associated Legendre functions P/™ () with [m| < [ are the only nonsingular
and physically acceptable solutions of (10.10.15). Since |m| < I, when [ = 0,
m=0; when [ =1, m = -1, 0, +1; when [ = 2, m = =2, -1, 0, 1, 2,
etc. This means that, given [, there are exactly (2! + 1) different values of
m = —1l, ..., —1,0, 1,..., . The numbers [ and m are called the orbital
quantum member and the magnetic quantum number respectively.

It is convenient to write down the solutions of (10.10.11) as functions
which are normalized with respect to an integration over the whole solid
angle. They are called spherical harmonics and are given by, for m > 0,

@ +1) (I —m)?
dr (I+m)!

Y, (0, ¢) = (=1)™e™?P™ (cos @) . (10.10.17)

Spherical harmonics with negative m and with |m| <[ are defined by
Y™ (0,6) = (—1)™ Y, ™ (6, 0). (10.10.18)

We now return to a general discussion of the radial equation (10.10.10)
which becomes, under the transformation R (r) = P (r) /r,

d*pP

- {K (E_V)_} P(r)=0. (10.10.19)

2

Almost all cases of physical interest require V (r) to be finite everywhere
except at the origin r = 0. Also, V (r) — 0 as r — oo. The Coulomb and
square well potentials are typical examples of this kind. In the neighborhood
of r =0, V (r) can be neglected compared to the centrifugal term (~ 1/r?)
so that equation (10.10.19) takes the form

2P 1(1+1)

dr? r2

P(r)=0 (10.10.20)

for all states with I # 0. The general solution of this equation is
P(r)=Ar*t 4+ Br !, (10.10.21)

where A and B are arbitrary constants. With the boundary condition
P (0) =0, B =0 so that the solution is proportional to r!**.
On the other hand, in view of the assumption that V (r) — 0 as r — oo,
the radial equation (10.10.19) reduces to
d’P

T3 FEEP(r)=0. (10.10.22)
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The general solution of this equation is
P(r)=Ce"™VEE L penVEE, (10.10.23)

The solution is oscillatory for £ > 0, and exponential in nature for £ < 0.
The oscillatory solutions are not physically acceptable because the wave
function does not tend to zero as r — oo. When E < 0, the second term
in (10.10.23) tends to infinity as r — oco. Consequently, the only physically
acceptable solutions for £ > 0, have the asymptotic form

P(r)=Ce /2, (10.10.24)

where KE = — (a?/4).
Thus, the general solution of (10.10.19) can be written as

P(r) = f(r)e @/,
so that f (r) satisfies the ordinary differential equation

2

% — a% — [KV + l(l;l)] f=0. (10.10.25)
Note that this general solution is physically acceptable because the wave
function tends to zero as r — 0 and as r — oc.

We now specify the form of the potential V' (). One of the most com-
mon potentials is the Coulomb potential V (r) = —Ze?/r representing the
attraction between an atomic nucleus of charge +Ze and a moving electron
of charge —e. For the hydrogen atom Z = 1. It is a two particle system con-
sisting of a negatively charged electron interacting with a positively charged
proton. On the other hand, a helium atom consists of two protons and two
neutrons. There are two electrons in orbit around the nucleus of a helium
atom. For the singly charged helium ion Z = 2, where Z represents the
number of unit charges of the nucleus. Consequently, equation (10.10.25)
reduces to

r r2

227]; - a% . [KZe2 G 1)] FO)=0.  (10.10.26)

We seek a power series solution of this equation in the form

fr)y=r* i asr®,  k#0. (10.10.27)
s=1

Substituting this series into (10.10.26), we obtain
Y (s + k) (s+k—1) =11+ 1)] agr* ™!

s=1
o0

+ Z (Zke® —a (s + k)] a1 = 0.

s=1
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Clearly, the lowest power of r is (k — 1), so that
k(k+1)—1(1+1)]a =0.

This implies that & = [ or — (I 4+ 1) provided a; # 0. The negative root of k

is not acceptable because it leads to an unbounded solution. Equating the

coefficient of r*+*~1 we get the recurrence relation for the coefficients as
a(s+1)— ZKe?

_ . =1,2,3,.... (10.10.28
Fs+1 s(s+2041) @ s ( )

The asymptotic nature of this result is

Set1 2 as s — 00.
as s
This ratio is the same as that of the series for e*”. This means that R (1) is
unbounded as r — oo, which is physically unacceptable. Hence, the series
for f (r) must terminate, and f (r) must be a polynomial so that asy; = 0,
but as # 0. Hence

a(s+1)—ZKe* =0, s=1,2,3,...,
or,
2 Z2K2 4
L L _ _KE (10.10.29)
4 4(s+1)
Putting K = (2M/h?), the energy levels are given by

Z2K2et MZ2et
E=E,=— R = o (10.10.30)

where n = (s + 1) is called the principal quantum numberandn = 1,2,3,. ...
Thus, it turns out that the complete solution of the Schrodinger equation
is given by

d}n,l,m (Ta 9, ¢) = Rn,l (T) lem (97 ¢) )

where the radial part is the solution of the radial equation (10.10.10), and
it depends on the principle quantum number n (energy levels) and the
orbital quantum number [. However, it does not depend on the magnetic
quantum number m. Of course, there are (2] + 1) states with the same !
value but with different m values. Each of these states has the same energy,
and therefore, such systems have a (20 + 1)-fold degeneracy, as a result of
rotational symmetry.
For the hydrogen atom, Z = 1, the discrete energy spectrum is
Me* e?

B, =_c __ ¢ 10.10.31
2h2n2 2an? (10.10.31)
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where a = (hQ/ezM) is called the Bohr radius of the hydrogen atom of
mass M and charge of the electron, —e. This discrete energy spectrum
depends only on the principle quantum number n (but not on m) and has
an excellent agreement with experimental prediction of spectral lines.

For a given n, there are n sets of [ and s

=0, s=2
n=1 {l=0, s=1}; n=2, :
=1, s=1
=0, s=3
n =3, l=1 s=2,; etc
=2 s=1
Given n, there are exactly n values of [ (I =0,1,2,...,n—1) and the

highest value of [ is n — 1.

Thus, the three numbers n, [, m, determine a unique eigenfunction,
Unim (r,0,0) = Ry (r) Y™ (0, ¢). Since the energy levels depend only on
the principle quantum number n, there are, in general, several linearly inde-
pendent eigenfunctions of the Schrédinger equation for the hydrogen atom
corresponding to each energy level, so the energy levels are said to be de-
generate. There are (20 + 1) different eigenfunctions of the same energy
obtained by varying the magnetic quantum number m from —[ to [. In
general, the total number of degenerate energy states E, for the hydrogen
atom is then

n—1
Y+ = R Ui SR (10.10.32)

2
1=0

The energy levels of the hydrogen atom (10.10.31) can be expressed in
terms the Rydberg, Ry, as

Ry

T T o
n2

E, = (10.10.33)

where Ry represents the Rydberg given by

Me* Mc2e* Mc? e? 2
Ry = = 3 = X _
2h2 2 (he) 2 he
5 x 10° 1\°
~ 5 eV x <137> ~ 13.3¢eV.
Consequently,
13.3

Ey=——5cV. (10.10.34)
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Thus, the ground state of the hydrogen atom, which is the most tightly
bound, has an energy —13.3 eV (more accurately —13.6 ¢V') and therefore, it
would take 13.6 eV to release the electron from its ground state. Therefore,
this is called the binding energy of the hydrogen atom.

Finally, the electron is treated here as a nonrelativistic particle. How-
ever, in reality, small relativistic effects can be calculated. These are known
as fine structure corrections. Thus, the nonrelativistic Schrédinger equation
describes the hydrogen atom extremely well.

Ezample 10.10.1. (Infinite Square well potential V — o). We consider
the one-dimensional Schrodinger equation (10.10.8) in the form

{_ (Z\Z) C;L; Ly (@} ¥(@) = Ev(@),  (10.10.35)

where the potential V' (z) is given by

‘/05 r < —a, T = a,
V(z) = (10.10.36)

and take the limit V{; — 400 as shown in Figure 10.10.1.

It is noted that the potential is zero inside the square well and FE is
the kinetic energy of the particle in this region (—a < z < a) which must
be positive, £ > 0. It is convenient to fix the origin at the center of the
well so that V' (z) is an even function of z. A case of special interest is that
Vo > E > 0 and eventually, Vj — oc.

“V(X)
Vo Vo
Region 1 Region 2 Region 3
—a 0 a X

Figure 10.10.1 Square well with potential Vo — oo.
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The given potential is different in different regions, we solve (10.10.35)
separately in three regions.

Region 1. V =V} in this region x < —a.
The Schrodinger equation (10.10.35) in this region is

h2
—m%:x + WVovb = Ev.

Or, equivalently,

2M

Voo = (712) (Vo — E) 4, Vo > E > 0. (10.10.37)

The general solution of (10.10.37) is
Y1 (z) = Aef® 4 Be (10.10.38)
where A and B are constants and

k= [2;\24 (Vo — E)] : : (10.10.39)

The wave function ¢ (z) must be bounded as x — —oo to retain its prob-
abilistic interpretation, hence B = 0, and the solution in x < —a is

’(/Jl (l‘) = Aekm.
As Vy — o0, k — 00, and, in this limit, the solution must vanish, that is,
1 () =0, for < —a. (10.10.40)

Region 2. V=0in —a <z < a.
In this case, the equation takes the form

Voo + k2 = 0, (10.10.41)
where
OME
k? = =) (10.10.42)

The general solution of (10.10.41) is given by
o (x) = C'sinkx + D cos kx, (10.10.43)

where C and D are arbitrary constants.
Region 3. V =V} in this region z > a.
An argument similar to region 1 leads to zero solution, that is,
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Y3 () =0, for x> a. (10.10.44)

From a physical point of view, the solution of the Schrédinger equation
must be continuous everywhere including at the boundaries. Thus, match-
ing of solutions at x = + a is required so that

o (a) = C'sinak + D cosak =0 = 13 (a), (10.10.45)
9 (—a) = —C'sinak + Dcosak =0 =1 (—a).  (10.10.46)

This system of linear homogeneous equations has nontrivial solutions
for C' and D only if the determinant of the coefficient matrix vanishes. This
means that

sin ak cosak = 0. (10.10.47)

There are two possible nontrivial solutions for the set of conditions
(10.10.47).

Case 1. Even solution: cos ak = 0.
In this case, it follows from (10.10.45)—(10.10.46) that C' = 0. Hence,
™

ak = (2n+1) 5 n is an integer,

or,
12
k2= k2 = [(2n 1) —} : (10.10.48)
2a
Consequently, (10.10.42) gives the energy levels E = E,, as

2n + 1) 72K
E, = %. (10.10.49)

In this case, the nontrivial solution in region 2 takes the form
s () = D cos kx, —a<z<a. (10.10.50)
Case 2. Odd solution: sinak = 0.

It follows from (10.10.45)—(10.10.46) that D = 0 and sinak = 0 holds.
Consequently,

ak = nm, n is an integer, n # 0,
or,
nm\ 2
k2 = (—) . (10.10.51)
a
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Thus, the energy levels are given by

R2k2  (nwh)?
En= 3t =iy (10.10.52)

The nontrivial solution in region 2 is
o (z) = C'sinkz, —a<z<a. (10.10.53)

Thus, it turns out that, corresponding to every value of FE, given by
(10.10.49) or (10.10.52), there exists a physically acceptable solution. Hence,
the general solution of the Schrédinger equation is obtained from (10.10.7)
in the form

itE,
Y (z,t) = Zn: Cntby, () exp ( - ) , (10.10.54)

where C,, are constants.

In classical mechanics, the motion of the particle is allowed for E > 0.
In quantum mechanics, it follows from (10.10.49) or (10.10.52) that particle
motion is allowed for discrete values of energy, that is, the energy for this
system is quantized. This is a remarkable contrast between the results of
the classical mechanics and quantum mechanics.

Finally, it follows from the above analysis is that

lim v (z) = 0. (10.10.55)

|z|—o00

Such a system, where the wave function vanishes beyond range or asymp-
totically, is called a bound state, and energy is quantized. A very common
example is the hydrogen atom which was discussed in this section. In the
present system ¢ (z) = 0 for 22 > a?. Therefore, this system is also referred
to as a particle in a box of length 2a. The probability for finding the particle
outside this region is zero.

10.11 Method of Eigenfunctions and Vibration of
Membrane

Consider the nonhomogeneous initial boundary-value problem
Lul=puy—G in D (10.11.1)

with prescribed homogeneous boundary conditions on the boundary B of
D, and the initial conditions

w (T, @2, ., 0, 0) = f(x1,22,...,2p), (10.11.2)
up (T1, T2y ..., Tn,0) = g (21,22, ...,2,) . (10.11.3)
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Here p = p (21,9, ...,%,) is a real-valued positive continuous function and
G = G (x1,x9,...,2,) is a real-valued continuous function.

We assume that the only solution of the associated homogeneous prob-
lem

L [u] = pugy (10.11.4)

with the prescribed boundary conditions is the trivial solution. Then, if
there exists a solution of the given problem (10.11.1)-(10.11.3), it can be
represented by a series of eigenfunctions of the associated eigenvalue prob-
lem

Lipl+App=0 (10.11.5)

with ¢ satisfying the boundary conditions given for u. For problems with
one space variable, see Section 7.8.

As a specific example, we shall determine the solution of the problem of
forced vibration of a rectangular membrane of length a and width b. The
problem is

ugy — AV%u = F (x,9,t) in D (10.11.6)
u(z,y,0) = f(z,y), 0<z<a, 0<y<b, (10.11.7)
UAL%)—QWy) 0<z<a,  0<y<b, (10.118)
u (0,y,t) =0, u(a,y,t) =0, (10.11.9)
u(z,0,t) =0, w(z,b,t) =0, (10.11.10)

The associated eigenvalue problem is

204X p=0 in D,
p=0 on the boundary B of D.
The eigenvalues for this problem according to Section 10.6 are given by
2,2 2,2

m-m n-m
a'rrmz<a2+ b2 ), m,n=123...

and the corresponding eigenfunctions are
. /mmxN . /nTy
Omn (x,y) = sin (—) sin (T) .
a

Thus, we assume the solution

(z,y,t Z Z U (T) sin (%) sin (n%‘ry)

m=1n=1

and the forcing function
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(z,y,t) Z Z Fo (t) sin (?) sin (?) .

m=1n=1

Here F,, (t) are given by

Fon / / x,y,t)sin (mwx) sin (@) dx dy.
" ab a b

Note that v automatically satisfies the homogeneous boundary conditions.
Now inserting u (x,y,t) and F (z,y,t) in equation (10.11.6), we obtain

2
fimn + Q2 Umn = Fon,

where o2, = (mm/a)® + (n7/b)>. We have assumed that u is twice contin-
uously differentiable with respect to ¢. Thus, the solution of the preceding
ordinary differential equation takes the form

Upmn (t) = Amn €08 (mnct) + By sin (mpct)

! ] /0 Fr (7) sin [aupne (E — 7)) dT.

(mn €
The first initial condition gives
u(z,y,0) = f(z,y) = ;;Amn sin (?) sin (”%y) .

Assuming that f (z,y) is continuous in = and y, the coefficient A,,, of the
double Fourier series is given by

A n;)/Oa/obf(x,y)sin(rfx)sin(nzy)dxdy.

Similarly, from the remaining initial condition, we have

mmnx\ . nm
ut (x,y,0) = g (z,9) Z mn O‘mncsm( a )Sm( by)’

and hence, for continuous g (z,y),

B = 7(abojlmnc) /Oa /Obg (x,y)sin ( 7m:) sin (?) dz dy.

The solution of the given initial boundary-value problem is therefore given
by

u(z,y,t) = Z Zumn ) sin (Tmc) sin (nﬁ:y) ,

m=1n=1
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provided the series for u and its first and second derivatives converge uni-
formly.

If F(z,y,t) = e* 1Y coswt, then

dmnm?

Fon (t) = (m272 + a2) (n272 + b?)

[1 + (—)™H! e“}

X [1 + (=)t eb} coswt

= Cynn COS wt.
Hence, we have
1 t
t) = C\pn cOs wt sin [ag,pc (t — d
Umn() (amnc)/o mn 1 [ mn ( T)] T
Cmn

= ———F———— (coswt — cos ay,nct
o )

provided w # (amnc). Thus, the solution may be written in the form

o0 o0
(x,y,t) = Z Z oz 02 —w2) (coswt — cos appct)

m=1 n:l
. (mwm) . (mry)
Xsm|——|)sm|——— ).
a b

10.12 Time-Dependent Boundary-Value Problems

The preceding chapters have been devoted to problems with homogeneous
boundary conditions. Due to the frequent occurrence of problems with time
dependent boundary conditions in practice, we consider the forced vibration
of a rectangular membrane with moving boundaries. The problem here is
to determine the displacement function v which satisfies

uy — V2u = F(r,y,t), 0<z<a, 0<y<b (10.12.1)
u(z,y,0) = f(x,y), 0<z<a, 0<y<b, (10.12.2)
(z,9,0) = g (z,y) 0<z<a, 0<y<b, (10.12.3)
w(0,y,t) = p1 (y,1), 0<y<b, t>0, (10.12.4)
u(a,y,t) =ps(y,t), 0<y<b, t=>0, (10.12.5)
u(z,0,t) = q1 (z,1), 0<z<a, t>0, (10.12.6)
u(z,b,t) = q (z,1), 0<z<a, t>0. (10.12.7)

For such problems, we seek a solution in the form

u(z,y,t) =

Ulz,y,t) +v(z,y,1),
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where v is the new dependent variable to be determined. Before finding v,
we must first determine U. If we substitute equation (10.12.8) into equations
(10.12.1)—(10.12.7), we respectively obtain

Vi — € (Vgz +Uyy) = F — U + c? (Uga + Uyy) = (x y,t)

and
(2,9,0) = f (x.9) = U (2,9,0) = f (z,y),
(2,9,0) = g (z,y) = Ut (2,9,0) = g (2,9) ,
0,9,1) =p1(y,t) = U (0,9,1) = p1 (y, 1),
v(a,y,t) =p2(y,1) = U(a,y,t) = p2 (y,1),
v(z,0,t) = ¢ (x,t) = U (x,0,t) = ¢ (z,1),
v(x,b,t) = qa (x,t) — U (2,b,t) = Ga (z,1) .

so that

U (07 Y, t) =D (yv t) ’ U (av Y, t) = D2 (y’ t) ) (10129)
U (z,0,t) = q1 (z,t), U(x,b,t) =qa(x,t). (10.12.10)

In order that the boundary conditions be compatible, we assume that the
prescribed functions take the forms

where the function ¢ must vanish at the end points y = 0, y = b and the
function ¢ must vanish at © = 0, = a. Thus, U (x,y,t) which satisfies
equations (10.12.9)—(10.12.10) takes the form

U @,y,t) = ¢ ) [pi + = s+ pD)] +v @) [af + 2 (a3 +a7)] -

The problem then is to find the function v (x,y,t) which satisfies

Vit — 62 (Uacx + Uyy) F (I Y, ) )
v (2,y,0) = f vt (7,9,0) =g (z,9),
(0 Y, ):01 U(a»yvt)ZO,
v (z,0,t) =0, v (z,b,t) = 0.

This is an initial boundary-value problem with homogeneous boundary con-
ditions, which has already been solved.
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As a particular case, consider the following problem

gy — €2 (Ugs + Uyy) =0,
w@y,0) =0, u(w,y,0)=Fsin (),
uw(0,y,t) =0, u(a,y,t) =0,
. T .
u(x,0,t) =0, u(x,b,t) =sin (7) sint.

We assume a solution in the form
u(z,y,t) =v(z,y,t)+U(x,y,t).
The function U (z,y,t) which satisfies

U(0,y,t)
U (z,0,t) =

0, Ula,y,t)=0,
0, U (z,b,t) = sin (%) sint

is
U (x,y,t) = sin (77(73:) (% sint) )

Thus, the new problem to be solved is

2.2
c x
v — €2 (Vg + Uyy) (1 — a;r > %Sin (%) sint,

v ('T7y7 0) = 0’ /Ut (x’ y7 O) = 07
v (0,y,t) =0, v(a,y,t) =0,
v (z,0,t) =0, v(z,b,t) =0

Then, we find Fi,, from

4 [ [P . o/mmx\ . /nT
Fon () = o / / F (z,y,t)sin (T) sin (Ty) dz dy,
0o Jo

where

and obtain

2(=1 n+1 2, 2
Fon (t) = (=1) (1 -2 )sint.
a

an

Now we determine vy, (t) which are given by

397
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Umn () = Amn €08 (Qmnct) + Bpp sin (@mpct)
1 K )
/ Fron (7) sin [ampne (t — 7)) dT.
AmnC Jo

Since v (z,y,0) = 0, Ay = 0, but

an 4 C/ / ( Yy i 71.’17) i (mnm) i <n71y) I ly
2 (—1)

+

Qmpnac’
Thus, we have
2 (_1)7L

U () = P sin (amnet)
mn

2(—1)"

ommcatn (1= a?cd) (a2 — 02772) (sin et — acsint) .

The solution is therefore given by

oo oo
_Yy . (TTN . . mnxy .
u(z,y,t) = 3 Sin ( " ) sint + E E U () sin ( . ) sin

m=1n=1

().

10.13 Exercises

1. Solve the Dirichlet problem
V2u=0, 0O<z<a, 0<y<b 0<z<ec,
u (0,y,2) = sin (%y) sin (ch) , u(a,y,z) =0,
u(z,0,2) =0, u(x,b,z) =0,
u(z,y,0) =0, u(z,y,c) =0.
2. Solve the Neumann problem

Viu=0, 0<z<l, O<y<l, 0<z<lI,

Uy (0, Y, Z) =0, Uy (17 y>Z) =0,
Uy (2,0,2) =0, uy (z,1,2) =0,
u (x,y,0) = cosmx cosy, u, (z,y,1) = 0.

3. Solve the Robin boundary-value problem
Viu=0 0O<z<m O<y<m 0<z<m,
u(0,y,2) = f(y,2), u(m,y,z) =0,
uy (2,0,2) = 0, Uy (z,m,2) =0,

uy (2,9,0) + hu(xz,y,0) = 0,
h = constant.
Uz (%yﬂT)‘f'hU(%yMT) = 0,
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4. Determine the solution of each of the following problems for a cylinder:

(a) Viu=0, r<a, 0<60<2r, 0<z<lI,
u(a,0,2) =0, wu(r,0,0)=0, u(r,0)=f(r0).
(b) Viu=0, r<a, 0<60<2r, 0<z<l,

u(a,0,2) = f(0,2), wu,(r,0,0)=0, wu,(r0,1)=0.
5. Find the solution of the Dirichlet problem for a sphere

Vu=0 r<a 0<@<m 0<¢p<2m,

u (a, 0, p) = cos® 0.

6. Solve the Dirichlet problem in a region bounded by two concentric
spheres

V2u=0, a<r<b 0<f<m 0<o¢<2m,

u(a797¢):f(07¢)7 u(baead)):g(e?(b)

7. Find the steady-state temperature distribution in a cylinder of radius
a if a constant flow of heat T is supplied at the end z = 0, and the
surface r = a and the end z = [ are maintained at zero temperature.

8. Find the potential of the electrostatic field inside a cylinder of length [
and radius a, if each end of the cylinder is grounded, and the surface is
charged to a potential ug.

9. Determine the potential of the electric field inside a sphere of radius
a, if the upper half of the sphere is charged to a potential u; and the
lower half to a potential us.

10. Solve the Dirichlet problem for a half cylinder

Viu=0, r<l, 0<f<m 0<z<l,
u(l,6,2) =0, u(r,0,z) =0, w(r,m z) =0,

u(r,6,0) =0, u(r,0,1) = f(r,0).

11. Solve the Neumann problem for a sphere



400 10 Higher-Dimensional Boundary-Value Problems

Viu=0, r<l1, 0<f<m, 0<g¢<?2m,

ur (1,60,0) = f(6,9),
where
27 ™
/ / f(0,0)sinddddp = 0.
o Jo
12. Find the solution of the initial boundary-value problem

uy =V, 0O<z<1l, 0<y<l1, t>0,
u(x,y,0) =sin? rz sinwy, w(z,9,0)=0, 0<z<1, 0<y<l,
u(ouyvt)zoa u(lay>t):0a OSZJSL t>0a

u(z,0,t) =0, u(z,1,t)=0, 0<zxz<1, t>0.
13. Obtain the solution of the problem

uy = V%0, r<a, 0<60<2m, t>0,

u(r,0,0) = f(r,0), ut (1,0,0) =g (r,0), wu(a,b,t)=0.

14. Determine the temperature distribution in a rectangular plate with ra-
diation from its surface. The temperature distribution is described by

U =k (Ugs +Uyy) —h(u—w), 0<z<a 0<y<b t>0,
u(z,y,0) = f(z,y),
u(0,y,t) =0, u(a,y,t) =0,
u(z,0,t) =0, u(z,b,t) =0,

where k, h and ug are constants.

15. Solve the heat conduction problem in a circular plate

1 1
ut_k<urr+rur—|—r2u‘gg>, r<l, 0<0<2m t>0,
u(r,0,0)=f(r,0),  u(1,0,t)=0.
16. Solve the initial boundary-value problem

uy = Vi, 0<z<l, 0<y<l, 0<z<l1, t>0,

u(x,y,2,0) =sinmx sinmy sinwz,
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Ut (Iaya Z,O) = Oa
u(0,y,2,t) =u(l,y,z,t) =0,
u(x,0,2,t) =u(x,1,2,t) =0,

u(z,y,0,t) = u(z,y,1,t) =0.
17. Solve

Uy +kuy =V, 0<z<a, O0<y<b 0<z<d,
u(z,y,2,0) = f(z,y,2), w2y 20 =g(zy2),
u(0,y,2,t) =u(a,y,z1t) =0,

u(x,0,2,t) =u(x,b,z,t) =0,

U(.’I],y,o7t) :U(l',y,d,t) :0

18. Obtain the solution of the problem for ¢ > 0,

t>0,

1 1
U = 2 (urr+ur—i—2uag+uzz>,r<a,0<9<27r70<z<l,
r r

U(T,Q,Z,O):f(r,9,2)7 ut(r,Q,z,O)Zg(r,H,z),

u(a,0,z,t) =0, u(r,0,0,t) =u(r6,l,t) =0.

19. Determine the solution of the heat conduction problem

w=kViu, 0<z<a O0<y<b 0<z<ec t>0,

u(z,y,2,0) = f(z,y,2),
Uy (0,9, 2, 1) = ug (4,9, 2,t) =0,
uy (2,0,2,t) = uy (z,b,2,t) =0,

u, (2,y,0,t) = u, (z,y,¢,t) =0.
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20. Solve the problem

w=kViu, r<a 0<6<2m, 0<z<l, t>0,
u(r,0,2,0) = f(r,0,z),
uy (a,6,2,t) =0,

u(r,0,0,t) =u(r,0,l,t) =0.

21. Find the temperature distribution in the section of a sphere cut out
by the cone 8 = 6y. The surface temperature is zero while the initial
temperature is given by f (1,6, ).

22. Solve the initial boundary-value problem

uy = V2 + F(r,y,t), 0<z<a, 0<y<b t>0,
u(x,y,O)zf(x,y), ut(x,y,()):g(x,y),
ug (0,y,t) = ug (a,y,t) =0 for all ¢ > 0,

Uy (2,0,t) = uy (2,0,t) =0 for allt > 0.
23. Solve the problem

uy = V2u +zysint, O<z<m, O0<y<m t>0,
U(Z,y,()):(), ut(:ﬂ,y,O):O,
u(0,y,t) =u(my,t) =0,

u(x,0,t) =u(x,mt) =0.
24. Solve

ug = kV?u+ F (z,y,2,t), 0<x<a, 0<y<b 0<z<c,
t >0,

u(x,y,2,0) = f(x,y,2),

U(O,yaz»t) = u(a,y,zi) = 07
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u(x,0,2,t) =u(x,b, z,t) =0,

u, (2,9,0,t) = u, (x,y,¢,t) = 0.

25. Solve the nonhomogeneous diffusion problem

26.

27.

u=kVu+A, O<z<m, O<y<m t>0,
u(z,y,0) =0,
u(0,y,t) = u(my,t) =0,
Uy (2,0,t) + u (z,0,t) =0,

uy (z,7,t) + u(z,m,t) =0,
where k£ and A are constants.

Find the temperature distribution of the composite cylinder consisting
of an inner cylinder 0 < r < rg and an outer cylindrical tube rg < r < a.
The surface temperature is maintained at zero degrees, and the initial
temperature distribution is given by f (r,0, 2).

Solve the initial boundary-value problem

u — V=0, 0O<z<m, O<y<m, t>0,
u(x,y,0) =0,
u(0,y,t) = u(my,t) =0,

u(z,0,t) =x(x—m)sint, wu(x,mt)=0, 0<z<m t>0.

28. Solve the problem

uy =2V, r<a, 0<60<2m, t>0,
u(r,0,0) = f(r,0),
Ut (T7970) = g(rve)v

u(a,0,t) =p(0,1).
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29. Solve

u = AV, r<a, t>0,

u(r,0,0) = f(r,0), ut (a,0,t) =g (0,t), 0<6<m.
30. Determine the solution of the biharmonic equation
Viu =q/D
with the boundary conditions

u(z,0) =wu(x,b) =0,
TEPEIPE)

a a
zx \ T 5> = Uzz | 5> :Oa
“ ( 2 y) “ (2 y)

Uyy (2,0) = uyy (2,b) =0,

where ¢ is the load per unit area and D is the flexural rigidity of the
plate. This is the problem of the deflection of a uniformly loaded plate,
the sides of which are simply supported.

31. (a) Show that the solution of the one-dimensional Schrédinger equation
for a free particle of mass M

ih

N 2 h %
wx,t):(b)exp(—jbz), bz(a%ZMt) ,

where @ is an integrating constant that can be determined from the
initial value of the wave function 1 (x,t), and N is also a constant
that can be determined from the normalization of the probability (wave
function) of finding the particle.

is

(b) Show that the Gaussian probability density is

N 2
2 = gy = D ep (22
C

ac

and its mean width is

B i B 9 ﬁ2t2
5—\/5, C-(a +7M2a2

N



32.

33.
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Analogous to Example 10.10.1, solve the problem for a finite square
well potential (see Figure 10.10.1) with a finite value for the height of
the potential given as

0, for —a<z<a

Vo, for x < —a, x>a.

Consider the quantum mechanical problem described by the one-dimensional
Schrédinger equation

1;[}3633 +k2¢ =0

where the wavenumber k = %\/QM (E — V) in the rectangular poten-
tial barrier of height V, and width 2a, and

V(z) = VoH (a — |z[),

where H is the Heaviside unit step function. The particle is free for
x < —a and x > a, and V (z) is an even function; the case Vo > E is of
great interest here.

Show that the general solution of the Schrédinger equation for Vy > F
is

Aeik:v + Be*ikx, T S —a,

Y(x)y=<¢ Ce ™™+ Det™ —qg<zx<a,

Febr 4 Ge ko, T > a,
where hk = V2ME and hx = \/2M (Vy — E).

Matching the boundary conditions at z = —a, show that

A 1 (1+ %) exp (ka + ika) (1 — ) exp (—ra + ika) C
B 2 (1 — %) exp (ka — ika) (14 %)exp(—ka—ika)| | D
where [ ] denotes a matrix.

Using the matching conditions at z = a, show that

C' (1 — %) exp (ar +iak) (14 %) exp (ar — iak) F

DO =

D— K

(14 %) exp (—ak + iak) (1— &) exp(—ar —ika)| |G

Hence, deduce

A (cosh2ak + “ sinh 2ak) e?o* 3 (in)sinh2ax | [F

B —% (in) sinh 2ax (cosh 2aKk — %is sinh QGH) e—2ika | e

where e = (£ — £y and n= (£ + £).

K






11

Green’s Functions and Boundary-Value
Problems

“Potential theory has developed out of the vector analysis created by Gauss,
Green, and Kelvin for the mathematical theories of gravitational attraction,
of electrostatics and of the hydrodynamics of perfect fluids (i.e., incom-
pressible and inviscid fluids). The first stage of abstraction was the study
of harmonic functions, i.e., potential functions in space free from masses,
charges, sources, or sinks. This led to the inspired intuition of Dirichlet and

»”

the early attempts to justify his ‘principle’.

George Temple

11.1 Introduction

Boundary-value problems associated with either ordinary or partial dif-
ferential equations arise most frequently in mathematics, mathematical
physics and engineering science. The linear superposition principle is one of
the most elegant and effective methods to represent solutions of boundary-
value problems in terms of an auxiliary function known as Green’s function.
Such a function was first introduced by George Green as early as 1828. Sub-
sequently, the method of Green’s functions became a very useful analytical
method in mathematics and in many of the applied sciences.

In previous chapters, it has been shown that the eigenfunction method
can effectively be used to express the solutions of differential equations as
infinite series. On the other hand, solutions of differential equations can be
obtained as an integral superposition in terms of Green’s functions. So the
method of Green’s functions offers several advantages over eigenfunction ex-
pansions. First, an integral representation of solutions provides a direct way
of describing the general analytical structure of a solution that may be ob-
scured by an infinite series representation. Second, from an analytical point
of view, the evaluation of a solution from an integral representation may
prove simpler than finding the sum of an infinite series, particularly near
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rapidly-varying features of a function, where the convergence of an eigen-
function expansion may be slow. Third, in view of the Gibbs phenomenon
discussed in Chapter 6, the integral representation seems to impose less
stringent requirements on the functions that describe the values that the
solution must assume on a given boundary than the expansion based on
eigenfunctions.

Many physical problems are described by second-order nonhomogeneous
differential equations with homogeneous boundary conditions or by second-
order homogeneous equations with nonhomogeneous boundary conditions.
Such problems can be solved by the method of Green’s functions.

We consider a nonhomogeneous partial differential equation of the form

Lyu(x) = f(x), (11.1.1)

where x = (x,y,2) is a vector in three (or higher) dimensions, Ly is a
linear partial differential operator in three or more independent variables
with constant coefficients, and «(x) and f(x) are functions of three or
more independent variables. The Green’s function G (x, &) of this problem
satisfies the equation

LG (x,6) = 5 (x — €) (11.1.2)

and represents the effect at the point x of the Dirac delta function source
at the point £ = (&, 7, ().

Multiplying (11.1.2) by f (§) and integrating over the volume V of the
& space, so that dV = d¢ dn d(, we obtain

| memor@d= [ sx-95@d=re. (1LY
1% \%

Interchanging the order of the operator Ly and integral sign in (11.1.3)
gives

L[ 6o r@©d] - re0. (11.1.4)

A simple comparison of (11.1.4) with (11.1.1) leads to the solution of
(11.1.1) in the form

ui) = [ G (1L.1.5)

Clearly, (11.1.5) is valid for any finite number of components of x. Ac-
cordingly, the Green’s function method can be applied, in general, to any
linear, constant coefficient, nonhomogeneous partial differential equation in
any number of independent variables.

Another way to approach the problem is by looking for the inverse
operator L 1. If it is possible to find L !, then the solution of (11.1.1) can
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be obtained as u(x) = Lg! (f (x)). It turns out that in many important
cases it is possible, and the inverse operator can be expressed as an integral
operator of the form

uw(x) = L1 (£ (6) = /V G (x.6) f (€) de. (11.1.6)

The kernel G (x,€) is called the Green’s function which is, in fact, the char-
acteristic of the operator Ly for any finite number of independent variables.

In our study of partial differential equations with the aid of Green’s
functions, special attention will be given to those three partial differen-
tial equations which occur most frequently in mathematics, mathematical
physics and engineering science; the wave equation

uy — V3 = f (x), (11.1.7)
the heat or diffusion equation
uy — KV u = f (x), (11.1.8)
and the potential or the Laplace equation
Viu = f(x), (11.1.9)

where the Laplacian V2 in an n-dimensional Euclidean space is given by

02 0? 0?
Vi= S+ +...4+—, 11.1.10
oz ozt T o ( )
and x = (z1,%2,...,Tn).
Clearly, the solutions of the wave and heat equations are functions of
(n+ 1) coordinates consisting of n space dimensions, x = (x1,xa,...,T,)

and one time dimension ¢, whereas the solutions of the Laplace equation
are functions of n space dimensions.

This chapter deals with the basic idea and properties of Green’s func-
tions and how to construct such functions for finding solutions of partial
differential equations. Some examples of applications are provided in this
chapter and in the next chapter.

11.2 The Dirac Delta Function

The application of Green’s functions to boundary-value problems in ordi-
nary differential equations was described earlier in Chapter 8. The Green’s
function method is applied here to boundary-value problems in partial dif-
ferential equations. The method provides solutions in integral form and is
applicable to a wide class of problems in applied mathematics and mathe-
matical physics.
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Before developing the method of Green’s functions, we will first define
the Dirac delta function ¢ (x — &,y — 1) in two dimensions by

d(x—=&y—mn) =0, r#E, Y # 1, (11.2.1)
/ Se—ty—mdedy=1, Re:(x—€°+(y—n)?<e
(11.2.2)

// (z,9)0 (x =&y —n)de dy = F(&n), (11.2.3)

for arbitrary continuous function F' in the region R..

The delta function is not a function in the ordinary sense. For an elegant
treatment of the delta function as a generalized function, see L. Schwartz,
Théorie des Distributions (1950, 1951). It is a symbolic function, and is
often viewed as the limit of a distribution.

If 6 (x — &) and § (y — i) are one-dimensional delta functions, we have

J| Pewie-asw-nday=rFien. 124

Since (11.2.3) and (11.2.4) hold for an arbitrary continuous function F', we
conclude that

d(x=&y—n)=3dx—-§dy—n). (11.2.5)

Thus, we may state that the two-dimensional delta function is the product
of two one-dimensional delta functions.
Higher dimensional delta functions can be defined in a similar manner.

0 (1,22, ..., Tn) =0(x1)0 (x2)...0(zn). (11.2.6)

The expression for the J-function become much more complicated when
we introduce curvilinear coordinates. However, for simplicity, we transform
the two-dimensional delta function from Cartesian coordinates x, y to curvi-
linear coordinates «, 8 by means of the transformation

z=u(e,8) and y=v(a,pf), (11.2.7)

where u and v are single-valued continuous and differentiable functions
of their arguments. We assume that under this transformation o = oy
and § = (1 correspond to x = ¢ and y = n respectively. Changing the
coordinates according to (11.2.7), we reduce equation (11.2.4) to

/ F(u,0)6(u—€)6(w—n)|J|dadf = F (&),  (11.2.8)

where J is the Jacobian of the transformation defined by
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Uy U
g 2wy ’ £0. (11.2.9)

Vo Up

Consequently, we can write

6 (u=&ow—mn)J|=d(a—a)d(B—F). (11.2.10)

In particular, the transformation from rectangular Cartesian coordi-
nates (x,y) to polar coordinates (r,6) is defined by

x =rcosb, y =rsinb, (11.2.11)
so that the Jacobian J is

LTy Yr
J = =X Yo — YrTo = T (11.2.12)
Ty Yo

In this case, J vanishes at the origin and the transformation is singular
at r = 0 for any 6. Hence, 6 can be ignored and
6(r) 1 6(r)
|i]  2m

0 (x)d(y) = (11.2.13)

where
J1 :/ J df = 2nr.
0

Similarly, the transformation from three-dimensional rectangular Carte-
sian coordinates (x,y, z) to spherical polar coordinates (r, 0, ¢) is given by

x = rsinfcos ¢, y = rsinfsin ¢, z=rcosf, (11.2.14)

where 0 <r <o00,0<0<m,and 0 < ¢ < 27.
The Jacobian of the transformation is

J = r?sind.

This Jacobian vanishes for all points on the z-axis, that is, for 8 = 0, and
hence, the coordinate ¢ may be ignored. Also, J vanishes at the origin
(r = 0) in which case both 6 and ¢ may be ignored. Consequently,

5(x)d(y)d(z) = = (11.2.15)

T 27 T 27
Jy =/ / Jd0d¢>:/ / r?sin 0 dp = 4mwr?.
0 0 0 0

where
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11.3 Properties of Green’s Functions

The solution of the Dirichlet problem in a domain D with boundary B

V2u=h(z,y) inD
u=f(r,y) onB (11.3.1)

is given in Section 11.5 and has the form

U(xay)2//DG(x,y;§,n)h(§,17)d§ dn+/Bfgfds, (11.3.2)

where G is the Green’s function and n denotes the outward normal to the
boundary B of the region D. It is rather obvious then that the solution
u (z,y) can be determined as soon as the Green’s function G is ascertained,
so the problem in this technique is really to find the Green’s function.

First, we shall define the Green’s function for the Dirichlet problem
involving the Laplace operator. Then, the Green’s function for the Dirichlet
problem involving the Helmholtz operator may be defined in a completely
analogous manner.

The Green’s function for the Dirichlet problem involving the Laplace
operator is the function which satisfies

(a) VG =6(x—&y—n) inD, (11.3.3)
G=0 on B. (11.3.4)

(b) G is symmetric, that is,

G(z,y:6&m) = G (& mix,y) (11.3.5)

(¢) G is continuous in x, y, &, 1, but (0G/dn) has a discontinuity at the
point (£, 7n) which is specified by the equation

im [ 2% s =1, (11.3.6)
e—0 C. an

where n is the outward normal to the circle
2 2
Ce:(x =& " +(y—n)" =¢

The Green’s function G may be interpreted as the response of the system
at a field point (x,y) due to a § function input at the source point (&, 7).
G is continuous everywhere in D, and its first and second derivatives are
continuous in D except at (§,n). Thus, property (a) essentially states that
V2@ = 0 everywhere except at the source point (&, 7).

We will now prove property (b).

Theorem 11.3.1. The Green’s function is symmetric.
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Proof. Applying the Green’s second formula
J[ v —uwroyas = [ (52 - w32 as aram
to the functions ¢ = G (z,y; €, 1) and ¥ = G (z,y; £*,1%), we obtain
// (z,4:&,m) V2G (2,46, 0") — G (z,5: 8,0 ) VG (0, y;€,m) | dw dy
= /B [G (@,y:8,m) g% (@,y;8"0%) = G (2, y;67,1") %Cj (x,y;f,n)] ds
Since G (z,y;&,n) and hence, G (z,y; £*,n*) must vanish on B, we have

// (z,y;€,m) VG (z,y; £, n")
— G (2,y; 80" ) V?G (x,y;¢,m)] dedy = 0.

But
V3G (,y:6,m) = 8 (x — &y =),
and
V2@ (w,y:6%,0") = 6 (x — €5y — ")

Since

/DG(Ly;&n)Nw—5*7y—n*)dz dy =G (& n"&m),
and

[ Gme sy ndsdy=Geme ),
we obtain

GEm&n") =G(E,n58m).
Theorem 11.3.2. G /0n is discontinuous at (£,m); in particular

. oG ) 2 2 _ 2

Proof. Let R, be the region bounded by C,. Then, integrating both sides
of equation (11.3.3), we obtain

// VQdedy:/ d(x—&y—n)dedy=1.
R. R
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It therefore follows that

lim // V3G dx dy = 1. (11.3.8)
R,

e—0

Thus, by the Divergence theorem of calculus,
lim / / % ds = 1.
e—0 C. 8”

11.4 Method of Green’s Functions

It is often convenient to seek G as the sum of a particular integral of the
nonhomogeneous equation and the solution of the associated homogeneous
equation. That is, G may assume the form

G mzy) =F(Enxy) +g9Emay), (11.4.1)

where F', known as the free-space Green’s function, satisfies
V2F =6 —x,n—y) inD, (11.4.2)
and g satisfies
V2g=0 inD, (11.4.3)

so that by superposition G = F + g satisfies equation (11.3.3). Also G =0
on B requires that

g=—F onB. (11.4.4)

Note that F' need not satisfy the boundary condition. Hereafter, (x,y) will
denote the source point.

Before we determine the solution of a particular problem, let us first
find F for the Laplace and Helmholtz operators.

(1) Laplace Operator
In this case, F' must satisfy the equation
V2F =6 —x,n—y) inD.
1
Then, for r = [(5 —2) 4+ (- y)z} ° >0, that is, for £ # z, n # y, we have

with (z,y) as the center

10 OF
;72 = - — —_— —
Fr@r(T&") 0
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since F' is independent of 6. Therefore, the solution is
F=A+ Blogr.

Applying condition (11.3.6), it follows directly from equation (11.3.8) with
V2g =0, that

2
lim a—Fds: lim E7’d€:1.
e—0 C. on e—0 0 r

Thus, B = 1/27 and A is arbitrary. For simplicity, we choose A = 0. Then
F takes the form

1
F= %logr. (11.4.5)

(2) Helmholtz Operator

Here F' is required to satisfy
VEF+R*F =6(x—&y—n).

Again for r > 0, we find

%% <7‘88};) +K*F =0,
or
r2F,, +rF, + *r’F = 0.
This is the Bessel equation of order zero, the solution of which is
F (kr) = AJy (kr) + BYy (k7).

Since the behavior of Jy at » = 0 is not singular, we set A = 0. Thus, we
have

F (kr) = BYy (k7).

But, for very small r,
2
Yo (k1) ~ —log.
™

Applying condition (11.3.6), we obtain

1:Iim/ 8—Fds:lim B%ds:B~i~27rr
e—0 Jo_ On e=0 Jo. O r

and hence, B = 1/4. Thus, F (kr) becomes
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1
F (kr) = 1 Yo (k). (11.4.6)
We may point out that, since
(V2 + /@2) approaches V2 as k — 0,

it should (and does) follow that

1 1
Z%(FLT)—>§IOgTaSI€—>O+.

11.5 Dirichlet’s Problem for the Laplace Operator

We are now in a position to determine the solution of the Dirichlet problem

V2u="h inD,
(11.5.1)
u=f onB,
by the method of Green’s function.

By putting ¢ (§,7) = G (§,n;2,y) and ¥ (§,n) = u(,n) in equation
(11.3.7), we obtain

// (& miz,y) Viu—u(€,n) V2G] dE dn
ou

But

—h(&’?) iIlD,

and
VG =6(—x,n—y) inD.

Thus, we have
//D[G(&n;x,y)h(ﬁ,n)*U(f,n)5(§fx,n*y)]d§dn
=/ [ & mz, y)a u(§,m) G} ds. (11.5.2)
B

Since G = 0 and u = f on B, and since G is symmetric, it follows that

e
U(%y)=/DG(x,y;€7n)h(£,n)d§dn+/Bfa—nds (11.5.3)



11.5 Dirichlet’s Problem for the Laplace Operator 417

which is the solution given by (11.3.2).

As a specific example, consider the Dirichlet problem for a unit circle.
Then

V%9 =gee +gpn =0 inD,
(11.5.4)
g=—F on B.
But we already have from equation (11.4.5) that F' = (1/2n) logr.

If we introduce the polar coordinates (see Figure 11.5.1) p, 0, o, 8 by
means of the equations

x = pcosb, & =ocosf,
(11.5.5)
y = psind, n=osing,
then the solution of equation (11.5.4) is [see Section 9.4]

ao

g(aaﬁ) = 9

+ Z o™ (an cosnf + b, sinng),

n=1

where

1
g=—7-log[1+p* —2pcos (B-0)] onB.
7

/Unit Circle

Figure 11.5.1 Image point.
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By using the relation

22,0 cosn (8 — 9)

log [1+p —2pcos (3 —06)] "

and equating the coefficients of sinnfg and cosng to determine a,, and b,,,
we find

n n

p

an, = —— cosnb, b, = —— sinné.
2mn 2mn
It therefore follows that
1 o0 ’n
g(p,0;0,0) = 2—2 cosn (B —0)

= —4— log [1 + (op)® = 2(0p) cos (B — 9)} .
™
Hence, the Green’s function for the problem is
1
G (p,0;0,8) = ~log [0® + p* = 20pcos (B 0)]
1
i log {1 + (op)® — 20pcos (6 — 9)} . (11.5.6)

from which we find

oG
on

(Y 1 ey
owp \Oo)__, 2m[l+p2—2pcos(B—0)]

If h = 0, then solution (11.5.3) reduces to the Poisson integral formula
similar to (9.4.10) and assumes the form

B 1 27 1_p2

11.6 Dirichlet’s Problem for the Helmholtz Operator

We will now determine the Green’s function solution of the Dirichlet prob-
lem involving the Helmholtz operator, namely,

V2u+k?u=nh inD,
(11.6.1)
u=f onB,

where D is a circular domain of unit radius with boundary B. Then, the
Green’s function must satisfy
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V3G +KG=6(6—x,n—y) inD,
(11.6.2)
G=0 on B.

Again, we seek the solution in the form

G (& mxy) =F (& mzy) +9(Enx,y). (11.6.3)

From equation (11.4.6), we have

F:immm, (11.6.4)

N

where r = [(5 —z)’ +(n— y)z} . The function g must satisfy

V29 + k%G =0 in D,
(11.6.5)

1
g = _ZYO (kr) on B.
This solution can be determined easily by the method of separation of
variables. Thus, the solution in the polar coordinates defined by equation
(11.5.5) may be written in the form

g(p,0,0,8) = Z Jn (ko) [arn, cosnf + by, sinnf], (11.6.6)
n=0

where

1 T

= —-— 2 _ _
ao 8770 09) /_Tr Yo [/{\/1 + p% — 2pcos (B 9)} dg,
= —m [T Yo [/@\/l + p? —2pcos (8 — 9)} cosnf dj3
n=12,....

by = 7m ffﬂ Yo [n\/l + p? —2pcos (8 — 0)} sinng dg

To find the solution of the Dirichlet problem, we multiply both sides of
the first equation of equation (11.6.1) by G and integrate. Thus, we have

// *u+ Ku) (£n,xyd§dn—// (&;m) G (& m;2,y) dE dn.

We then apply Green’s theorem on the left side of the preceding equation
and obtain

//JJh(@n)G(an;x,y)dgdn—//Du(VQGHQG)dgdn

:/ (Gup, —uGyp)ds
B
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But V2G + k?G = 6 (£ —z,m—y) in D and G = 0 on B. We, therefore,
have

U(%y)=//Dh(£,n)G(€,n;x,y)d£ d77+/Bf(£,77)Gnds, (11.6.7)

where G is given by equation (11.6.3) with equations (11.6.4) and (11.6.6).

11.7 Method of Images

We shall describe another method of obtaining Green’s functions. This
method, called the method of images, is based essentially on the construc-
tion of Green’s function for a finite domain from that of an infinite domain.
The disadvantage of this method is that it can be applied only to problems
with simple boundary geometry.

As an illustration, we consider the same Dirichlet problem solved in
Section 11.5.

Let P (£, n)be a point in the unit circle D, and let @ (z,y) be the source
point also in D. The distance between P and @ is r. Let Q" be the image
which lies outside of D on the ray from the origin opposite to the source
point @ (as shown in Figure 11.7.1) such that OQ/c = o/0Q’, where o is
the radius of the circle passing through P centered at the origin.

/
PE. 1) ©

O, ») Unit Circle

Figure 11.7.1 Image point.
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Since the two triangles OPQ and OPQ’ are similar by virtue of the
hypothesis (OQ) (OQ') = 02 and by possessing a common angle at O, we
have

=2 (11.7.1)

where ' = PQ’ and p = OQ.
If o = 1, equation (11.7.1) becomes

Then, we clearly see that the quantity

1 r 1 1 1 1 1
—1 — =] ==—1 — —logr’ + —log - 11.7.2
or 8 <r’ p) o 8 T 9p BT +27T ng ( )
which vanishes on the boundary o = 1, is harmonic in D except at @, and
satisfies equation (11.3.3). (Note the logr’ is harmonic everywhere except
at @', which is outside the domain D.) This suggests that we should choose
the Green’s function

1 1 1 1
G=—1 — —logr’ + —log ~. 11.7.3
2 o8’ 27 8T + 2w ng ( )

Noting that @’ is at (1/p, 0), the function G in polar coordinates takes the
form

1
G (p,6,7,6) = 1 log [0 + p* — 27pcos (5 0)]
7r
1 1 P 11
——log|—=+p*—25 -0 — log — (11.7.4
1108 | —5 +p" =2 cos(f—0)| + 5—log —( )
which is the same as G given by (11.5.6).

It is quite interesting to observe the physical interpretation of the
Green’s function (11.7.3) and (11.7.4). The first term represents the po-
tential due to a unit line charge at the source point, whereas the second
term represents the potential due to a negative unit charge at the image
point. The third term represents a uniform potential. The sum of these
potentials makes up the total potential field.

Ezample 11.7.1. To illustrate an obvious and simple case, consider the semi-
infinite plane n > 0. The problem is to solve

V2u=h inn>0,

u=f onn=0.
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The image point should be obvious by inspection. Thus, if we construct

G = log|(€— 0+ (- p?] - - [€ -0+ +9)?], (175)

the condition that G = 0 on n = 0 is clearly satisfied. It is also evident
that G is harmonic in 1 > 0 except at the source point, and that G satisfies
equation (11.3.3).

With G|z = [_Gn]n:m

_y (= f(S)d§

//1og[§_x;2 En;yf

Example 11.7.2. Another example that illustrates the method of images
well is the Robin’s problem on the quarter infinite plane, that is,

V2u=h(&n) iné&>0, n>0,
u=f(n) on & =0, (11.7.7)
Up = g (&) onn =0.
This illustrated in Figure 11.7.2.

the solution (11.5.3) is given by

h(&,m)d¢ dn. (11.7.6)

7 V2u=h
V2G =0 —x,n —y)
x’
(wy) w=r [ o
| G=0 |
] |
| |
| |
| |
| |
| |
| £ :
| |
| Un=8 |
| Gn=0 |
| |
| |
a :
(—x —y)l_ __________________ |(x, -y)

Figure 11.7.2 Images in the Robin problem.



11.8 Method of Eigenfunctions 423

Let (—x,y), (—z,—y), and (z,—y) be the three image points of the
source point (x,y). Then, by inspection, we can immediately construct
Green’s function

1 €= -] [ -2+ o+ )]
G = —log
7 0’ + -] [€+ 27 + 49

(11.7.8)

This function satisfies V2G = 0 except at the source point, and G = 0 on
§=0and G, =0o0nn=0.
The solution from equation (11.3.3) is thus given by

u(m,y)://DGhdﬁdn—&-/B(Gun—an)ds,
= [ [ enasans [T v

+/ f(n)Ge (0,m;2,y) dE.
0

11.8 Method of Eigenfunctions

In this section, we will apply the method of eigenfunctions, described in
Chapter 10, to obtain the Green’s function.
We consider the boundary-value problem

Viu=h inD,
(11.8.1)
u=f onB.
For this problem, G must satisfy
V2G:6(£_m777_y) inDa
(11.8.2)
G=0 on B,
and hence, the associated eigenvalue problem is
V2p+Ap=0 inD,
(11.8.3)

¢=0 onB.

Let ¢mn be the eigenfunctions and A,,,, be the corresponding eigenvalues.
We then expand G and § in terms of the eigenfunctions ¢,,,. Consequently,
we write
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(5 T, y Zzamn x y ¢mn (f 77) (11.8.4)

where
bm?’b s I mn 9 d d
|¢mn|| // = 2,0 = Y) dmn (§,1) d€ dn
_ Pmn (2,9)
— 11.8.6
| Grmnl” ( )
in which

bl = / [ G an

Now substituting equations (11.8.4) and (11.8.5) into equation (11.8.2) and
using the relation from equation (11.8.3) that

v2¢mn + )\mn(bmn =0,

we obtain
mn 37 mn
Hence,
G (Tyy) = ————2, (11.8.7)
Ama |Gl

and the Green’s function is therefore given by

mn ||¢mn H

Ezample 11.8.1. As a particular example, consider the Dirichlet problem in
a rectangular domain

Viu=h inD {0<z<a, 0<y<b},
u=0 onB.

The eigenfunctions can be obtained explicitly by the method of separa-
tion of variables. We assume a nontrivial solution in the form

u(€n) =X(E)Y@n).

Substituting this in the following system
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VZu+ A u=0 in D,
u=0 on B,

yields, with a? as separation constant,

X"+a*’X =0,
Y+ (A=a?)Y =0.

With the homogeneous boundary conditions X (0) = X (a) =0and Y (0) =
Y (b) =0, functions X and Y are found to be
Xm (&) = Ay sin ( ) ,

Y, (n) = By sin (n—zn) .

mm€
a
We then have

Thus, we obtain the eigenfunctions

Gmn (£,m) = sin (m;r§) sin (7%”7) .

Knowing ¢, we compute ||¢.,,| and obtain

[ $mnll® = /Oa /Ob sin® (”T) sin? ("—Z”) de dy = (‘Z’) .

We then obtain from equation (11.8.8) the Green’s function

@ 0 oo gin (M) sin (n%:y) sin <%ﬂ'£) sin (n%:n)

G(Emay) = — 2 Z (m2b2 + n2a?)

m=1n=1

11.9 Higher-Dimensional Problems

The Green’s function method can be easily extended for applications in
three and more dimensions. Since most of the problems encountered in the
physical sciences are in three dimensions, we will illustrate the method with
some examples suitable for practical application.

We first extend our definition of the Green’s function in three dimen-
sions.

The Green’s function for the Dirichlet problem involving the Laplace
operator is the function that satisfies
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(a) VG =6(x—&y—n2—-C) inR, (11.9.1)

G=0 on S. (11.9.2)
(b) (@, y, 2; é“ 77 O=G(EnGry,z). (11.9.3)
(c) gl_r% / —ds =1, (11.9.4)

where n is the outward unit normal to the surface
2 2
Sci(@—8+ -0+ (-¢)* =&

Proceeding as in the two-dimensional case, the solution of the Dirichlet
problem

V2u=h inR,
(11.9.5)
u=f onfS,
is
(z,y,2 // thR+/ fG,dS. (11.9.6)

Again we let
GGy, z)=F(En Gy, 2) +9(En Gy, 2),
where
V2F =6(x—&y—n,2—C) inR,
and

VZg=0 inR,
u=—F onS.

FEzample 11.9.1. We consider a spherical domain with radius a. We must
have

V2F =

except at the source point. For

N

r=[E-2+m-y*+ -2 >0

with (z,y, z) as the origin, we have

1 d dF
V2F = - (22 ) =
r2 dr " dr
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Integration then yields
B
F=A+— for r>0.
T

Applying condition (11.9.4) we obtain

hm// G, dS—hm// F,.dS =1.

Consequently, B = — (1/4m) and A is arbitrary. If we set the boundedness
condition at infinity for exterior problems so that A = 0, we have

1
F=——. 11.9.7
4rr ( )
We apply the method of images to obtain the Green’s function. If we
draw a three-dimensional diagram analogous to Figure 11.7.1, we will have
a relation similar to (11.7.1), namely,

= (Z) r, (11.9.8)

where ' and p are measured in three-dimensional space. Thus, we seek
Green’s function
-1 a/p

= — 11.9.
¢ 47r + 4mr! (11.9.9)

which is harmonic everywhere in 7 except at the source point, and is zero
on the surface S.
In terms of spherical coordinates

& = TcosyYsina, T = pcos¢sinb,
n = Tsinysina, y = psin¢sinb,
{ =T1cosa, z = pcosb,

the Green’s function G can be written in the form
-1 1
G = +
4 [7252

4 (12 + p? — 27pcosy)
where v is the angle between r and r’. Now differentiating G, we have

. (11.9.10)

W=
Nl=

— 27pcos 'y]

{30} _ o>~ p*
T |lica  dma (a® + p? 72apcosy)

M\»—‘

Thus, the solution of the Dirichlet problem for h = 0 is
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2 2 27 T .
w(p,0,6) = NP (0> = 7*) / f(o"z/’)smo‘do‘dwa . (11.9.11)
dm 0o Jo (a?+ p?—2apcosv)?

where cosy = cos acos 0 + sin asin 6 cos (» — ¢). This integral is called the
three-dimensional Poisson integral formula.

For the exterior problem where the outward normal is radially inward to-
wards the origin, the solution can be simply obtained by replacing (a2 — p2)
by (p? — a?) in equation (11.9.11).

Ezample 11.9.2. An example involving the Helmholtz operator is the three-
dimensional radiation problem

Vu + k*u = 0, (11.9.12)

lim r (u, +iku) =0,
T—00

where ¢ = y/—1; the limit condition is called the radiation condition, and r
is the field point distance.

In this case, the Green’s function must satisfy
VG +KG=6(—z,n—y—2). (11.9.13)

Since the point source solution is dependent only on r, we write the
Helmholtz equation

2
G+ ;GT. +Kx*G =0 for r>0.

Note that the source point is taken as the origin. If we write the above
equation in the form

(Gr),, +K&*(Gr)=0 for 7>0 (11.9.14)
then the solution can easily be seen to be
Gr = Ae'™" + Be 7,

or, equivalently,

IRT —iKT

(& +B€

G=A

11.9.15
- (11.9.15)

In order for G to satisfy the radiation condition

lim r (G, 4+ ikG) =0,

rT—00
the constant A = 0, and G then takes the form

—iRT

e

G=2B
r
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To determine B, we have

hH(l)// —dS——hH(l)// _ ( +m>dS:1

from which we obtain B = —1/4m, and consequently,
G- (11.9.16)
4dmr
Note that this reduces to (1/47r) when k = 0.
Ezample 11.9.3. Show that the solution of the Poisson equation
—V?u = f(x,y,2), (11.9.17)

is

(z,y,2 ///G f(&m,¢)d¢dndd, (11.9.18)

where the Green’s function G (r) is

{@-9+@-n'+-0} 7 (1199

Nl

1 1
T dnr 4w

The Green’s function G satisfies the equation
~V2G=6(x—€6)d(y—n)d(z—C). (11.9.20)

It is noted that everywhere except at (x,y, z) = (£, 7, (), equation (11.9.20)
is a homogeneous equation that can be solved by the method of separation of
variables. However, at the point (£,7, () this equation is no longer homoge-
neous. Usually, this point (£, 7, {) represents a source point or a source point
singularity in electrostatics or fluid mechanics. In order to solve (11.9.17), it
is necessary to take into account the source point at (£, 7, (). Without loss
of generality, it is convenient to transform the frame of reference so that
the source point is at the origin. This can be done by the transformation
x1=x—& y1 =y —n, and 21 = z — (. Consequently, equation (11.9.20)
becomes

V2G = =6 (21) 6 (y1) 0 (1), (11.9.21)

where V2 is the Laplacian in terms of x1, y1, and 2.
Introducing the spherical polar coordinates

x1 = rsinf cos ¢, y1 = rsinfsin ¢, z1 =rcosf,

equation (11.9.21) reduces to the form
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6 (r)

Adrr?’

V3G = (11.9.22)

where

o 19 [ ,0G 19 (. 0G 1 &G
== 9 (%)t 9 (%) 2 Y 199
VG r2 Or " or + r2sinf 00 sin 6 00 + r2sin? 6§ O¢? (11.9.23)

Since the right hand side of (11.9.22) is a function of r alone, and hence,
G must be a function of r alone, we write (11.9.22) with (11.9.23) as

10 <r28G> _ () (11.9.24)

r2 Or or 42

We assume that G tends to zero as r — oo.
The solution of the corresponding homogeneous equation of (11.9.24) is

G(r)="=+b, (11.9.25)
r
where a and b are constants of integration. Since G — 0 as r — 00, b =0
and we set a = ﬁ. Consequently, the solution for G is
Gl = — (11.9.26)
r)=—. 9.
4d7r

This solution can be interpreted as the potential produced by a point charge

at the point (£,n, ().
Finally, the solution of (11.9.17) is then given by

w (2,9, ) :—///_O;Gmf(f,modfdndc

[ le-er+w-wtri-o]
x f(&m,¢)d¢dndC. (11.9.27)

Physically, this solution of the Poisson equation represents the potential
u (x,y, z) produced by a charge distribution of volume density f (z,y, 2).

11.10 Neumann Problem

We have noted in the chapter on boundary-value problems that the Neu-
mann problem requires more attention than Dirichlet’s problem because
an additional condition is necessary for the existence of a solution of the
Neumann problem.

We now consider the Neumann problem
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Viu+r*u=h inR,

ou
%—0 on S.

By the divergence theorem of calculus, we have

// v2udR=//@ds.
R S@n

Thus, if we integrate the Helmholtz equation and use the preceding result,

we obtain
mz///udR:// hdR.
R R

In the case of Poisson’s equation where x = 0, this relation is satisfied only

when
/// hdR = 0.
R

If we consider a heat conduction problem, this condition may be interpreted
as the requirement that the net heat generation be zero. This is physically
reasonable since the boundary is insulated in such a way that the net flux
across it is zero.

If we define Green’s function G, in this case, by

V2G4 Kk*G=6(€—2,m—y,(—2) inR,
oG _
on

KZZ// GdR =1
R

which cannot be satisfied for x = 0. But, we know from a physical point of

view that a solution exists if
/ / / hdR = 0.
R

Hence, we will modify the definition of Green’s function so that

g—izc on S,

0 onS.

Then we must have

where C is a constant. Integrating V2G = § over R, we obtain

c[[ =1
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It is not difficult to show that G remains symmetric if

J|.cas=o

Thus, under this condition, if we take C' to be reciprocal of the surface area,
the solution of the Neumann problem for Poisson’s equation is

U(%y,z)=C*+///RG(x,y,z;f,n,C)h(&m()dfdndC,

where C* is a constant.

We should remark here that the method of Green’s functions provides
the solution in integral form. This is made possible by replacing a problem
involving nonhomogeneous boundary conditions with a problem of finding
Green’s function G with homogeneous boundary conditions.

Regardless of method employed, the Green’s function of a problem with
nonhomogeneous equation and homogeneous boundary conditions is the
same as the Green’s function of a problem with homogeneous equation
and nonhomogeneous boundary conditions, since one problem can be trans-
ferred to the other without difficulty. To illustrate, we consider the problem

Lu=f inR,
u=0 ondR,

where OR denotes the boundary of R.
If we let v = w — u, where w satisfies Lw = f in R, then the problem
becomes

Lv=0 inR,

v=w ondR.
Conversely, if we consider the problem
Lu=0 1in R,
u=g¢g ondR,
we can easily transform this problem into
Lv=Lw=w* inR,
v=_0 on R,

by putting v = w — u and finding w that satisfies w = g on JR.
In fact, if we have

Lu=f inR,
u=g onodR,

we can transform this problem into either one of the above problems.
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11.11 Exercises

1. If L denotes the partial differential operator
Lu = Augy + Bugy + Cuyy + Duy + Euy + Fu,
and if M denotes the adjoint operator
Mu = (Av),, + (Bv),, + (Cv),, — (Dv), — (Ev), + Fu,

show that
// (vLu — uMv) dx dy = / [U cos (n,z) + V cos (n,y)] ds,
R oR

where

U = Avu, —u(Av), —u(Bv), + Duv,
V' = Boug + Cvuy — u(Cv), + Euv,

and OR is the boundary of a region R.

2. Prove that the Green’s function for a problem, if it exists, is unique.
3. Determine the Green’s function for the exterior Dirichlet problem for a
unit circle

Viu=0 inr>1,

u=f onr=1.

4. Prove that for x = x (£,n) and y = y (€, 7)

6(x—xo>6<y—yo>=ﬁus—w(n—m),

where J is the Jacobian and (zg,yo) corresponds to (&, 10). Hence,
show that for polar coordinates

1
6(x—m0)d(y—yo) = ;5(T—T0)5(9—90)~
5. Determine, for an infinite wedge, the Green’s function that satisfies

1
V2G+/€2G=;5(7‘_T070_90)7
G=0, =0, and 6=aq.

6. Determine, for the Poisson’s equation, the Green’s function which van-
ishes on the boundary of a semicircular domain of radius R.
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7. Find the solution of the Dirichlet problem

Vu=0 0<z<a O0<y<b,
u(0,y) = u(a,y) = u(z,b) =0,
u(z,0) = f(z).

8. Determine the solution of Dirichlet’s problem

V2u = f(r,0) in D,
u =0, on 0D,

where 0D is the boundary of a circle D of radius R.
9. Determine the Green’s function for the semi-infinite region ¢ > 0 for

VZG—FK/ZG:(S(E—J?,T]—y,C—Z),
G=0, on (=0.

10. Determine the Green’s function for the semi-infinite region ¢ > 0 for

V2G+H2G:5(€_xvn_y7<_z)a

oG
871’]/ = 07 on C =0.
11. Find the Green’s function in the quarter plane ¢ > 0, n > 0 which

satisfies
V2G25(5—$77]—y)7
G=0, on £=0 and n=0.

12. Find the Green’s function in the quarter plane £ > 0, n > 0 which
satisfies
VQG:‘S(E*%??*y)v
Ge(0,) =0,  G(£,0)=0.

13. Find the Green’s function in the half plane 0 < x < 0o, —00 < y < 00
for the problem

V2u=f inR,
u=0, onx=0.
14. Determine the Green’s function that satisfies

VG =6(z—&y—n) in D:0<z<a, 0<y<oo,
G=0, on 9D:xz=0, z=a, y=0,
G is bounded at infinity.



15.

16.

17.

18.

19.

20.

21.

22.

11.11 Exercises

Find the Green’s function that satisfies

1
VG = ~5(r—p.6 - ), o<9<g, 0<r<l,

G=0, on #=0, and 9<§,
oG
87:0, on r=1.

Solve the boundary-value problem

109G ( 8u> Pu

- re—
r or or 022

ou B 0, r>a, z = 0,

0z C, r<a, z = 0, C = constant.

Obtain the solution of the Laplace equation

Viu=0, 0<r<oo, 0<6<2m,
u(r,04) =u(r,2r—) = 0.

Determine the Green’s function for the equation
Vi — k?u =0,
vanishing on all sides of the rectangle 0 <z <a, 0 <y <b.
Determine the Green’s function of the Helmholtz equation
Viu+rk*u=0, 0<z<a —oo<y< oo,
vanishing on = 0 and z = a.
Solve the exterior Dirichlet problem

V2u=0, in r>1,

u(1,0,¢) = f(0,9).

435

By the method of images, determine the potential due to a point charge

q near a conducting sphere of radius R with potential V.

By the method of images, show that the potential due to a conducting

sphere of radius R in a uniform electric field Fy is given by

2
U=-E (r — R2> cos b,
r

where r, § are polar coordinates with origin at the center of the sphere.
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23. Determine the potential in a cylinder of radius R and length [. The
potential on the ends is zero, while the potential on the cylindrical
surface is prescribed to be f (6, z).

24. Consider the fundamental solution of the Fokker—Planck equation de-
fined by

[;_aﬁx <£+x>] Gla,ait,t) =6 (x— /)6 (t—t).

Using the transformation of variables employed in Example 7.8.4, show
that the above equation becomes
0 0
-] e = s - a1,
Show that
(a) the fundamental solution of the Fokker-Planck equation (see Reif
(1965)) is

G (z, 25t t") = [2r {1 —exp [-2(t — t')]}]

1z —a'exp{—(t—t)}]*
o exp [_2 1—exp{-2(t—1)} ] ’

1
2

1 1
b lim G (z,2';t,t) = ex <x2>,
) Jm Gleatitd) = ——ew (-

(c) tlinolou (z,t) = \/% exp (—; 1:2) /jo f(zh)da',

where

u(z,0) = f(x).
Give an interpretation of this asymptotic solution u (x,t) as t — oo.

25. (a) Use the transformation u = ve™" to show that the telegraph equa-
tion

Upp — czum + 2u; = 0,
can be reduced to the form
Vg — czvm +v=0.

(b) Show that the fundamental solution of the transformed telegraph
equation is given by

Gla—a/t—1) = %10 W(t-t/f—(az—xq?
xH[(t—t)—(z—2H[t—-t)+ (x—2")].
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(c) If the initial data for the telegraph equation are
u(z,0) = f(z), wu(z,0)=g(),
show that the solution of the telegraph equation is given by
1 z+t 2
we={5 [ a@n|Ve- w97

Lo mf(g)] 22— (z—&)>°|depet
20t |/, 0 ’

which is, by evaluating the second term,

—e -t riero+g [ o@n]VE-a-o7|
T ) G I R P






12

Integral Transform Methods with
Applications

“The theory of Fourier series and integrals has always had major difficulties
and necessitated a large mathematical apparatus in dealing with questions
of convergence. It engendered the development of methods of summation,
although these did not lead to a completely satisfactory solution of the prob-
lem.... For the Fourier transform, the introduction of distribution (hence the
space S) is inevitable either in an explicit or hidden form.... As a result one
may obtain all that is desired from the point of view of the continuity and
inversion of the Fourier transform.”

L. Schwartz

“In every mathematical investigation, the question will arise whether we
can apply our mathematical results to the real world.”

V. I Arnold

12.1 Introduction

The linear superposition principle is one of the most effective and elegant
methods to represent solutions of partial differential equations in terms of
eigenfunctions or Green’s functions. More precisely, the eigenfunction ex-
pansion method expresses the solution as an infinite series, whereas the inte-
gral solution can be obtained by integral superposition or by using Green’s
functions with initial and boundary conditions. The latter offers several
advantages over eigenfunction expansion. First, an integral representation
provides a direct way of describing the general analytical structure of a
solution that may be obscured by an infinite series representation. Second,
from a practical point of view, the evaluation of a solution from an integral
representation may prove simpler than finding the sum of an infinite series,
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particularly near rapidly-varying features of a function, where the conver-
gence of an eigenfunction expansion is expected to be slow. Third, in view
of the Gibbs phenomenon discussed in Chapter 6, the integral representa-
tion seems to be less stringent requirements on the functions that describe
the initial conditions or the values of a solution are required to assume on
a given boundary than expansions based on eigenfunctions.

Integral transform methods are found to be very useful for finding so-
lutions of initial and/or boundary-value problems governed by partial dif-
ferential equations for the following reason. The differential equations can
readily be replaced by algebraic equations that are inverted by the inverse
transform so that the solution of the differential equations can then be
obtained in terms of the original variables. The aim of this chapter is to
provide an introduction to the use of integral transform methods for stu-
dents of applied mathematics, physics, and engineering. Since our major
interest is the application of integral transforms, no attempt will be made
to discuss the basic results and theorems relating to transforms in their
general forms. The present treatment is restricted to classes of functions
which usually occur in physical and engineering applications.

12.2 Fourier Transforms

We first give a formal definition of the Fourier transform by using the
complex Fourier integral formula (6.13.10).

Definition 12.2.1. If u (z,t) is a continuous, piecewise smooth, and abso-
lutely integrable function, then the Fourier transform of u (x,t) with respect
to x € R is denoted by U (k,t) and is defined by

Flu(z,t)} = U (k, e My (z,t)de,  (12.2.1)

T

where k is called the Fourier transform variable and exp (—ikx) is called
the kernel of the transform.

Then, for all x € R, the inverse Fourier transform of U (k,t) is defined
by

FHU (k,t)} = u(a,t) eF U (k,t)dk.  (12.2.2)

vl

We may note that the factor (1/2w) in the Fourier integral formula
(6.13.9) has been split and placed in front of the integrals (12.2.1) and
(12.2.2). Often the factor (1/2m) can be placed in only one of the relations
(12.2.1) and (12.2.2). It is not uncommon to adopt the kernel exp (ikx) in
(12.2.1) instead of exp (—ikx), and as a consequence, exp (—ikx) would be
replaced by exp (ikx) in (12.2.2).
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FEzample 12.2.1. Show that
1

(a) F{exp (—az?)} = Eexp <a> , a>0, (12.2.3)

(b)  Fexp(-alz))} = \/z(aQikQ) a>0, (12.2.4)
(c) F{Xicaa (@)} = \/Z (sinkak> ; (12.2.5)

1, |z| <a
where X[-a,a] () = H (a — |z|) = . (12.2.6)
0, |z| >a

Proof. We have, by definition (12.2.1),

f{exp (—a:l:Q)} = \/%/ e~ tke—az’ g

1 k2 > 2
= ——exp|—— e"d
vV 2w P ( 4a> \/700 Y

1 o < k2 )
V2a PUa
in which the change of variable y = (x + %) is used. The above result is

correct, and the change of variable can be justified by methods of complex

analysis because (ik/2a) is complex. If a = %, then

F {exp (—; x2> } = exp (—; kQ) . (12.2.7)

This shows that F{f ()} = f (k). Such a function is said to be self-
reciprocal under the Fourier transformation.

The graphs of f (z) = ¢~ and F (k) = F {f (z)} are shown in Figure
12.2.1 for a = 1.

To prove (b), we write

Flexp(—alz|)} = \/% /_00 exp (—a|z| — ikx) dx

= \/% {/Oooexp{(a—ik)x}da:

—l—/oooexp{—(a—&—ik;)x}dx

1 L1 \F a
Vo la—ik  a+ik| Vowm a2+ k2
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Figure 12.2.1 Graphs of f (z) = exp(—az?) and F (k).

It is noted that f (z) = exp (—a|z|) decreases rapidly at infinity, and it is
not differentiable at = 0. The graphs of f (z) and its Fourier transform
F (k) are shown in Figure 12.2.2.

To prove (c), we have

Fo ) = F {3 @} = = [ ey (0)da

1 /“ —ike 2 (sinak‘)
=— e T =)= :
V2T g s a

The graphs of X[_q,q) () and F, (k) are shown in Figure 12.2.3 with a = 1.
Analogous to the Fourier cosine and sine series, there are Fourier cosine
and sine integral transforms for odd and even functions respectively.

Definition 12.2.2. Let f (z) be defined for 0 < = < oo, and extended
as an even function in (—oo,00) satisfying the conditions of Fourier Inte-

A F(k)

-6—-4-2 0 2 4 6 -6-4-2 0 2 4 6

Figure 12.2.2 Graphs of f (z) = exp (—a|z|) and F (k).
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Xl a.a)®) L E ()
0.8

Figure 12.2.3 Graphs of x|_q,q (¢) and Fy (k).

gral formula (6.18.9). Then, at the points of continuity, the Fourier cosine
transform of f (x) and its inverse transform are defined by

Fedf () \/7/ coskx f (x (12.2.8)
FHF,. (k) \/7/ cos kz F, (k) dk, (12.2.9)

where F. is the Fourier cosine transformation and F, 1 is its inverse trans-
formation respectively.

Definition 12.2.3. Similarly, the Fourier sine integral formula (6.15.3)
leads to the Fourier sine transform and its inverse defined by

Fs{f (@) \[/ sinkx f (v)de,  (12.2.10)
FoHF, (k) \/7/ sin kx Fs (k) dk, (12.2.11)

where Fy is called the Fourier sine transformation and F ' is its inverse.

FEzample 12.2.2. Show that
(a) F. {efaa:} \/7 e k2 a > O7 (12212)

(b)  Fo{eo} = ; m a>0, (12:2.13)

¢  F! {llfesk} — /2 tan (5) (12.2.14)

™
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We have, by definition,

Fele ™} = 2 e~ cos kx dk,
™ Jo
_ 1\/5/00 |:67(a7ik)z +67(a+ik):vj| dI,
2 ™ Jo
= 1\/5 Loy L= \/§a
2V 7 la—ik  a+ik] V7 (a2+k2)

The proof of (b) is similar and is left to the reader as an exercise.
To prove (c), we use the standard definite integral

\[.7: 1{ _Sk} / ksinkxdkzszd‘_%.

Integrating both sides with respect to s from s to co gives

*emsk * xds 18 1 /S
/0 - smkxdk’—/s m—[‘can E}—(W/Q)—tan (E)

Consequently,
1 . 2 (1 _, 2
fs_l{e_ék}zw/ e_éksinkxdk:[tan_l (£>
k o k 0 S

12.3 Properties of Fourier Transforms

Theorem 12.3.1. (Linearity). The Fourier transformation F is linear.

Proof. We have

FLf ()] e M f (2) dx

vl

Then, for any constants a and b,

Flaf (x) + bg (x) ) + bg (z)] e~k dx,

=y
- \/%/_oof(m "’”dw+7/ Je *da,
=aF[f(@)]+bF[g(z)].

Theorem 12.3.2. (Shifting). Let F [f (z)] be a Fourier transform of f ().
Then

Flf (=] =eF[f (2)],

where ¢ is a real constant.
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Proof. From the definition, we have, for ¢ > 0,
Flit-al= o= [ w-oed
r—rc) = — r—c)e x,
V2T J s

B J% /m F(&) e ™Erdg,  where {=z—c
= e MF[f (x)].
Theorem 12.3.3. (Scaling). If F is the Fourier transform of f, then
F[f(cx)] = (1/|e|) F (k/c),

where ¢ is a real nonzero constant.

Proof. For ¢ # 0,

Ff (cx)] = \/% /jo f(cx) e *@dg.

If we let £ = cx, then

Flf e =g = [ @
= 1/ e) F (1)),

Theorem 12.3.4. (Differentiation). Let f be continuous and piecewise
smooth in (—o0,00). Let f(x) approach zero as |z| — oo. If f and f’
are absolutely integrable, then

Ff' (@)] = ikF [f (x)] = ikF (k).

Proof.

Fif @l == [ et

fi T efik:roo ik > xefilc:r "
=@ et T [ rwe

= ikF[f ()] = ikF (k).

This result can be easily extended. If f and its first (n — 1) derivatives
are continuous, and if its nth derivative is piecewise continuous, then

FLr0 @) = @) FIf @] = )" F k), n=01,2... (1231)

provided f and its derivatives are absolutely integrable. In addition, we
assume that f and its first (n — 1) derivatives tend to zero as |z| tends to
infinity.
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If u(z,t) — 0 as |z| — oo, then

du _ 1 > —ikx @
f{ax}‘ m/_of (ax>dx’

which is, integrating by parts,

1w o ik i
= e "y (x,t + — e "y (x,t) dx,
Var et o e
=ik F{u(x,t)} =ik U (k,t). (12.3.2)
Similarly, if w (z,t) is continuously n times differentiable, and %;—Lff — 0 as
|z| — oo for m=1,2,3,..., (n — 1) then
anu . n . n
F e [ = k)" Flu(z,t)} = (ik)" U (k,t). (12.3.3)

It also follows from the definition (12.2.1) that

2 2 n n
]—"{au} _ 4 f{a“} _dU ]—"{8 “} ~TU 1234
ot dt o2 dt? ot dtn

The definition of the Fourier transform (12.2.1) shows that a sufficient con-
dition for w (z,t) to have a Fourier transform is that u (x,t) is absolutely
integrable in —oo < x < oco. This existence condition is too strong for many
practical applications. Many simple functions, such as a constant function,
sinwz, and 2" H (x), do not have Fourier transforms even though they occur
frequently in applications.

The above definition of the Fourier transform has been extended for a
more general class of functions to include the above and other functions.
We simply state the fact that there is a sense, useful in practical applica-
tions, in which the above stated functions and many others do have Fourier
transforms. The following are examples of such functions and their Fourier
transforms (see Lighthill, 1964):

F (-} =2 (B2, (1235

where H (z) is the Heaviside unit step function,

Fl{é(zx—a)} = exp (—iak) , (12.3.6)

1
V2T

where § (x — a) is the Dirac delta function, and

F{H(z—a)} = \/Z [1 +5 (k)] exp (—iak).  (12.3.7)

ik
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FEzample 12.3.1. Find the solution of the Dirichlet problem in the half-plane
y >0

Ugy + Uyy = 0, —oco<x<oo, y>0,
u(z,0)=f(x), —oo<z <00,

u and u, vanish as |z|] — oo, and wu is bounded as y — oo.

Let U (k,y) be the Fourier transform of u (z,y) with respect to . Then

U (k,y) Ye R gy,

-7

Application of the Fourier transform with respect to = gives

Uy, — kU =0, (12.3.8)
U((k,0)=F (k) and U(k,y) —0 as y—oo. (12.3.9)

The solution of this transformed system is
U (k,y) = F (k)eIFv.

The inverse Fourier transform of U (k,y) gives the solution in the form

IS S Ca I T e —Ikly ,—iké g | ke
waw) = o=/ [r/ F () e~ Mvemikege | et

7/ (e dg/ Kli(e—a)]~kly g,

It follows from the proof of Example 12.2.1 (b) that

/ G R S —
—o0 (€—z)" +y?

Hence, the solution of the Dirichlet problem in the half-plane y > 0 is
y [ f(€
u(z,y) = —/ %df.
TJooo (§—2)" +y

From this solution, we can readily deduce a solution of the Neumann
problem in the half-plane y > 0.

Example 12.3.2. Find the solution of Neumann’s problem in the half-plane
y>0

Uy + Uyy = 0, —o<xr<oo, y>0,
Uy (2,0) =g (z), —oo<x<o00,

u is bounded as y — oo, u and u, vanish as |z| — oo.
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Let v (x,y) = uy (z,y). Then

Yy
u(z,y) = / v (z,m)dn
and the Neumann problem becomes

Po Pv_Puy Puy 0 g
o2 8y2 - o2 5y2 - 5y Tz yy) — Y-

’U(SC,O) = Uy (.’E,O) :g(l’)
This is the Dirichlet problem for v (x,y), and its solution is given by

g/” g (§) d€

B S

Thus, we have

u(z,y) =— / / +n 5 dn,
:7/ / 2nd77+ 2’

== | 9©log |- +] de.

where an arbitrary constant can be added to this solution. In other words,
the solution of any Neumann’s problem is uniquely determined up to an
arbitrary constant.

12.4 Convolution Theorem of the Fourier Transform

The function
(Fea)@) == [ fa-go (12.4.1)

is called the convolution of the functions f and g over the interval (—oo, c0).

Theorem 12.4.1. (Convolution Theorem). If F (k) and G (k) are the
Fourier transforms of f (z) and g (z) respectively, then the Fourier trans-
form of the convolution (f * g) is the product F (k) G (k). That is,

F{f(@)*xg(z)} = F(k)G (k). (12.4.2)

Or, equivalently,
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FHF (k)G (k) = f(2)xg(x). (12.4.3)

More explicitly,

1 - ikx g1 * T

TW/_mp(k)c:(k)e’“ dk = (f * g) ()

1 o0
:Eﬁﬂwmwamw

Proof. By definition, we have
.mnmw=§/ %%/fw— (€) e,

i *lkﬁdg/ f(x e k(@=8) 1.
21

With the change of variable n = z — £, we have
, 1 o0 .
" 71k§d / efzknd

The convolution satisfies the following properties:

1. fxg=gx*f (commutative).

2. fx(gxh)=(f*g)*h (associative).

3. fx(ag+bh)=a(f*xg)+b(f=«h), (distributive),
where a and b are constants.

Theorem 12.4.2. (Parseval’s formula).
/ f (@) da :/ IF (k)2 dk (12.4.5)

— 00

Proof. The convolution formula (12.4.4) gives

/:X’ f(:z:)g(ﬁfx)da::/oo F (k)G (k) e dk

— 00

which is, by putting £ = 0,

/_f( d:v—/ F (k)G (k) dk. (12.4.6)

G (k)= %ﬂ[mg(z) P \/% [mmefikxdx7

= L /Oo f(z)e~ikede = F (k),
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where the bar denotes the complex conjugate.
Thus, result (12.4.6) becomes

/ f(z dx—/_mF(k)mdk,

o0

| @ra= [ et

In terms of the notation of the norm, this is

I = 11

or,

For physical systems, the quantity |f |2 is a measure of energy, and |F' |2
represents the power spectrum of f (z).

Example 12.4.3. Obtain the solution of the initial-value problem of heat
conduction in an infinite rod

Up = K Ugpy, —o<x<oo, t>0, (12.4.7)
u(z,0) = f(z), —00 < x < 00, (12.4.8)
u(z,t) — 0, as || — oo,

where u (x,t) represents the temperature distribution and is bounded, and
k is a constant of diffusivity.
The Fourier transform of u (x,t) with respect to z is defined by

U (, e~y (x,t) d.

tm/

In view of this transformation, equations (12.4.7)-(12.4.8) become

U +kEk*U =0, (12.4.9)
U (k,0) = F (k). (12.4.10)

The solution of the transformed system is
Uk, t) = F (k) e "t

The inverse Fourier transformation gives the solution

1 > )
U({L‘7t) = E/ F(k) e_kZKtelkxdk

which is, by the convolution theorem 12.4.1,
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1 o0
=E/_mf<f>g<x—s>d§,

= e~ *°%t and has the form

2 1 & 2 . 1 2
g(ﬂ?) _ f71 {efnk t} _ 67]6 ntJrzk:vdk _ e T /4/<ct.
V2T ) oo V2Kt

Consequently, the final solution is

where g (z) is the inverse transform of G (k)

_ 1 > (x—8)°
u(x,t) = Wi [mf(f) exp [—4@] d¢, (12.4.11)
_ /_OO FE)G (@ =& t)de, (12.4.12)
where
2
Gz —¢&t) = \/éﬁexp [— (x;,j) ] : (12.4.13)

is called the Green’s function (or the fundamental solution) of the diffusion
equation.

This means that temperature at any point x and any time t is repre-
sented by the definite integral (12.4.12) that is made up of the contribution
due to the initial source f (£) and the Green’s function G (x — &, t).

Solution (12.4.12) represents the temperature response along the rod at
time ¢t due to an initial unit impulse of heat at x = £. The physical meaning
of the solution is that the initial temperature distribution f (x) is decom-
posed into a spectrum of impulses of magnitude f (§) at each point z = £ to
form the resulting temperature f (£) G (z — &, t). Thus, the resulting tem-
perature is integrated to find the solution (12.4.11). This is the so-called
principle of superposition.

Using the change of variable

£z
2kt

_dg
VKt

= dg
we obtain
(o) = —— /OO f (:c + 2\@4) e dc. (12.4.14)
VZ

Integral (12.4.11) or (12.4.14) is called the Poisson integral representa-
tion of the temperature distribution. This integral is convergent for ¢ > 0,
and integrals obtained from it by differentiation under the integral sign
with respect to z and ¢ are uniformly convergent in the neighborhood of



452 12 Integral Transform Methods with Applications

the point (z,t). Hence, u(x,t) and its derivatives of all orders exist for
t>0.
In the limit ¢ — 0+, solution (12.4.12) becomes formally

u(z,0) / f 11151+G(x—§,t)d£.
This limit represents the Dirac delta function

§(z—¢) = lim e~ (#E)7/4nt, (12.4.15)

t—0+ /4Kt

Consider a special case where
0, <0
f(z) = =aH(z).
a, ©>0

Then, the solution (12.4.11) gives

(x—¢)°
u(@,t) = 2%/ [ 4kt ]dg'

If we introduce a change of variable

W

then the above solution becomes

a o0

U(ZE,t) = =
VT as2vii

0 [e%s)
a 2 2
= — e dn—i—/ e " dn
VT [/—x/2\/nt 0

x/2Vkt
[

efnzdr]

a

™

=3[ (e

where erf (x) is called the error function and is defined by

erf (z f / -’ dn. (12.4.16)

This is a widely used and tabulated function.
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Hx—a)

X

Qd - e - - -4

Figure 12.5.1 The Heaviside unit step function.

12.5 The Fourier Transforms of Step and Impulse
Functions

In this section, we shall determine the Fourier transforms of the step func-
tion and the impulse function, functions which occur frequently in applied
mathematics and mathematical physics.

The Heaviside unit step function is defined by

0, x<a
H(z—a)= a >0, (12.5.1)
1, >a

as shown in Figure 12.5.1.
The Fourier transform of the Heaviside unit step function can be easily
determined. We consider first

F[H(x—a)] = \/12?/_00 H (z —a) e~ *dg,

1 ik
= — e ““rdx.
\/27r/a

This integral does not exist. However, we can prove the existence of this
integral by defining a new function

0, z<a
H(x—a)e * =

—Qox

e , T > a.

This is evidently the unit step function as @ — 0. Thus, we find the Fourier
transform of the unit step function as
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p(x)
h+

[
a—& gate X

Figure 12.5.2 Impulse function p ().

F[H(z—a)] = lin%)]-' [H (z —a) e "]
= lim —/ H(x —a)e e~ dy

1 > X
= lim —/ e~ (atik)z go

= —. (12.5.2)

For a =0,
FH (2) = (\/ﬂik)il. (12.5.3)

An impulse function is defined by

h, a—e<z<a+e

p(z) =
0, r<a—e or x>a+¢

where h is large and positive, ¢ > 0, and ¢ is a small positive constant, as
shown in Figure 12.5.2. This type of function appears in practical applica-
tions; for instance, a force of large magnitude may act over a very short
period of time.

The Fourier transform of the impulse function is
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fwmzy%/ e~ hedy
\/ﬂ /aa—‘rE —ik:;cdx

h e ek (eika o e—ika)

B Vor ik
2he .k (Sinks)
=—c¢ .
Vor ke

Now if we choose the value of h to be (1/2¢), then the impulse defined by

I(a):/oop(x)dx

—o0
becomes
a+e 1
I(e)= —dr=1
= g
which is a constant independent of €. In the limit as € — 0, this particular
function p. (z) with h = (1/2¢) satisfies
lim p. (z) =0, x # a,
e—0
lim I (e) =

e—0

Thus, we arrive at the result
d(x—a)=0, x # a,
/ d(x—a)dx =1. (12.5.4)

This is the Dirac delta function which was defined earlier in Section 8.11.
We now define the Fourier transform of ¢ () as the limit of the transform
of pe (x). We then consider

FI6 (e —a)) = lim F[p («)

etk sin sin ke
lim ——
e—0 7T

e—zak

oV (12.5.5)

in which we note that, by L’'Hospital’s rule, lim._o (sinke/ke) = 1. When
a = 0, we obtain

F5(z)] = (1/\/%) . (12.5.6)
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Ezample 12.5.1. Slowing-down of Neutrons (see Sneddon (1951), p. 215).

Consider the following physical problem

Up = Uge + 0 () (1), (12.5.7)
u(x,0) =6 (x), (12.5.8)
lim w(z,t) =0. (12.5.9)

|z]—o0

This is the problem of an infinite medium which slows neutrons, in which a
source of neutrouns is located. Here u (x, t) represents the number of neutrons
per unit volume per unit time and ¢ (z) ¢ (¢) represents the source function.

Let U (k,t) be the Fourier transform of w (z,t). Then the Fourier trans-

formation of equation (12.5.7) yields

dU 1
KU = —5 ().
dt Vor ®)

The solution of this, after applying the condition U (k,0) = (1/v/27), is

1 -
U(k,t):Ee kt.

Hence, the inverse Fourier transform gives the solution of the problem

1 o0 _
u (f,t) = 7271- / 6*k2t+1k$dk7
1
ef:r2/4t.

Vart

12.6 Fourier Sine and Cosine Transforms

For semi-infinite regions, the Fourier sine and cosine transforms determined
in Section 12.2 are particularly appropriate in solving boundary-value prob-
lems. Before we illustrate their applications, we must first prove the differ-

entiation theorem.

Theorem 12.6.1. Let f (x) and its first derivative vanish as v — oo. If

F. (k) is the Fourier cosine transform, then

Felf" (x)] = —=K*F. (k) — \/zf’ (0). (12.6.1)

Proof.

Felf"(x)] = \/Z/OOO f" (x) cos kz dx
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= \/g[f’ (z) coskax]y + \/519 0Of' (x) sin kz dx
Q T Jo
— —\/Zf' (0) + \/Zk[f (x)sinka:]go
- \/EkQ/OOOf(:c)coskxdx
2

=\ - K*F, (k).

In a similar manner, the Fourier cosine transforms of higher-order
derivatives of f (x) can be obtained.

Theorem 12.6.2. Let f (x) and its first derivative vanish as v — oo. If
Fs (k) is the Fourier sine transform, then

Fslf" (@)] = \/zk £(0) —K°F, (k). (12.6.2)

The proof is left to the reader.

Ezample 12.6.2. Find the temperature distribution in a semi-infinite rod
for the following cases with zero initial temperature distribution:

(a) The heat supplied at the end z = 0 at the rate g (¢);
(b) The end = = 0 is kept at a constant temperature T.
The problem here is to solve the heat conduction equation
Ut = K Uypy, >0, t>0,
u(z,0) =0, x> 0.

(a) ug (0,t) = g (¢) and (b) w (0,t) = Tp, t > 0. Here we assume that u (x,t)
and u, (z,t) vanish as z — oo.

For case (a), let U (k,t) be the Fourier cosine transform of u (z, t).
Then the transformation of the heat conduction equation yields

2
Ut+/<ck2U\/;g(t)/<;.

The solution of this equation with U (k,0) = 0 is

u(x,t) = \/z/o U (k,t) cos kz dk

9 t [e%¢}
S g (1) dT/ e~ (=) cos ki dk.
T Jo 0



458 12 Integral Transform Methods with Applications

The inner integral is given by (see Problem 6, Exercises 12.18)

2 1 T $2
—k*k(t—T) e e
/0 (& COS kfl: dk = 9 . (t ) exp |: dr (t ):| .

The solution, therefore, is

¢
u(x,t) = \/i/o \j’% e /4= g, (12.6.3)

For case (b), we apply the Fourier sine transform U (k,t) of u(x,t) to
obtain the transformed equation

U + kKU = ngM.
™

S

The solution of this equation with zero initial condition is

U(k,t)To\/Z(l_ekme)).

Then the inverse Fourier sine transformation gives

oT, [ sink
u(a,t) = => Smk L= e a,
™ Jo

Making use of the integral

the solution is found to be

)

X
= T[) erfc (W) 5

where erfc () = 1 — erf (x) is the complementary error function defined by
2 o0
erfc (z) = ﬁ/z e da.

12.7 Asymptotic Approximation of Integrals by
Stationary Phase Method

(12.6.4)

Although definite integrals represent exact solutions for many physical
problems, the physical meaning of the solutions is often difficult to de-
termine. In many cases the exact evaluation of the integrals is a formidable
task. It is then necessary to resort to asymptotic methods.
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We consider the typical integral solution

b
w(z,t) :/ F (k) e ®) g, (12.7.1)
where F' (k) is called the spectral function determined by the initial or
boundary data in @ < k < b, and 6 (k), known as the phase function, is
given by

0 (k) = k% —w(k), x>0 (12.7.2)

We examine the asymptotic behavior of (12.7.1) for both large = and
large t; one of the interesting limits is ¢ — oo with (z/t) held fixed. Integral
(12.7.1) can be evaluated by the Kelvin stationary phase method for large
t. As t — o0, the integrand of (12.7.1) oscillates very rapidly; consequently,
the contributions to u (x,t) from adjacent parts of the integrand cancel one
another except in the neighborhood of the points, if any, at which the phase
function 6 (k) is stationary, that is, ¢’ (k) = 0. Thus, the main contribution
to the integral for large ¢ comes from the neighborhood of the point k = k;
which determined by the solution of

0 (k1) = % —w (k) =0, a<k <b. (12.7.3)
The point k£ = k1 known as the point of stationary phase, or simply, sta-

tionary point.
We expand both F' (k) and 6 (k) in Taylor series about k = k1 so that

b
u(z,t) = / [F(kl) + (k= k1) F' (k1) + % (k—k)> F" (ky) + .. }
X exp {z‘t [G(kl) + % (k— k1) 0" (ky)

| =

+=(k—k)* 0" (ky) + .. ] } dk (12.7.4)

provided that 6" (k1) # 0.

Introducing the change of variable k — k1 = e«, where

() = {t|9/2(/‘~‘1)|} , (12.7.5)

we find that the significant contribution to integral (12.7.4) is

(b—Fk1)/e
w(z, 1) Ng/ [F(k1)+5aF’ (1) + 2 €202 F" (k) + .. }
—(k1—a)/e 2°

xexp{[t@(kl)—i-asgn@”(kzl) E (99 ) }} o,
(12.7.6)
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where sgn x denotes the signum function defined by sgnz = 1, x > 0 and
sgnr = —1, x < 0.

We then proceed to the limit as € — 0 (¢t — oo) and use the standard
integral
/ exp (+ia?) da = /T exp <j: ZD (12.7.7)

— 00

to obtain the asymptotic approximation as ¢t — oo,

0 ﬂ e {i [t (k1) + Jsen0” (k)] } + 0 (=),

u(x,t) ~ F (k) | ——F+—
(@20) ~ F ) | o

(12.7.8)
where O (¢2) means that a function tends to zero like €2 (t) as t — oco. If
there is more than one stationary point, each one contributes a term similar
to (12.7.8) and we obtain, for n stationary points k = k,, r =1,2,...n

ZF {t|9" )|}2exp {i[t@(kr)—&—%sgnﬁ”(k,«)”, t — oo.

(12.7.9)

If 0" (k1) = 0, but 6" (k1) # 0, then asymptotic approximation (12.7.8)
fails. This important special case can be handled in a similar fashion. The
asymptotic approximation of (12.7.1) is then given by

u(x,t) = F (k1) exp {itd (k:l)}/_oo exp [étgﬂl (k1) (k — k‘l)s} dk

~T (g) Llﬁ””G(kl)] ' F (ky) exp {it&(kl) + 7;} +0 (t—§> as t — oo.
(12.7.10)

For an elaborate treatment of the stationary phase method, see Copson
(1965).

12.8 Laplace Transforms

Because of their simplicity, Laplace transforms are frequently used to solve
a wide class of partial differential equations. Like other transforms, Laplace
transforms are used to determine particular solutions. In solving partial
differential equations, the general solutions are difficult, if not impossible,
to obtain. The transform technique sometimes offers a useful tool for finding
particular solutions.

The Laplace transform is closely related to the complex Fourier trans-
form, so the Fourier integral formula (6.13.10) can be used to define
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the Laplace transform and its inverse. We replace f(x) in (6.13.10) by
H (z)e= " f (z) for x > 0 to obtain

f(z)H (z) e = 1 / ek dk / f(t)e etk gy
27 —00 0

or

f(z)H (x) ! /Oo et (etik) gr. /0C><> [0) e—tetik) gy

:% .

Substituting s = ¢ + ik so that ds = idk, we obtain, for x > 0,

ct+ioo o)
f(z)H (z) = L/ e“ds/o f(t)estdt. (12.8.1)

27TZ —ioo

Thus, we give the following definition of the Laplace transform: If f (¢) is
defined for all values of ¢ > 0, then the Laplace transform of f (t) is denoted
by f(s) or L{f (t)} and is defined by the integral

o=t = [ e rwa (12:8.2)

where s is a positive real number or a complex number with a positive real
part so that the integral is convergent.
Hence, (12.8.1) gives

c+ico
f@)=L"{f(s)} L/ e f(s)ds, c¢>0, (12.8.3)

278 J oo

for x > 0 and zero for x < 0. This complex integral is used to define the
inverse Laplace transform which is denoted by £71 {f(s)} = f(t). It can
be verified easily that both £ and £~ are linear integral operators.

We now find the Laplace transforms of some elementary functions.

1. Let f (t) = ¢, cis a constant.

Lc] :/ e *tedt
0

— o0
ce™ st c
s 1y s

2. Let f (t) = e, a is a constant.
oo
L[e"] = / e Stedt
0
e—(s—a)t oo 1
= |- = , S>a.
(s—a) |, s—a

3. Let f(t) = t2. Then
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L[t*] :/ e 7 dt.
0

Integration by parts yields

2 ,—st]>® oo —st
L{t) = {—te L +/0 — 2t

S

Since t2e~%* — 0 as t — oo, we have, integrating by parts again,

—st oo —st
L[tﬂQ{e t]+2/ a2
0

s s s s §3°

4. Let f (t) = sinwt.

f(s) = L[sinwt] = / e *'sinwt dt
0

e~ st o 0 p—st
= [— Sinwt} —|—/ wcoswt dt
S 0 0 S
w
s
w

efst w ee] efst )
— coswt| — — w sinwt dt
S 0 S

Fs) =2~ F ().
Thus, solving for f (s), we obtain
L[sinwt] =w/ (s* +w?).

A function f(t) is said to be of exponential order as t — oo if there
exist real constants M and a such that |f (t)] < Me® for 0 <t < oco.

S

Theorem 12.8.1. Let f be piecewise continuous in the interval [0,T] for
every positive T, and let f be of exponential order, that is, f (t) = O (e*)
as t — oo for some a > 0. Then, the Laplace transform of f (t) ewxists for
Res > a.

Proof. Since f is piecewise continuous and of exponential order, we have

L(F (£)] = / T ety (1) de
g/o eS| (t)) dt

oo
< / e St Medt

—Jo
:M/ e~ =gt = M/ (s —a), Res>a.
0

/Oo e Stf(t)dt

0

Thus,

exists for Res > a.
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12.9 Properties of Laplace Transforms

Theorem 12.9.1. (Linearity) If L[f (t)]and L[g (t)] are Laplace trans-
forms of f(t) and g (t) respectively, then

Llaf(t)+bg(t)] =aLll[f ()] +bLg(t)]
where a and b are constants.

Proof.

Llaf )+ b (0] = [ laf (0 +bg (0]~

0
a/ () e stdt + b/ g(t)e stdt
0 0

al[f )] +bLg ()]

This shows that £ is a linear operator.

Theorem 12.9.2. (Shifting) If f (s) is the Laplace transform of f(t),
then the Laplace transform of e®* f (t) is f (s — a).

Proof. By definition, we have

L [e“tf (t)]

/OC e Stet f (t) dt
0

/Oo e E () di
0
(s—a).

Il
|

Example 12.9.1.
(a) If £ [t?] = 2/s, then L[t%¢!] = 2/ (s — 1)°.

(b) If L [sinwt] = w/ (s* + w?), then L [e* sinwt] =w/ |(s — 1%+ wQ]

(c) If L{coswt} = then £ {e* coswt} = —2

s
s2+w?? (s—a)?+w?”

(d) If £L{t"} = 2k, then £ {e*t"} = —2

Theorem 12.9.3. (Scaling) If the Laplace transform of f () is f (s), then

the Laplace transform of f (ct) with ¢ > 0 is (1/c) f (s/c).
Proof. By definition, we have

cif )= | T et (et de

_ / TLo-eerf(e)de (substituting € = cf)
0

c

= (1/e) f (s/c).
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FEzxzample 12.9.2.
(a) If %5 = L[cost], then

1 S/(; = — 5 5 = Llcoswt].
W (sfP 41 P tw
(b) If L5 = L[e'], then
1 1
! — L[],
ey
or
at| __ 1
L[e"] = e

Theorem 12.9.4. (Differentiation) Let [ be continuous and f' piecewise
continuous, in 0 <t < T for all T > 0. Let f also be of exponential order
as t — oo. Then, the Laplace transform of [’ (t) exists and is given by

LI @) =sL[f )]~ F(0)=sf(s)— f(0).
Proof. Consider the definite integral

T T T
/ et (t)dt = [e7 f (1)], +/ se Sf(t)dt
0 0
T
ST = f )45 [ @

Since |f (t)] < Me® for large ¢, with a > 0 and M > 0,
|678Tf (T)| < Me (s—a)T,
In the limit as T — oo, e *T f (T)) — 0 whenever s > a. Hence,

LI ) =sL[f )]~ f(0)=sf(s)— f(0).

If f/ and f” satisfy the same conditions imposed on f and f’ respec-
tively, then, the Laplace transform of f” (¢) can be obtained immediately
by applying the preceding theorem; that is

L") =sLIf ()] - f(0)
=s{sC[f ()] - f(0)} - f(0)
= s*Lf ()] = sf (0) = f'(0)
=s2f(s) —sf(0) = f'(0).
Clearly, the Laplace transform of f(™) (t) can be obtained in a similar man-

ner by successive application of Theorem 12.9.4. The result may be written
as

L @] = "L @ =" ) == 707D 0) = S (0).
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Theorem 12.9.5. (Integration) If f (s) is the Laplace transform of f (t),

then
e[ [ rwar| =i
Proof
c[ Otfde] :/Ow [/Otf(T)dT}e sty
- [-<- Otf<r>df]j+8 " rwea

¢
since / f () dr is of exponential order.
0

In solving problems by the Laplace transform method, the difficulty
arises in finding inverse transforms. Although the inversion formula ex-
ists, its evaluation requires a knowledge of functions of complex variables.
However, for some problems of mathematical physics, we need not use this
inversion formula. We can avoid its use by expanding a given transform by
the method of partial fractions in terms of simple fractions in the trans-
form variables. With these simple functions, we refer to the table of Laplace
transforms given in the end of the book and obtain the inverse transforms.
Here, we should note that we use the assumption that there is essentially a
one-to-one correspondence between functions and their Laplace transforms.
This may be stated as follows:

Theorem 12.9.6. (Lerch) Let [ and g be piecewise continuous functions
of exponential order. If there exists a constant sg, such that L[f] = L]g]
for all s > sq, then f(t) = g(t) for all t > 0 except possibly at the points
of discontinuity.

For a proof, the reader is referred to Kreider et al. (1966).

In order to find a solution of linear partial differential equations, the

following formulas and results are useful.
If L{u(z,t)} =u(x,s), then

z:{‘;;‘} =s7(z,s) —u(z,0),

and so on.
Similarly, it is easy to show that
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ou du 9%u d*u o"u d"u
E{@x} = 4 ﬁ{ax} = dx‘{ax} = d

The following results are useful for applications:

c {erfc (23/%)} - éexp (—avs), a>0, (12.9.1)

L {exp (at) erf (\/(E)} = \/g(\ga_a), a>0. (12.9.2)

Example 12.9.3. Consider the motion of a semi-infinite string with an ex-
ternal force f (t) acting on it. One end is kept fixed while the other end is
allowed to move freely in the vertical direction. If the string is initially at
rest, the motion of the string is governed by

Uy = gy + f (1), 0<zxz<oo, t>0,
u (x,0) =0, ug (x,0) =0,
u (0,t) =0, ug (2, t) = 0, as x — oo.

Let @ (z, s) be the Laplace transform of u (x, t). Transforming the equa-
tion of motion and using the initial conditions, we obtain

Uyy — ($2/F) U= —F(s) /.
The solution of this ordinary differential equation is
T(x,s) = Aes*/¢ + Be™*%/¢ 4 [f(s)/s%].
The transformed boundary conditions are given by

%(0,s) =0, and lim @, (z,s)=0.

xr—00

In view of the second condition, we have A = 0. Now applying the first
condition, we obtain

(0,s) =B+ [f(s)/s*] =0.
Hence
u(z,s) = [f(s)/s%] [1 - 6_3”’/0} .
(a) When f (t) = fo, a constant, then

1 1
— _ _ —s /
u(x,s) = fo (53 S€ x c) )

The inverse Laplace transform gives the solution
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Cc

u(x,t) = % [tQ _ (t— az)? when ¢>z/c,
= (fo/2)t? when ¢ <uz/c.

(b) When f (t) = coswt, where w is a constant, then

f(s)= /OOO e coswtdt = s/ (w? + 7).

Thus, we have

(z,s) = S(quaﬁ) (1 - e—“/C) . (12.9.3)

By the method of partial fractions, we write

1 111
s(s24+w?)  w?|s s2+w?|’

Hence

1 1 2 wt
—1 _ _ -2
L |i3(52<|»a}2):| = E (1 — COSWt) = E S (2> .

If we denote

then the Laplace inverse of equation (12.9.3) may be written in the form

u(z,t):%[z{;(t)—d;(t—%)] when t>z/c,
:% (t) when ¢ <uz/ec

12.10 Convolution Theorem of the Laplace Transform

The function

(f*9) (1) = /O'f<t—£>g<£) e (12.10.1)

is called the convolution of the functions f and g.

Theorem 12.10.1. (Convolution) If f (s) and g (s) are the Laplace trans-
forms of f(t) and g (t) respectively, then the Laplace transform of the con-
volution (f = g) (t) is the product f (s)g(s).
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3
(=0 ----ommmm oo .
|
T
l
0 E=0 t

Figure 12.10.1 Region of integration.

Proof. By definition, we have

(7=t / /f (t—&)g(&)deadt
:/0 /0 e f (t =€) g (&) d dt.

The region of integration is shown in Figure 12.10.1. By reversing the order
of integration, we have

LI+ 9)( // e f (t—€) g (€) dt de
- g<f>/E e F (¢ — &) di de.

If we introduce the new variable n = (¢ — &) in the inner integral, we obtain

LI *9) (1)) = / T / o€ £ () diy de

— > —s{d Oo—s’r/ d
/09(5)6 5/0 e " f (n)dn

=f(s)g(s). (12.10.2)

The convolution satisfies the following properties:
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* g* f (commutative).

*(gxh)=(f*g)xh (associative).

*x (g + Oh) =a(f*g)+ 0(fxh), (distributive),
where o and 3 are constants.

W=
-

FEzxample 12.10.1. Find the temperature distribution in a semi-infinite radi-
ating rod. The temperature is kept constant at x = 0, while the other end
is kept at zero temperature. If the initial temperature distribution is zero,
the problem is governed by

up = kug, —hu, 0<z<oo, t>0, h=constant,
u(xz,0) = 0, w(0,t) =ug, t>0, wug=constant,

u(z,t) — 0, as T — oo.

Let @ (x, s) be the Laplace transform of u (z, t). Then the transformation
with respect to t yields

ﬂzz_ (5‘I:h)u:0’

w(0,8) =up/s, lim @(x,s)=0.

The solution of this equation is
(z,5) = AcVEME 4 poeV/GHN/k

The boundary condition at infinity requires that A = 0. Applying the other
boundary condition gives

% (0,8) = B =ug/s.

Hence, the solution takes the form

u(x,8) = (ug/s)exp [—x\/m} .

We find (by using the Table of Laplace Transforms) that

u

0[]

and

wexp [—ht — (22 /4kt)]
2Vrkt® '

Thus, the inverse Laplace transform of @ (x,s) is

u(x,t)=L7" {% exp {fx\/m}} .

L1 [exp{—x (s+h)/k H =
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By the Integration Theorem 12.9.5, we have

_ [tuowexp [—hT — (22 /4kT)]
u(a:,t)—/o W d

Substituting the new variable n = (x /2V kT) yields

T.

2u0 e

u(x,t) = —=
) ﬁ x/2Vkt

exp [—772 + (hx2/4k772)] dn.

For the case h = 0, the solution u (x,t) becomes

QU() o 2
t) ="~ '
u(z,t) NG Mme n
- QUO & 2 2u0 :1:/2\/H 2

NZI V7 Jo

= ug [1 —erf (2\%)] = g erfe (%) .

12.11 Laplace Transforms of the Heaviside and Dirac
Delta Functions

We have defined the Heaviside unit step function. Now, we will find its
Laplace transform.

CIH (t - a)] :/ooe*StH(t—a)dt

0

> 1
:/ e *tdt = () e ™, s>0. (12.11.1)
a S

Theorem 12.11.1. (Second Shifting) If f (s) and g(s) are the Laplace
transforms of f (t) and g (t) respectively, then

()  L[H(t—a)f(t—a)=e"f(s)=e"L{f(t)}.
(b) LAH(E—a)g(t)} =e “Lig(t+a)}.

Proof. (a) By definition
CIH(t—a)f(t—a)] = /0 e~H (t— a) f (t — a) dt
= /ooe_“f(t—a)dt.

Introducing the new variable £ =t — a, we obtain
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o0
LHE-af(t-a)= [ € ©de
0

—e [T ©de= e o).

To prove (b), we write
C{H(t—a)g(t)} = /Ooe_”g(t)dt (t—a=1)

= / e g (a+ 1) dr =e > L{g(t+a)}.
0

Ezample 12.11.1. (a) Given that

0, t<2
f(t)—{ }—(t2)H(t2),

t—2,  t>2
find the Laplace transform of f ().
We have
1
LU 0] = LU (-2 (-2 =0 = () .

(b) Find the inverse Laplace transform of

o 1+ 6725

fls)=—7—

B . B 1 6725

_ {312] Lt [:j} — 4 H(t-2)(f—2)

t, 0<t<2,
2(t—1), t>2.
The Laplace transform of the impulse function p (¢) is given by

chpol = [ et
= /aa? he Stdt

_ a+te
e st
s a—e

— he™ (eas _ e—ss)
S

he

—as

=2

sinh (es) . (12.11.2)
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If we choose the value of h to be (1/2¢), then the impulse is given by

[e%e] a-+e 1
I(s):/_Oop(t)dt:-/a_8 gdt—l

Thus, in the limit as ¢ — 0, this particular impulse function satisfies
limp. (t) =0, t#a,
lim 7 (2) =
From this result, we obtain the Dirac delta function which satisfies
d(t—a)=0, t # a,
/ d(t—a)dt=1. (12.11.3)

Thus, we may define the Laplace transform of 0 (¢) as the limit of the
transform of p. ().

LI5(t—a)] = lim £[p- (1],

_as Sinh (gs)

= lime (12.11.4)
e—0 ES
=e %%
If a = 0, we have
LI[6@)]=1. (12.11.5)

One very useful result that can be derived is the integral of the product
of the delta function and any continuous function f (¢).

oo

[ st-aroa=nn [ 0w

— 00

= lim/a+6 G )dt

e=0 J,_. 2

1
= lim — - 2¢ f ("), a—e<t'<a+e

e—0 2¢

= f(a). (12.11.6)

Suppose that f (t) is a periodic function with period T'. Let f be piece-
wise continuous on [0, T]. Then, the Laplace transform of f (¢) is

Clf (1) = / Tt (1) de

o0
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If we introduce a new variable £ =t —nT', then
o0 T
Ll =Y [ e de
n=0 0
= Z e*’nTS ?1 (S) )
n=0

where f (s) = fOT e~ 58 f (&) d¢ is the transform of the function f over the
first period. Since the series is a geometric series, we obtain for the transform
of a periodic function

fi(s)

LIf ()] =k (12.11.7)

Ezample 12.11.2. Find the Laplace transform of the square wave function
with period 2c¢ given by

h, O<t<ec
ft) = with  f (t+2¢) = f (1),
—h, c<t<2c

as shown in Figure 12.11.1.

h ] i . 1
| | | | |
| | | | I
| | | | |
| | | | |
| | | | |
| | | | |
0 :C 12¢ :3c 14c :50 !
| |
| | | | |
| | | | |
| | | | |
| | | | |
—h+ | J | ] |

Figure 12.11.1 Square wave function.
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2c
i) = [ er©de,
0
c 2c
= / e hd¢ +/ e ¢ (=h) de,
0 c
h 2
— 1 _ —CS .
O
Thus, the Laplace transform of f (¢) is, by (12.11.7),

_ —cs)2
i) =y - hﬁ - Z—zcz>

h(l—e™c) h cs
e ) P (2.
s(1+e-c) s tan (2)

Ezample 12.11.8. A uniform bar of length [ is fixed at one end. Let the force

fo, t>0

be suddenly applied at the end x = [. If the bar is initially at rest, find the
longitudinal displacement for ¢t > 0.
The motion of the bar is governed by the differential system

Uy = @*Upy, O0<x<I, t>0, a=constant,
u(z,0) =0, wu(x,0)=0,
w(0,t) =0, wug(l,t) = (fo/E), where Eis a constant and ¢ > 0.

Let uw (z, s) be the Laplace transform of w (x,t). Then, @ (z, s) satisfies the
system

0
w(0,8) =0, . (l,8)=(fo/ESs).
The solution of this differential equation is
u(x,s) = Ae™/* + Be=®/9,
Applying the boundary conditions, we have
A+ B=0, (2 /) A+ (—Z e~1*/*) B = fo/Es.

Solving for A and B, we obtain
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_ _n_ afo
A=-B= Es2 (els/a 4 e—ls/a) :

Hence, the transform of the displacement function is given by

B afO (eazs/a _ efxs/a)

u(z,s) = Bs? (elo/ + e~ 1s/a)”

Before finding the inverse transform of @ (z, s), multiply the numerator and
denominator by (e_ls/a — e‘3ls/a). Thus, we have

ﬂ(x,s) = <Z;Z(;> |:e—(l—a:)8/a _ e—(l-i-w)s/a _ 6—(3l—x)s/a + e—(3l+w)s/a:|

1
X (1 _ e—4ls/a) ’
Since the denominator has the term (1 — g8/ “), the inverse transform
u (x,t) is periodic with period (41/a). Hence, the final solution may be
written in the form

0, 0<t< btz
(¢ 52). e crctis
N e R )f e <t
P l-50) - (- - (¢ -E)],  EEarcit
Bl —150) - (- ) — (- 22) + (- )]
0, e o p < 4l

0, 0<t<(l—2x)/a,
alo (p — L=z (-2)/a<t<(l+z)/a,
u(x,t) =< oo () (l+z)/a<t< (3l—1zx)/a,

o (g 32y (3l —2) Ja<t< (3 +a)/a,

0, Bl+x)/a<t<dl/a.

This result can clearly be seen in Figure 12.11.2.
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FEzample 12.11.4. Consider a semi-infinite string fixed at the end x = 0.
The string is initially at rest. Let there be an external force

Fat)=—fod (t=2).

acting on the string. This is a concentrated force fy acting at the point
x = vt.

The motion of the string is governed by the initial boundary-value prob-
lem

— Py — _r
Ut = CUgy fo5(t v),
u(z,0) =0, u(x,0)=0,
u(0,t) =0, w(z,t) is bounded as x — oco.

Let @ (x, s) be the Laplace transform of u (x,t). Transforming the wave
equation and using the initial conditions, we obtain

° fo

_ s _
Use = 5 U= "5 €XP (—xs/v).

The solution of this equation is

2 —sz/v
JZOCZ—QT)SQ for v # C,
T (x,s) = (Ae”/c + Be*”/c) +
—sz/v
—f“I;T for v=c.
S
S
S
\§O
0 l l l l l»

l l
I I I I I I T I
(I=x)a la (I+x)/a 2lla Bl—x)/a3lla(3l+x)/adl/a

Figure 12.11.2 Graph of u (z,t).
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The condition that u (x, ) must be bounded at infinity requires that A = 0.
Application of the condition

u(0,s) =0,
yields
v for v#c
(c2—v2) )
B =
0 for v=c

Hence, the Laplace transform is given by

fO,UZ(efxs/v_efms/c)

B (cZ—v?)s2 for w 7& ¢,
u(r,s) =
. —xs/c
—jox; for v=c
CcS

The inverse Laplace transform is therefore given by

A (=D ul= D) = (- Du-2). o ote
u(x,t) =

—(J;O—f)u(t—%), for v=c

Ezample 12.11.5. (The Stokes Problem and the Rayleigh Problem in fluid
dynamics). Solve the Stokes problem which is concerned with the unsteady
boundary layer flows induced in a semi-infinite viscous fluid bounded by an
infinite horizontal disk at z = 0 due to oscillations of the disk in its own
plane with a given frequency w.

We solve the boundary layer equation for the velocity u (z,t)

U =V Uy, 2>0, t>0,
with the boundary and initial conditions

u(z,t) = Upe™, 2=0, t>0,
u(z,t) =0, as z—o00, t>0,
u(z,0) =0, at t<0 forall z>0,

where u (z,t) is the velocity of fluid of kinematic viscosity v and Up is a
constant.

The Laplace transform solution of the equation with the transformed
boundary conditions is

T (z,5) = ﬁexp (—z\/§> .
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Using a standard table of inverse Laplace transforms, we obtain the solution

u(z,t) = %ei“’t [exp (—Az)erfc (( - \/2@75)
+ exp (Az) erfc (C + m>] ,

where ¢ = (z / 2\/V7t) is called the similarity variable of the viscous boundary
1

layer theory, and A = (iw/v)2. This result describes the unsteady boundary
layer flow.
In view of the asymptotic formula for the complementary error function

erfe (Civiwﬁ) ~(2,0) as t— oo,
the above solution for u (z,t) has the asymptotic representation
u(z,t) ~ Upexp (iwt — Az)

1
= Upexp [iwt - (2%) P (141) z] . (12.11.8)
This is called the Stokes steady-state solution. This represents the prop-
agation of shear waves which spread out from the oscillating disk with
velocity w/k = v2vw (k = (w/ZV)%) and exponentially decaying ampli-
tude. The boundary layer associated with the solution has thickness of the
order (V/w)% in which the shear oscillations imposed by the disk decay
exponentially with distance z from the disk. This boundary layer is called
the Stokes layer. In other words, the thickness of the Stokes layer is equal
to the depth of penetration of vorticity which is essentially confined to the
immediate vicinity of the disk for high frequency w.

The Stokes problem with w = 0 becomes the Rayleigh problem. In other
words, the motion is generated in the fluid from rest by moving the disk
impulsively in its own plane with constant velocity Ujy. In this case, the
Laplace transform solution is

so that the inversion gives the Rayleigh solution

u(z,t) = Ugerfe ( (12.11.9)

z
2/t ) '
This describes the growth of a boundary layer adjacent to the disk. The
associated boundary layer is called the Rayleigh layer of thickness of the

order § ~ /vt which grows with increasing time ¢. The rate of growth is of
the order dd/dt ~ /v /t, which diminishes with increasing time.
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The vorticity of the unsteady flow is given by

ou U
5 = \/%exp (—¢?) (12.11.10)
which decays exponentially to zero as z > 4.

Note that the vorticity is everywhere zero at t = 0 except at z = 0.
This implies that it is generated at the disk and diffuses outward within
the Rayleigh layer. The total viscous diffusion time is Ty ~ 6%/v.

Another physical quantity related to the Stokes and Rayleigh problems
is the skin friction on the disk defined by

To=p (gj) 7 (12.11.11)
2=0

where p = vp is the dynamic viscosity and p is the density of the fluid. The
skin friction can readily be calculated from the flow field given by (12.11.8)
or (12.11.9).

Ezample 12.11.6. (The Nonhomogeneous Cauchy Problem for the Wave
Equation). We consider the nonhomogeneous Cauchy problem

Uy — CUgy = q(x,t), zER, t>0, (12.11.12)
u(z,0) = f(z), w(z,0)=g(z) foral ze R, (12.11.13)

where ¢ (z,t) is a given function representing a source term.
We use the joint Laplace and Fourier transform of u (z,t)

T (k,s) = £ [F {u(z,0)}] = \/% /jo e~ /Ooo ety (2, 1) dt.
(12.11.14)

Application of the joint transform leads to the solution of the trans-
formed Cauchy problem in the form

_ s F (k) + G (k) +Q(ks)

k,s) = 12.11.1
U( 78) (82 —|—62k‘2) ( 5)
The inverse Laplace transform of (12.11.15) gives
U (k,t) = F (k) cos (ckt) + iG (k) sin (ckt) + iﬁfl ok Q (k,s)
e ck ck s2 4 2k? ’
G (k

= F (k) cos (ckt) + ) sin (ckt) + ik: /1t sinck (t —7)Q (k,7) dr.
R Jo
(12.11.16)

The inverse Fourier transform leads to the exact integral solution
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u(m,t) — Wor wkt e—ickt) eikrF (k) dk

, s e G (K)
ickt _ ickt) _ikx
+2\/27r o NGl ick "

t o
+L . i/ dT/ Q (E’T) |:e'ick(t—7') _ e—ick(t—T) eikxdk_
Vor 2c )y oo Uk

x+ct
Uw+m+fw—an+i/' g (€)de

2¢ Syt

1 t 1 00 ( ) z+c(t—T) ke
—|——/d7’—/ Qk‘,Tdk‘/ e dE
2¢ 0 V2T J oo z—c(t—7)

x+ct
vu—m+fu+dn+§/’ 9(6) de

N =

N | =

z+e(t— 'r)
dT/ ,7)de. (12.11.17)

c(t—T)

In the case of the homogeneous Cauchy problem, ¢ (x,t) = 0, the solution
of (12.11.17) reduces to the famous d’Alembert solution (5.3.8).

Ezample 12.11.7. (The Heat Conduction Equation in a Semi-Infinite Medium
and Fractional Derivatives). Solve the one-dimensional diffusion equation

U = KUgpg, x>0 t>0, (12.11.18)

with the initial and boundary conditions

u(z,0) = 0, x>0, (12.11.19)

w(0,t) = f(t), t>0, (12.11.20)

u(x,t) — 0, as z—o00, t>0. (12.11.21)

Application of the Laplace transform with respect to ¢ to (12.11.18)

gives

d’u s

— ——u=0. 12.11.22

dz Rk ( )

The general solution of this equation is

u(x,s) = Aexp (—xﬁ) + Bexp (mﬁ) ,

where A and B are integrating constants. For bounded solutions, B = 0,
and using u (0, s) = f (s), we obtain the solution

S

u(z,s) = f(s)exp <x ) . (12.11.23)

R
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The Laplace inversion theorem gives the solution

t
u(z,1) 4KkT

2m/f

which, by setting A = ﬁ7 or d\ = _W T_%dﬂ

f/ < " ;) e d. (12.11.25)

This is the formal solution of the heat conduction problem.
In particular, if f (t) = Ty = constant, solution (12.11.25) becomes

3 $2
)T 2 exp (> dr, (12.11.24)

2To

u(z,t) = Tr

NN = Ty erfe < > . (12.11.26)

T
2V Kt

Clearly, the temperature distribution tends asymptotically to the constant
value Ty, as t — oc.
Alternatively, solution (12.11.23) can be written as

u(x,s) = f(s)sTg(z,s), (12.11.27)

s (2, 8) = exp <x\/§> . (12.11.28)

Consequently, the inversion of (12.11.27) gives a new representation

u(z,t) /f (auo)dT (12.11.29)

This is called the Duhamel formula for the diffusion equation.

We consider another physical problem: determining the temperature
distribution of a semi-infinite solid when the rate of flow of heat is prescribed
at the end = 0. Thus, the problem is to solve diffusion equation (12.11.18)
subject to conditions (12.11.19), (12.11.21), and

where

ou
—k <8x> g(t) atx=0, t>0, (12.11.30)

where k is a constant called thermal conductivity.
Application of the Laplace transform gives the solution of the trans-

u(:[7é) 9(5)3:: :[\/7 (12 11 31)
k S p K



482 12 Integral Transform Methods with Applications

The inverse Laplace transform yields the solution

1 [k [ 1 x?
u(x,t):% = gt —T7)T 2 exp ~Tor dr, (12.11.32)

T

which is, by the change of variable A\ = NG

T e x2 o )2
=i /m 9 (t - 4“2) A2e N (12.11.33)

In particular, if g (t) = Ty = constant, this solution becomes

T()a?
W) s

Integrating this result by parts gives

[ KT z? T

Alternatively, the heat conduction problem (12.11.18)—(12.11.21) can be
solved by using fractional derivatives (Debnath 1995). We recall (12.11.23)
and rewrite it as

u(x,t) = A 2e M,

Ty

u(z,t) = %

Ju
ox

7. (12.11.35)

B

This can be expressed in terms of a fractional derivative of order % as

ou 1 _ 1 1

= —ﬁﬁ "Vsu(z,s)} = TR oDZu(x,t). (12.11.36)
Thus, the heat flux is expressed in terms of the fractional derivative. In
particular, when u (0,¢) = constant = Ty, then the heat flux at the surface
is given by

ou k 1 kTo
k(2 = DTy = =2 12.11.37
(8x)x_0 Ve 0T ant ( )

Ezample 12.11.8. (Diffusion Equation in a Finite Medium). Solve the dif-
fusion equation

Up = KUz, O<z<a, t>0, (12.11.38)
with the initial and boundary conditions

u(z,0) =0, 0<uz<a, (12.11.39)
w(0,t)=U, t>0, (12.11.40)
g (a,t) =0, t>0, (12.11.41)
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where U is a constant.
We introduce the Laplace transform of u (x,t) with respect to ¢ to obtain

d*u

s _
T2 =0 0<z<a (12.11.42)
7(0,s) = g @z) = 0. (12.11.43)

The general solution of (12.11.42) is

7 (x,s) = A cosh (m\/i) + B sinh (az\/i) , o (12.11.44)

where A and B are constants of integration. Using (12.11.43), we obtain
the values of A and B, so that the solution (12.11.44) becomes

U cosh[(a—2) /7] (12.11.45)

s cosh (a \/g )

The inverse Laplace transform gives the solution

w(z,t) =UL™" {M} (12.11.46)

u(x,s) =

s cosh /a2
K

The inversion can be carried out by the Cauchy residue theorem to obtain

the solution
i )" 2n—1(a—x)m
(2n — 1 2a

u(z,t) =

_ xexp{(2n1)2 (;)me}]. (12.11.47)

By expanding the cosine term, this becomes

u(z,t) =U

X exp {— (2n — 1)2 (%)2 m}] . (12.11.48)

This result can be obtained by solving the problem by the method of sep-
aration of variables.

Ezample 12.11.9. (Diffusion in a Finite Medium). Solve the one-dimensional
diffusion equation in a finite medium 0 < z < a, where the concentration
function C'(z,t) satisfies the equation
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Cy =rC,,, 0<z<a,t>0, (12.11.49)

and the initial and boundary data

C(z,0)= 0 for 0<z<a, (12.11.50)
C(z,t) =Cy for z=ua, t>0, (12.11.51)
88—0 =0  for z=0,t>0, (12.11.52)

z

where Cy is a constant.
Application of the Laplace transform of C (z,t) with respect to ¢ gives

%7(2)5:0, 0<z<a,

C(a,s) = @, ((jlf) =0.
z=0

S

The solution of this differential equation system is

_ Co cosh (/%
C(z,s _ Cocosh (z/5) (12.11.53)

s cosh (a\/g) ’

which, by writing o = \/E’

K

5 (exa 4 ema)

oo

- % [exp{—a(a—2)} +exp{—a(a+2)}] Y (-1)" exp(—2naa)
n=0
= % 3 ()" exp[~a{(2n +1)a - 2}
n=0

+ i (—-1)"exp[—a{(2n+1)a+ 2}]| .(12.11.54)

Using the result (12.9.1), we obtain the final solution

Clet) = Co {i (—1)" [erfc {W}

QI

This solution represents an infinite series of complementary error functions.
The successive terms of this series are, in fact, the concentrations at depth
a—z,a+z2,3a—z2,3a+ z, ... in the medium. The series converges rapidly
for all except large values of (2—5)
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Ezample 12.11.10. (The Wave Equation for the Transverse Vibration of a
Semi-Infinite String). Find the displacement of a semi-infinite string, which
is initially at rest in its equilibrium position. At time ¢t = 0, the end z = 0 is
constrained to move so that the displacement is u (0,¢) = A f (¢) for t > 0,
where A is a constant. The problem is to solve the one-dimensional wave
equation

Uy = gy, 0<z<oo, t>0, (12.11.56)

with the boundary and initial conditions

u(xz,t) = Af(t) at =0, t>0, (12.11.57)

u(x,t) — 0 as x —oo, t>0, (12.11.58)
s,

u(z,t) = 0= 8—1; at t=0 for 0<z<oc. (12.11.59)

Application of the Laplace transform of u (z, ) with respect to t gives

&P §?

@—cﬁuzo, for 0<zx< o0,

u(z,8) = Af(s) at x=0,

u(z,s) — 0 as z — oo.
The solution of this differential equation system is
_ — xs
u(x,s) = Af(s)exp (——) . (12.11.60)
c
Inversion gives the solution

u(z,t) :Af(t—%)H(t—f). (12.11.61)

Cc

In other words, the solution is

Af(t—2), t>=
u(z,t) = (12.11.62)
0, t<Z.

This solution represents a wave propagating at a velocity ¢ with the char-
acteristic x = ct.

Ezample 12.11.11. (The Cauchy—Poisson Wave Problem in Fluid Dynam-
ics). We consider the two-dimensional Cauchy—Poisson problem (Debnath
1994) for an inviscid liquid of infinite depth with a horizontal free surface.
We assume that the liquid has constant density p and negligible surface
tension. Waves are generated on the free surface of liquid initially at rest
for time t < 0 by the prescribed free surface displacement at ¢ = 0.
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In terms of the velocity potential ¢ (x, z,t) and the free surface elevation
71 (x, 1), the linearized surface wave motion in Cartesian coordinates (z, y, 2)
is governed by the following equation and free surface and boundary con-
ditions:

V2 = ¢y + 6. =0, —00<2<0, z€R, t<0, (12.11.63)

Z:;;;ig} onz=0,t>0, (12.11.64)
¢, — 0 as z— —o0. (12.11.65)

The initial conditions are
¢(2,0,0) =0 and n(z,0)=mn(z), (12.11.66)

where 79 () is a given initial elevation with compact support.
We introduce the Laplace transform with respect to ¢ and the Fourier
transform with respect to x defined by

¢ (k, z,s) ,ﬁ(k‘,s)] = \/% /_00 e~y /000 e 5 [p,m]dt. (12.11.67)

Application of the joint transform method to the above system gives

¢ =s7—10 (k)
. onz =0, (12.11.69)
s¢+g=0
5. -0 as z— —o0, (12.11.70)

where

7o (k) = F{no (z)}.

The bounded solution of equation (12.11.68) is

¢ (k,s)=A exp(|k|2), (12.11.71)

where A = A (s) is an arbitrary function of s.
Substituting (12.11.71) into (12.11.69) and eliminating 7 from the re-
sulting equations gives A. Hence, the solutions for ¢ and 7 are

= 1 [ gnoexp(|k|lz) s
[cb, 77] = [ P 2| (12.11.72)

and the associated the dispersion relation is
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w? = glk|. (12.11.73)
The inverse Laplace and Fourier transforms give the solutions

g > sinwt

B V2r J_so

1 e .
n(z,t) = T / flo (k) cos wt e™**dk,
— 00

¢(xﬁz7t) =

exp (ikx + |k| 2) 7o (k) dk, (12.11.74)

1 . _
== [ o (k) [eemen o eteten ] g (12.10.75)
V2T /0

in which 7jp (—k) = 7o (k) is assumed.

Physically, the first and second integrals of (12.11.75) represent waves
traveling in the positive and negative directions of x, respectively, with
phase velocity . These integrals describe superposition of all such waves
over the wavenumber spectrum 0 < k < oco.

For the classical Cauchy—Poisson wave problem, 7o (z) = ad (x), where
§ (z) is the Dirac delta function, so that fjo (k) = (a/v/27). Thus, solution
(12.11.75) becomes

n(x,t) = “/ [e“’”*“tuei(’"*wt)} dk. (12.11.76)
0

27

The wave integrals (12.11.74) and (12.11.75) represent the exact solution
for the velocity potential ¢ and the free surface elevation 7 for all z and
t > 0. However, they do not lend any physical interpretations. In general,
the exact evaluation of these integrals is a formidable task. So it is necessary
to resort to asymptotic methods. It would be sufficient for the determination
of the principal features of the wave motions to investigate (12.11.75) or
(12.11.76) asymptotically for large time ¢ and large distance x with (z,t)
held fixed. The asymptotic solution for this kind of problem is available
in many standard books; (for example, see Debnath 1994, p. 85). We use
the stationary phase approximation of a typical wave integral (12.7.1), for
t — 00, given by (12.7.8)

b
(@, t) = / F(k) explit (k)] dk (12.11.77)
2m H ) L I
where 0 (k) = £2 —w(k), z > 0, and k = k; is a stationary point that

satisfies the equation

0 (k1) = % —w (k) =0, a<k <b (12.11.79)
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Application of (12.11.78) to (12.11.75) shows that only the first integral
in (12.11.75) has a stationary point for > 0. Hence, the stationary phase
approximation (12.11.78) gives the asymptotic solution, as t — oo, = > 0,

n(x,t) ~ [t|w”1(k1)|]2 o (k1) exp {z{klx —tw(ky)} + Z.Zﬂ-sgn{—w"(kl)} ,
(12.11.80)

where k; = (gt?/42?) is the root of the equation w’ (k) = £.

On the other hand, when = < 0, only the second integral of (12.11.75)
has a stationary point k; = (gt2/4x ), and hence, the same result (12.11.78)
can be used to obtain the asymptotic solution for t — oo and = < 0 as

n(w,t) ~ {WT 7o (k1) exp [z {tw(ky) — k1 |z|} + %Sgn W' (k1) |-
(12.11.81)

In particular, for the classical Cauchy—Poisson solution (12.11.76), the
asymptotic representation for 7 (z,t) follows from (12.11.81) in the form

at /g gt? 9
t) v ————— — t 4 12.11.82
n(z,1) Wor Ao COS(M ,ogt > A ( )

and gives a similar result for 7 (z,t), when z < 0 and ¢ — oco.

12.12 Hankel Transforms

We introduce the definition of the Hankel transform from the two-dimen-
sional Fourier transform and its inverse given by

FU @) =P = [ [ ew(citen) s @ dedy,
(12.12.1)
FUF (D) = f(0,y) = / / exp {i (k- 1)} F (k. 1) di dI,
(12.12.2)
where r = (z,y) and &k = (k,1). Introducing polar coordinates (z,y) =

r(cos@,sind) and (k,1) = k (cos ¢,sin @), we find k- r = krcos (6 — ¢) and
then

2m
F(k,0) = / rdr/ exp [—ikrcos (0 — @) f (r,0)dh.  (12.12.3)
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We next assume f (r,0) = exp (inf) f (r), which is not a very severe
restriction, and make a change of variable § —¢ = a— § to reduce (12.12.3)
to the form

F(x, ) l/ooorfmdr

:27T

X /:Tr+¢0 exp [m (d) - g) +i(na— kr sinoz)} da, (12.12.4)

0

where ¢9 = § — ¢.
We use the integral representation of the Bessel function of order n

1 2m+¢o
Ty (k1) = Py /{1) exp [ (na — krsin a)] do (12.12.5)
0

so that integral (12.12.4) becomes

2
— exp [m (¢ - g)} o (5), (12.12.7)

F (k,¢) = exp [m (qﬁ - E)] /OOO rdn, (kr) f(r)dr  (12.12.6)

where f,, (k) is called the Hankel transform of f (r) and is defined formally
by

Ho {f (1)} = fu (k) = /Ooo rJy (k) f (r)dr. (12.12.8)

Similarly, in terms of the polar variables with the assumption f (z,y) =
f(r,0) = e f (r) and with result (12.12.7), the inverse Fourier transform
(12.12.2) becomes

) 1 0 2m
emlf(r) = — K dn/ exp [ikrcos (0 — @) F (k, ¢) do
0

2 0

_1 > e F () d /02” exp [m (¢ _ g) + ikrcos (0 — ¢)} do,

21 0

which is, by the change of variables § — ¢ = — (a + g) and 0y = — (0 + g),

1 [e's) ~ 2w+6o
= — Kfn (K) d/-c/ exp [in (0 + a) —ikrsinal da
27'(' 0 0o

_ gind /°° o () Fo () dis, by (12.12.5). (12.12.9)
0

Thus, the inverse Hankel transform is defined by

H ! {fn (m)} =f(r)= /0OQ K Jn (k7) fr (K)dk.  (12.12.10)
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Instead of f,, (k), we often simply write f(x) for the Hankel transform

specifying the order. Integrals (12.12.8) and (12.12.10) exist for certain

large classes of functions, which usually occur in physical applications.
Alternatively, the famous Hankel integral formula (Watson, 1966, p 453)

f(r)z/oooHJn (mr)df-c/ooopJn (kp) f (p)dp,  (12.12.11)

can be used to define the Hankel transform (12.12.8) and its inverse
(12.12.10).

In particular, the Hankel transforms of zero order (n = 0) and of order
one (n = 1) are often useful for the solution of problems involving Laplace’s
equation in an axisymmetric cylindrical geometry.

FEzxample 12.12.1. Obtain the zero-order Hankel transforms of
(@) rtexp(—ar), 0, (©H@-1),

where H (r) is the Heaviside unit step function.

@ Jo) = Ho {Lexp (-an)} = [ exp(=ar) do (o) dr = e
(b) fo(r) =Ho {M} - /Oooa(m Jo (k1) dr = 1.
(¢) Folk)=Ho{H (a—7)} = /0 " do (kr) dr = /0 " pdo () dp

= =PI ()" = 21 (ak) .

Example 12.12.2. Find the first-order Hankel transform of the following
functions:

(a) f(r)=Hi{e ™} = /Ooore_‘”"Jl (kr)dr = —5—.

(a2+x2)3

) Fe =2 {2 = [T tnar=1 [1-a (20,
0
FEzxzample 12.12.3. Find the nth-order Hankel transforms of

(a) £ (r) =" H (a 1), (b) £ (r) = 1" exp (—ar?)
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n+1

(8) F(k)=Ho[r"H (a—r)] = / S (e dr = 9 (ak).

(b) f(/ﬁl) =H, [T" exp (—ar2)]

o0 n 2
= / "t (kr) exp (—ar?) dr = 7(2(3,#1 exp (—Z—a) )
0

12.13 Properties of Hankel Transforms and
Applications

We state the following properties of the Hankel transforms:

(i) The Hankel transform operator, H,, is a linear integral operator, that
is,

Hndaf (r) +bg (r)} = aHn {f (r)} + bHn{g(r)}

for any constants a and b.
(ii) The Hankel transform satisfies the Parseval relation

/Oorf(r)g(r)dr:/Ook:f(k)g(k)dk (12.13.1)
0

0

where f (k) and § (k) are Hankel transforms of f (r) and g (r) respec-
tively.

To prove (12.13.1), we proceed formally to obtain
/0 kf(k:)g(k)dk:/o kf(k)dk/o rd, (kr) g (r)dr
= / rg (r)dr / kJy, (kr) f (k) dk
0 0
:/0 rf(r)g(r)dr

(i) Ho L7 ()} = 25 [0 = 1) Fag () = (n+1) foa (B)]

provided rf (r) vanishes as  — 0 and as r — 0.
(iv)

r2

H, {ii (rj{) o (T)} = —k2f, (k) (12.13.2)

provided both (rj—’;) and rf (r) vanish as r — 0 and as r — oo.
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We have, by definition,

ol i (1 > )

0 ( ) dr— 0 r—er(r)Jn(k:r)dr

{ J; }Oo kJ' (kr)r %dr
7/ — [rf (r)] Jn (kr) dr, by partial integration
0
oo ~d )
==L kT Gl + [ S ) ) dr
— /OO Z—j rf(r) J, (kr)dr, by partial integration
0

which is, by the given assumption and Bessel’s differential equation (8.6.1),

_/O°°<k2”)rf<> <kr>dr/0°° [rf ()] T (k) dr

= —k? OCT T T T
== [ )G )
= —E*H, {f (r)} = =K fu ().
(v) (Scaling). It H, {f (r)} = fn (k), then
Ho {f (ar)} = %fn (g) . a>0. (12.13.3)

Proof. We have, by definition,

Ho {f (ar)} = /000 rd, (kr) f (ar)dr

1 [ K 1 - /K
o ()10 =50 (5),
These results are used very widely in solving partial differential equa-

tions in the axisymmetric cylindrical configurations. We illustrate this point
by considering the following examples of applications.

FEzample 12.13.1. Obtain the solution of the free vibration of a large circular
membrane governed by the initial-value problem

?u  10u 1 9%u
—_— = =— 0 t>0 12.13.4
8r2+r8r c2 o2’ <T< o, =5 ( )

u(r,0)=f(r), w(r0)=g(r), 0<r<oo, (12.13.5)
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where ¢? = (T/p) = constant, T is the tension in the membrane, and p is
the surface density of the membrane.
Application of the Hankel transform of order zero

a(k,t):/oooru(r,t)Jo(kr)dr

to the vibration problem gives

a2
%g T+ R0 =0

The general solution of this transformed system is

i (k,t) = f (k) cos (ckt) + % sin (ckt) .

The inverse Hankel transformation gives

u(r,t) = /000 kf (k) cos (ckt) Jo (kr) dk

-l-1 /OC g (k) sin (ckt) Jo (kr)dr. (12.13.6)
¢ Jo

This is the desired solution.
In particular, we consider the following initial conditions

W0 =) = — w0 =g(r) =0
(1+ %)

Nl

so that g (k) = 0 and

f (k) = Aa / TrhNd_ 2 e
0 (a2—|—r2)% k

by means of Example 12.12.1(a).
Thus, solution (12.13.6) becomes

u(r,t) = Aa/ e Jo (kr) cos (ckt) dk
0
= AaRe / e~ Rlatict) 1o (kr) dk
0

— AaRe {r2 +(a+t ict)z} . (12.13.7)

[N
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FEzample 12.13.2. Obtain the steady-state solution of the axisymmetric
acoustic radiation problem governed by the wave equation in cylindrical
polar coordinates (r,0, z):

VU = uy, 0<7r< oo, 2> 0, t>0 (12.13.8)

u, = f(r,t) on z=0, (12.13.9)

where f (r,t) is a given function and c¢ is a constant. We also assume that
the solution is bounded and behaves as outgoing spherical waves. This is
referred to as the Sommerfeld radiation condition.

We seek a solution of the acoustic radiation potential u = e*¢ (1, 2) so
that ¢ satisfies the Helmholtz equation

1 2
br+~br+ 6+ 56 =0, 0<r<oo, z>0 (1213.10)

with the boundary condition representing the normal velocity prescribed
on the z = 0 plane

¢.=f(r) on z=0, (12.13.11)

where f (r) is a known function of r.
We solve the problem by means of the zero-order Hankel transformation

b2) = [ (k)6 2)ar
0
so that the given differential system becomes
¢.. = K20, z >0, ¢.=f(k) on z=0

1
where k= [k? — (w?/c?)]?.
The solution of this system is

¢ (k,z) = =k~ f (k) e, (12.13.12)

where « is real and positive for k > w/¢, and purely imaginary for k < w/c.
The inverse transformation yields the solution

¢(r,z) =— /OOO k7L (K) kJo (kr) e 2 dk. (12.13.13)

Since the exact evaluation of this integral is difficult, we choose a simple
form of f (r) as

f(r)=AH(a—r), (12.13.14)



12.14 Mellin Transforms and their Operational Properties 495

where A is a constant and H (z) is the Heaviside unit step function so that

7 (k) :/ kJo (ak) dk = %Jl (ak).
0
Then the solution for this special case is given by
o (r,z) = —Aa/ k™YL (ak) Jo (kr) e *dE. (12.13.15)
0

For an asymptotic evaluation of this integral, we express it in terms of the
spherical polar coordinates (R, 0, ¢), (r = Rsinfcos¢, y = Rsinfsin g,
z = Rcos#), combined with the asymptotic result

1
2 \2
Jo (kr) ~ (wkr) cos (kr - %) as 1 — 00
so that the acoustic potential u = e“¢ is

B ACL\/? eiwt
vVrRsin 6

where z = Rcos#f.
This integral can be evaluated asymptotically for R — oo by using the
stationary phase approximation formula (12.7.8) to obtain

u ~

/0 J1 (ka) cos (kR sinf — %) e " dk,

Aac

U~ ———
wRsinf

Jy (k1a) e'@t=—wR/e) (12.13.16)

where k1 = w/csinf is the stationary point. This solution represents the
outgoing spherical waves with constant velocity ¢ and decaying amplitude
as R — oo.

12.14 Mellin Transforms and their Operational
Properties

If f (t) is not necessarily zero for ¢ < 0, it is possible to define the two-sided
(or bilateral) Laplace transform

fp) = /OO e PLf(t)dt. (12.14.1)

Then replacing f (x) with e~ °® f () in Fourier integral formula (6.13.9),
we obtain

2

e f (1) = = / e~k / F)e M,
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or

1 o0 . oo .
flx)= —/ ex(c_’k)dk:/ f(t)e =R gy,
27T —0o0 — 00

Making a change of variable p = ¢ — ik and using definition (12.14.1),
we obtain the formal inverse transform after replacing x by ¢ as

)= = /CH(>o e’ f(p)dp,  ¢>0. (12.14.2)

2mi c—100

If we put e~* = z into (12.14.1) with f (—logz) = g (z) and f (p) = G (p),
then (12.14.1)—(12.14.2) become

G(p) = M{g(2)} = /Ooo 21g (z) dz, (12.14.3)

3 1 c+100 B
9@ = MHCW) =5 [ @G (12144)
The function G (p) is called the Mellin transform of g(x) defined by
(12.14.3). The inverse Mellin transformation is given by (12.14.4).

We state the following operational properties of the Mellin transforms:

(i) Both M and M~! are linear integral operators,

(i) M[f (ax)] = ™" F (p),

(iif) M[z*f ()] = F (p+ a),

(iv) M[f'(z)] =—(p—1)F (p— 1), provided that [f (z)=*~"| =0,

M @) =p-1)(P-2)F/p-2),

M0 (@)] = GEERF (p—n),
provided lin})mp_’"_lf(r) ()=0,r=0,1,2,..., (n—1),

(v) M{zf' (z)} = —pM{f ()} = —pF (p), provided that [z? f (z)]5 = 0,

M {22 f" (2)} = (1) (p + p?) F (p),

M{anf) (@)} = (—1)" B2 (p),

I'(p)

(vi) M{(z)" F @)} = (0" P F (). n=1,2, ...
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(vii) Convolution Property

M [/Ooof(:vé)g(ﬁ)dé} —Fp)G(-p),

M| [1(z) a0 %| = rwrcw.

(viil) If F(p) = M (f (z)) and G (p) = M (g (z)), then, the following con-
volution result holds:
ct100
MU @@ =5 [ F6IGE=sds

In particular, when p = 1, we obtain the Parseval formula
[e%e] 1 ct+ioo
/ £ (@) g (@) de = —— F(s)G(1— s)ds.
0 2mi c—100
The reader is referred to Debnath (1995) for other properties of the
Mellin transform.

Ezample 12.14.1. Show that the Mellin transform of (1 + )" is 7 cosec mp,
0<Rep<1.
We consider the standard definite integral

1
_ r r
/ (1—-t)" 1t”_ldt:M, Rep >0, Rem >0,
0 I'(m+p)
and then change the variable ¢ = $f= to obtain

1+a2)™"  I'(m+p)’

/OO P~ tdx I'(m)I (p)
o (

If we replace m + p by «, this gives

I'(p)I'(a—p)
I'(a) '

M [(1 n x)—“] -
Setting a = 1 and using the result
I'(p)I' (1 —p) = 7cosecp, 0<Rep<1,

we obtain

M [(1 + x)fl} = T cosec TP, 0<Rep< 1.
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FEzample 12.14.2. Obtain the solution of the boundary-value problem

a:ZuM—l—xuw—i—uyy:O, 0<xr<oo, O<y<l,
A 0<z<1
u (z,0) =0, and wu(z,1) = ,
0, z>1

where A is constant.
We apply the Mellin transform

Ulpy) = / 2P (z,y) da
0
to reduce the system to the form
U,y +p°U =0, 0<y<l1,

1
A

U(p,0) =0, and U(p,1)= A/ P ldr = =,
0 p

The solution of this differential system is

_ A sin(py)

U —
(P, ) > snp

, 0<Rep<l1.

The inverse Mellin transform gives

A [,

u(x,y)zﬁ iso P sinp

where U (p,y) is analytic in a vertical strip 0 < Re p < 7 and hence,
0 < ¢ < . The integrand has simple poles at p = rm, r =1, 2, 3, ... which

lie inside a semi-circular contour in the right half-plane. Application of the
theory of residues gives the solution for z > 1

u(x,y) = %Z (_1)# sin (r7y) .

r=1

Ezample 12.14.3. Find the Mellin transform of the Weyl fractional integral

W (@,0) = Wa [ (€)] = ﬁ / T (€ o) de.

We rewrite the Weyl integral by setting

k(z) =2%f(x), g(2)= (1-a)* 'H(1—-a),

so that
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o (2, 0) :/Omk(@g("g) .

The Mellin transform of this result is obtained by the convolution property

(vii):
2(p,a) = K (p) G (p),

where K (p) = M [k (z)] = M [z°f ()] = F (p+ a) and
_ 1 ' a—1_p—1 _ F(p)
G(p)—r(a)/o(l—x) x dm—m.
Thus,
_ __I')
2p.0) = MWVaf (O] = o B Flo+a). (12149

If v is complex with a positive real part such that n — 1 < Re a < n where
n is a positive integer, the fractional derivative of order « of a function

f (z) is defined by the formula
DELF () = AW of (2) = | i@ € —ar g
oo W0} = g Wn—al AT T'(n—a) dz" '
(12.14.6)

The Mellin transform of this fractional derivative can be given by using
operational property (iv) and (12.14.5)

MDLf @) = TP 2 nn - a).
W)
- I'(p-a) Flo-a).

This is an obvious generalization of the third result listed under (iv).

12.15 Finite Fourier Transforms and Applications

The finite Fourier transforms are often used in determining solutions of
nonhomogeneous problems. These finite transforms, namely the sine and
cosine transforms, follow immediately from the theory of Fourier series.

Let f(z) be a piecewise continuous function in a finite interval, say,
(0, 7). This interval is introduced for convenience, and the change of interval
can be made without difficulty.

The finite Fourier sine transform denoted by Fy (n) of the function f (z)
may be defined by
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2 T
Fs(n)=Fs[f (x)] = f/ f(x)sinnzdx, n=1,2,3,..., (12.15.1)
™ Jo

and the inverse of the transform follows at once from the Fourier sine series;
that is

fz)= Z Fs (n)sinnz. (12.15.2)
n=1
The finite Fourier cosine transform F. (n) of f () may be defined by
F.(n)=F.[f ()] = z/ f(x)cosnzdxr, n=0,1,2,.... (12.15.3)
T Jo

The inverse of the Fourier cosine transform is given by

+ ZFC (n) cosnx. (12.15.4)

n=1

Theorem 12.15.1. Let f' () be continuous and f" (z) be piecewise con-
tinuous in [0, w]. If Fs (n) is the finite Fourier sine transform of f (x), then

Flf @) = 1 0) = ()" f ()] = nPF (). (12.155)
Proof. By definition
Fs[f" (x)] = % Oﬂ 1" (x) sinnz dz
21 ‘innxﬂ—2—n ! "(x) cosnx dx

= 217 @)sinnaly = 2 [ f (@) cosnad

2n . 2n% [T )
= [f (z) cosnx]) — 7/0 f (x) sinnz dx
= 2 [ () (1)~ F (0)] ~ nF ().

The transforms of higher-order derivatives can be derived in a similar man-
ner.

Theorem 12.15.2. Let [’ (z) be continuous and f" (x) be piecewise con-
tinuous in [0,7]. If F.(n) is the finite Fourier cosine transform of f(x),
then

Felf"(x)] = 2 (=) f (z) = f'(0)] = n?F.(n). (12.15.6)

™

The proof is left to the reader.
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FEzample 12.15.1. Consider the motion of a string of length 7 due to a force
acting on it. Let the string be fixed at both ends. The motion is thus
governed by

Uy = Uy + f (2,1), O<z<m, t>0,
u(z,0) =0, ug (,0) =0, 0<z<m, (12.15.7)
u (0,t) =0, u(m,t) =0, t>0.

Applying the finite Fourier sine transform to the equation of motion with
respect to x gives

Fs [utt - CQUzm - f (l',t)] =0.

Due to its linearity (see Problem 52, 12.18 Exercises), this can be written
in the form

Fo[u] — A Fs [uge] = Fs [f (2,1)]. (12.15.8)

Let U (n,t) be the finite Fourier sine transform of w (z,t). Then we have

2 s
Fs [utt] = ;/ U SInnx dr
0

d[2 (™ d?Us (n,t
= [W/o u(z,t)sinnedr| = %
We also have, from Theorem 12.15.1,
2n

Fs [tuge] = — [ (0,t) — (=1)" u (7, t)] — n?Us (n,t).
Because of the boundary conditions
u(0,t) = u(mt) =0,
Fs [uzz] becomes
Fs [tze] = —n2U, (n,t).

If we denote the finite Fourier sine transform of f (z,t) by

2 ™
Fs (n,t) = ;/ f (x,t) sinnz dx,
0

then, equation (12.15.8) takes the form

d*U,
ez n?c?U, = Fy (n,t).

This is a second-order ordinary differential equation, the solution of which
is given by
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1 t
Us (n,t) = Acosnct + Bsinnct + — / Fs (n,7)sinnc (t — 7) dr.
nc Jo
Applying the initial conditions

2 s
Fslu(x,0)] = ;/0 u (z,0)sinnz dr = Ug (n,0) = 0,

and
d
Fs [ug (2,0)] = —Us (n,0) =0,
dt
we have
1 t
Us (n,t) = — / Fs (n,7)sinnc(t — 1) dr.
nc Jo

Thus, the inverse transform of Us (n, t) is

o0
= ZUS n,t)sin nx

n=

[e’e} 1 t
:Z [/ F (n,7)sinnc (t — 1) dr | sinnz.
0

nc

u (z,t)

_

n=1

In the case when f (x,t) = h which is a constant, then

2 (7 2h

== i =1 - (=1D".

Fo [h] 7r/0 hsinnx dx mr[ (=)™
Now, we evaluate

1 ["2h

_ 1 (-1 ny . _

Us (n,t) e ), —mT[ (=1)"]sinnc(t —7)dr
2h n
= W[l_(_l) ](I_COSnCt).

Hence, the solution is given by

2h o~ 1= (=1)"]

mc? n3
n=1

u(z,t) =

(1 — cos nct) sin nz.

Ezample 12.15.2. Find the temperature distribution in a rod of length 7.
The heat is generated in the rod at the rate g (z,t) per unit time. The ends
are insulated. The initial temperature distribution is given by f (z).

The problem is to find the temperature function w (x,t) of the system

Ut = Uz +g(2,8), O<z<m, >0,
u(z,0) = f(z), 0<z<m,
ugz (0,t) =0, Uy (m,t) =0, t>0.
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Let Uy (n,t) be the finite Fourier cosine transform of w (x,t). As before,
transformation of the heat equation with respect to x, using the boundary
conditions, yields

du,
dtg = —n?Us + G4 (n,t),
where
2 T
Gs (n,t) = 7/ g (x,t) cosnx dx.
T Jo

Rewriting this equation, we obtain
d 2 2
7 (e” tlis) =Gge™t.

Thus, the solution is
t 2 2
Us (n,t) = / e NG (n, ) dr 4+ AeT
0

Transformation of the initial condition gives

™

2 [T 2 [T
Us(n,0) == [ wu(z,0)cosnxde== [ f(z)cosnzdx.
0 T Jo

Hence, Us (n,t) takes the form
t 2 2
Us (n,t) = / e " NG, (n,7) dT + Uy (n,0) e ™ L.
0

The solution u (x,t), therefore, is given by

Uy (0,0) |
u(x,t) = % + nz;l Us (n,t) cosnx.
Example 12.15.3. A rod with diffusion constant x contains a fuel which
produces neutrons by fission. The ends of the rod are perfectly reflecting. If
the initial neutron distribution is f (x), find the neutron distribution w (z, t)

at any subsequent time ¢.
The problem is governed by

Up = Kllgy + bu,
u(z,0) = f(z), O<z<l, t >0,
ug (0,t) = uy (I, 1) = 0.

If U (n,t) is the finite Fourier cosine transform of w (x,t), then by trans-
forming the equation and using the boundary conditions, we obtain
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Ui+ (kn® —=b) U = 0.
The solution of this equation is
U (n,t) = C e (rn*=b)t
where C is a constant. Then applying the initial condition, we obtain
U(n,t) = U (n,0) e~ (mn*=0)t,

where
2 l
U(n,0) = 7/ f(x) cosnz dx.
0

Thus, the solution takes the form

u(x,t) = @ + ZU(n,t)cosnx.
n=1

If for instance f () =2z in 0 < « < m, then, U (0,0) = 7, and
U(n,0)=—[(-1)" —1], n=123,...

the solution is given by

u(z,t) = -+ Z 2 [(=1)" — 1] exp {— (kn® — b) t} cos n.

12.16 Finite Hankel Transforms and Applications

The Fourier—Bessel series representation of a function f (1) defined in 0 <
r < a can be stated in the following theorem:

Theorem 12.16.1. If f (r) is defined in 0 < r < a and

Fy (ki) = Ho {f (1)} = /O rf () (k) dr,  (12.16.1)

then

n (ki)
I’L+1 (ak ) ’

where k; (0 < k1 < ko < ...) are the roots of the equation

F(r) = Ho {Fa ( ii (12.16.2)

Jn (aki) =
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The function F, (k;) defined by (12.16.1) is called the nth-order finite
Hankel transform of f (r), and the inverse Hankel transform is defined by
(12.16.2). In particular, when n = 0, the finite Hankel transform of order
zero and its inverse are defined by the integral and series respectively

F (k) = Ho {f (1)} = / £ () Jo (k) dr, (12.16.3)

f(r) =Hg {F (ki)} = 2ZF )) (12.16.4)

Ezample 12.16.1. Find the nth-order finite Hankel transform of f (r) = r™.
We have the following result for the Bessel function

a an+1
/ R (kir)dr = TJH_H (ak;),
0 i

so that

n+1

H, {1} = a

ki Jn+1 (akz) .

In particular, when n =0
a
Ho {1} = Ejl (ak;)
or, equivalently,
_ — Jo (rk;)
1=H,"
Tt {le ak} Zle ak;)

Example 12.16.2. Find Hy {(a — r2)}
We have by definition

Ho{(a* = %)}

/Oa (a® = r?) rdo (kir) dr

4a 2a2
k3 (ak ) k2

Jo (aki) ,
where k; is a root of Jy (ax) = 0. Hence,
5 4a
Mo (6 )} = $5 (k).

We state the following operational properties of the finite Hankel trans-
form:
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0 Ho { L} = 5[0 = 1) o (7)) = (0 1) o {5 (Y,

0 (1)) = 257 ()] = —alf (0) 7 (k) — K2 47 1),
(12.16.5)

() Ho | £+ 7 £/ )] = absf (@) (ak) ~ K20 (F (). (12100

FEzample 12.16.3. Find the solution of the axisymmetric heat conduction
equation

1
utﬁ<urr+ur), O<r<a, t>0,
r

with the boundary and initial conditions

where u (r,t) represents the temperature distribution.
We apply the finite Hankel transform defined by

U(k,t) =Ho{u(rt)} = /Oa rJo (kir)w(r,t) dr

so that the given equation with the boundary condition becomes

dUu

=t + kEk2U = kak;Jy (ak;) f(t).

The solution of this equation with the transformed initial condition is
U (k,t) = ark;Jy (ak;) / F(r)e R qr.

The inverse transformation gives the solution as

2K k' JO T'k' _ k_?(t_ )
FRETT) A (12.16.
( ) i (ak;) / fr dr. (12:16.7)

In particular, if f (t) = Ty = constant, then this solution becomes

275\ ~= Jo (rk;) k2
u(rt < >ZkJ1 ) (176 ’%t). (12.16.8)
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In view of Example 12.16.1, result (12.16.8) becomes

= Jo ’I"k k2t
TREL 12.16.
U('f’, ) Z k_ J1 ak ( 69)

This solution consists of the steady-state term, and the transient term which
tends to zero as t — oo. Consequently, the steady-state is attained in the
limit ¢ — oo.

Ezample 12.16.4. (Unsteady Viscous Flow in a Rotating Cylinder). The ax-
isymmetric unsteady motion of a viscous fluid in an infinitely long circular
cylinder of radius a is governed by

1 v
vtzu<vr,«+vr—2>, 0<r<a, t>0,
r r

where v = v (r,t) is the tangential fluid velocity and v is the kinematic
viscosity of the fluid.

The cylinder is at rest until at ¢ = 0+ it is caused to rotate, so that the
boundary and initial conditions are

v(rt)=af(t)H () on r=a,
v(r,t)=0, at t=0 for r<a,
where f (t) is a physically realistic function of ¢.

We solve the problem by using the joint Laplace and finite Hankel trans-
forms of order one defined by

V (km, s) :/ rJq (rk’m)dr/ e v (r,t)dt,
0 0

where V (k,,, s) is the Laplace transform of V (kj,,t), and k,, are the roots
of equation Jj (ak,,) = 0.
Application of the transform yields

S

(;) V (k. 8) = —aknV (a,8) I (akm) — K2V (km, 5) ,
V(a,s)=aQf(s),

where f (s) is the Laplace transform of f ().
The solution of this system is
a*vk, 82 f (s) J| (aky,)
(s + vk2,)

V(km,s) = —

The joint inverse transformation gives
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2 = Ji(rk 1ot
U(r,t)zaﬁzﬂ—,/ eV (km, s) ds
(&

]
ot L LI L UM

= Jilakn) 2w Jo i (s+VER)

= ko Jy (ko
:_2VQZW/ f exp[ I/k2 (t—T)]d

m=1

by the Convolution Theorem of the Laplace transform.
In particular, when f (t) = coswt, the velocity field becomes

k Jl T’ki . 2
v(r,t) = —2v .sz; T (ko /0 coswr exp [—vkr, (t —7)] dr

kmJi 'rk:m
=2u?
Z J1 (akm,

Vk?n exp (—vtkZ,) — (wsinwt + vk2, coswt)
X
(w? +v2kL)
= vst (8, 1) + vt (1), (12.16.10)

where the steady-state flow field vy and the transient flow field vy, are
given by

kpJ1 (rky,) (wsinwt + vk2, coswt)
Vgt (r,t) = =202 Z 7 ak (2 T o2k , (12.16.11)
oo
Jl (Tkm) ]{33 futk
vy (r,t) = 20%02 Z T (k) (2 + 72RL) (12.16.12)

Thus, the solution consists of the steady-state and transient components.
In the limit ¢ — oo, the latter decays to zero, and the ultimate steady-state
is attained and is given by (12.16.11), which has the form

vst (1, t

)= 200 Z EmdJ1 (rky,) cos (wt — oz), (12.16.13)

= Tl (k) (w? + v2k4 )7

where tana = (w/vk2,). Thus, we see that the steady solution suffers from
a phase change of a+ 7. The amplitude of the motion remains bounded for
all values of w.

The frictional couple exerted on the fluid by unit length of the cylinder
of radius r = a is given by

27
C = / (Prol,_, a’df = 27a’® (Prol,_g
0
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where Py = pr (d/dr) (v/r) with p = vp calculated from (12.16.10).
Thus,

C =
vk Jy (akp,) [VE2, exp (—vtk2,) — (Vk2, coswt + wsinwt) ]
A2 | —a Z (@2 + v2k2,) T} (akp)

oo 2 2 k2 ) — (k2 :
4o Z vk;, Vkm exp ( vtk ) (l/km coswt + wsin wt)}

. 12.16.14
(w2 + V2K2 ) T (ak) ] (12.16.14)

m=1

A particular case corresponding to w = 0 is of special interest. The
solution assumes the form

o Jy (Tky) (1 — e ¥tk
v(rt) = =20 Z . J<{ (k) )

m=1

= Vgt + Vg, (12.16.15)

where vy and vy, represent the steady-state and the transient flow fields
respectively given by

> Jl (Tk}m)
vge (ryt) = —202 Y T (12.16.16)
K z::l kg J| (aky)
v (r,1) =202 (k) iz, (12.16.17)

e
— ki J1 (aki)

It follows from (12.16.16) that

Vst (Ty t) =20 Z 7]€ Jl (rkm)

3

Thus, the steady-state solution has the closed form
Vg (1, 1) = 12 (12.16.18)

This represents the rigid body rotation of the fluid inside the cylinder. Thus,
the final form of (12.16.15) is given by

Jl rk )e—utk2
(r t) =r) -2 —. (12.16.19)
mzl Ko (k)

In the limit ¢ — oo, the transients die out and the ultimate steady-state is
attained as the rigid body rotation about the axis of the cylinder.
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12.17 Solution of Fractional Partial Differential
Equations

(a) Fractional Diffusion Equation
The fractional diffusion equation is given by

ou_ o
ot 9x2’

with the boundary and initial conditions

T€R, t>0, (12.17.1)

u(x,t) — 0 as |z| — oo, (12.17.2)
(oD (x,t)]tzo = f(z) forz € R, (12.17.3)

where k is a diffusivity constant and 0 < o < 1.

Application of the Fourier transform to (12.17.1) with respect to = and
using the boundary conditions (12.17.2) and (12.17.3) yields

oD (k,t) = —k k* 4, (12.17.4)

loDP Vit (k,t)],_y = f(K), (12.17.5)

where @ (k,t) is the Fourier transform of u (x,t) defined by (12.2.1).
The Laplace transform solution of (12.17.4) and (12.17.5) yields

. _ [
u(k,s) = T (12.17.6)

The inverse Laplace transform of (12.17.6) gives
i (k,t) = f (k) t" ' Eq o (—k k%), (12.17.7)

where F, 3 is the Mittag-Leffler function defined by

. 12.17.
Zpaerﬁ a>0,8>0 (12.17.8)
m=0
Finally, the inverse Fourier transform leads to the solution
uwt)= [ G- s (12.17.9)
where
1 oo
G(z,t) == / t* ' EBo o (—k k°t*) cos kxdk.  (12.17.10)
™ —0o0
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This integral can be evaluated by using the Laplace transform of G (z, t)

G (z,8) = % /Z (;ZsfiZf = \/117; 572 exp <\|;E’|E sa/2> , (12.17.11)
where
L [tmwf’*lES’g (iata)} = %, (12.17.12)
' (s* ¥ a)
and
B (2) = Ci—mmEa_ﬂ (2). (12.17.13)

The inverse Laplace transform of (12.17.11) gives the explicit solution

1 .
G (x,1) = \Tmﬁ—lw (—g,—%,%), (12.17.14)

where £ = \f‘i and W (z, a, 3) is the Wright function (see Erdélyi 1953,

 t/2)

formula 18.1 (27)) defined by

e n
z
w = _ 12.17.15
Gt =Y ety (1217.15)
It is important to note that when o = 1, the initial-value problem

(12.17.1)—(12.17.3) reduces to the classical diffusion problem and solution
(12.17.9) reduces to the classical solution because

G lat) = — W( i 11) L . < xz) (12.17.16)
T, t) = ——, =, = | = —exp|— ] . 7.
Vit Vet 2°2) T Vammt P\t

The fractional diffusion equation (12.17.1) has also been solved by other
authors including Schneider and Wyss (1989), Mainardi (1994, 1995), Deb-
nath (2003) and Nigmatullin (1986) with a physical realistic initial condi-
tion

u(z,0) = f(z), =z€R. (12.17.17)

The solutions obtained by these authors are in total agreement with
(12.17.9).

It is noted that the order a of the derivative with respect to time ¢ in
equation (12.17.1) can be of arbitrary real order including o = 2 so that
equation (12.17.1) may be called the fractional diffusion-wave equation. For
« = 2, it becomes the classical wave equation. The equation (12.17.1) with
1 < o < 2 will be solved next in some detail.
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(b) Fractional Nonhomogeneous Wave Equation
The fractional nonhomogeneous wave equation is given by

0% ,0%u

T

with the initial condition
u(z,0) = f(z), w(z,0)=g(z), z€R, (12.17.19)

where ¢ is a constant and 1 < a < 2.
Application of the joint Laplace transform with respect to t and the
Fourier transform with respect to z gives the transform solution

fle)sot  g(k)s*=2  q(k,s)

~ k —
u(k, 5) §% 4+ c2k2 0 s 4 c2k2 0 s 4 22’

(12.17.20)

where k is the Fourier transform variable and s is the Laplace transform
variable.
The inverse Laplace transform produces the following result:

(k) = F (k) L1 {Sal} k)L {SM}

s +C2]€2 S + 62k2

=~ k7
L {SSEF;LQ} o (12.17.21)

which, by (12.17.12),
= f (k) Ea,1 (—*k%tY) + § (k) tEa 2 (—c*k%t7)
t
+/ Gkt —7) 7 Ey o (—PKPT?) dr. (12.17.22)
0
Finally, the inverse Fourier transform gives the formal solution
1 R ;
w(r,t) = — k) E, —2E2tY) etfr dk
@) = <= [ F0) B (e020)
e /Oo t§ (k) Eaz (—c?k>m™) e dk
Vor J_s “
1 ' 1 = 2.2 ik
+— T dT/ G(k,t —T) Eq.o (—ck“TY) e dE.
Nor /0 q( ) Eaa ( )

(12.17.23)

In particular, when o = 2, the fractional wave equation (12.17.18) re-
duces to the classical nonhomogeneous wave equation. In this particular
case, we use
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Es 1 (—c*k*t?) = cosh (ickt) = cos (ckt) (12.17.24)
h(ickt) 1

Fao (—2k22) — ¢ S lickt) 1 12.17.2

t 2,2( c°k°t ) t- o 7 sin ckt. ( 7.25)

Consequently, solution (12.17.23) reduces to solution (12.11.17) for oo =
2 as

bln )

u(z,t) = \/%77 /00 f (k) cos (ckt) e*®dk + —— / I
blnck( -7) gike
7 / dr / 3 dk (12.17.26)
x+ct
= % [f(ﬂc—ct)Jrf(:wrct)}+2i /ﬂ ) g(€)d¢

z+e(t— 7')
dT/ JT)de. (12.17.27)

c(t—T)

We now derive the solution of the nonhomogeneous fractional diffusion
equation (12.17.18) with ¢ = k and g(z) = 0. In this case, the joint
transform solution (12.17.20) becomes

f (k) s q(k,s)

u (k, 5) = (s + Kk2) (s + kk2)

(12.17.28)

which is inverted by using (12.17.12) to obtain @ (k,t) in the form
a (k,t)
= f (k) Ea1 (—k E*t%) + /t (t=7)"""Epa {-kE*(t—7)"}q(k,7)dr.
’ (12.17.29)

Finally, the inverse Fourier transform gives the exact solution

u(z,t) \/ﬂ / f(k w1 (—k K*t) e dk

27T/dT/ (t=7)" Bao {—K K> (t — 7)*} 4 (k, 7) e dk.
(12.17.30)

Application of the Convolution Theorem of the Fourier transform gives
the final solution in the form

m,t):/m Gila— & 1) f(€)de

— 00

+/O (t—7)*"tdr /m Gy (z— &, t—71)q (& 7)dE, (12.17.31)
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where

G (z,t) = % /o:o " Eq 1 (—k k*t) dk, (12.17.32)
and

Go (z,t) = % /O; e* By o (—k K*t) dk. (12.17.33)

In particular, when o = 1, the classical solution of the nonhomogeneous
diffusion equation (12.17.18) is obtained in the form

u(x,t)z/_oo G (z— & 1) f(€)de

t [e%e]
d Go(z—& t— ,7)de, (12.17.34
+/0 T/_oo 2z — & t—7)q(7)dE, ( )
where

G1 (.T,t) = G2 (.’L‘,t) =

2
exp (—fm) . (12.17.35)

1
Vamkt

In the case of classical homogeneous diffusion equation (12.17.18), so-
lutions (12.17.30) and (12.17.34) are in perfect agreement with those of
Mainardi (1996), who obtained the solution by using the Laplace trans-
form method together with complicated evaluation of the Laplace inversion
integral and the auxiliary function M (z,«). He obtained the solution in
terms of M (z, %) and discussed the nature of the solution for different
values of . He made some comparisons between ordinary diffusion (o = 1)

and fractional diffusion (o = £ and o = 2). For cases a = § and v = 3, the
solution exhibits a striking difference from ordinary diffusion with a tran-
sition from the Gaussian function centered at z = 0 (ordinary diffusion) to
the Dirac delta function centered at z = 1 (wave propagation). This indi-
cates a possibility of an intermediate process between diffusion and wave
propagation. A special difference is observed between the solutions of the
fractional diffusion equation (0 < o < 1) and the fractional wave equation
(1 < a <2). In addition, the solution exhibits a slow process for the case

with 0 < @ <1 and an intermediate process for 1 < a < 2.

(¢) Fractional-Order Diffusion Equation in Semi-Infinite Medium

We consider the fractional-order diffusion equation in a semi-infinite
medium z > 0, when the boundary is kept at a temperature ug f (¢) and the
initial temperature is zero in the whole medium. Thus, the initial boundary-
value problem is governed by the equation

0%u 9%u

ot " og2

0<zx<oo,t>0, (12.17.36)
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with

u(z,0)=0, >0, (12.17.37)
w(0,t) =wuof (t), t>0, andu(z,t) — 0asz— oco. (12.17.38)

Application of the Laplace transform with respect to t gives

d*w s¢
— = —]u = 12.17.
e (H>u(x,s) 0, x>0, (12.17.39)

w(0,8) =uof (s), u(z,s)— 0asz— 00.(12.17.40)
Evidently, the solution of this transformed boundary-value problem is

U (z,s) = uo f(s)exp(—ar), (12.17.41)

where a = (sa/n)% . Thus, the solution (12.17.41) is given by

u(x,t) = uo/ f—=1)g(z,7)dr =uof (t) * g (x,t),(12.17.42)
0
where

g(x,t) = L7 {exp (—ax)} .

When oo =1 and f (t) = 1, solution (12.17.41) becomes

a(z,s) = 2 exp (x 5> : (12.17.43)
S K

which yields the classical solution in terms of the complementary error
function (see Debnath 1995)

u(x,t) = ug erfe ( (12.17.44)

)

In the classical case (a = 1), the more general solution is given by

u(z,t) = uo-/o f—71)g(z,7)dr =uof (t) * g (x,t),(12.17.45)

where

S 2

g(x,t) =L {exp (—a: E)} = N% exp (-Z{J . (12.17.46)

(d) The Fractional Stokes and Rayleigh Problems in Fluid Dynamics
The classical Stokes problem (see Debnath 1995) deals with the un-
steady boundary layer flows induced in a semi-infinite viscous fluid bounded
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by an infinite horizontal disk at z = 0 due to nontorsional oscillations of
the disk in its own plane with a given frequency w. When w = 0, the
Stokes problem reduces to the classical Rayleigh problem where the un-
steady boundary layer flow is generated in the fluid from rest by moving
the disk impulsively in its own plane with constant velocity U.

We consider the unsteady fractional boundary layer equation for the
fluid velocity w (z,t) that satisfies the equation

0% 0%u

S = Vg 0<z<00, >0, (12.17.47)

with the given boundary and initial conditions

u(0,t) =Uf(t), wu(zt)—0 as z—o00,t>0, (12.17.48)
u(z,0)=0 forallz>0, (12.17.49)

where v is the kinematic viscosity, U is a constant velocity, and f (t) is an
arbitrary function of time ¢.
Application of the Laplace transform with respect to ¢ gives

o d*u
s“u(z,8) =v R 0<2z< o0, (12.17.50)
u(0,5) =U f(s), u(z,5)—0 as z-—oo. (12.17.51)

Use of the Fourier sine transform (see Debnath 1995) with respect to z
yields

U, (k,s) = ( iuU> m (12.17.52)

The inverse Fourier sine transform of (12.17.52) leads to the solution

T(z,8) = (iuU)f(s)/O %dk, (12.17.53)

and the inverse Laplace transform gives the solution for the velocity
2 o t
u(z,t) = ( v U) / ksinkz dk/ ft=7)7" "Eaq (—Vk;QT") dr.
s o 0
(12.17.54)

When f (t) = exp (iwt), the solution of the fractional Stokes problem is

2 ) 0o t
u(z,t) = LU et ksinkzdk | e ™" 1E, . (*szTa) dr.
T 0 0 ,

(12.17.55)
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When o = 1, solution (12.17.55) reduces to the classical Stokes solution

~[(2vU o o2\ ksinkz

For the fractional Rayleigh problem, f (¢) = 1 and the solution follows
from (12.17.54) in the form

2 [e’e] t
u(z,t) = (1/[]) / ksinkzdk‘/ T ' Epa (—1/14;27'0‘) dr. (12.17.57)
0 0 0

This solution reduces to the classical Rayleigh solution when av =1 as

t

2
”U) ksinkzdk | By (-vrh?) dr
0

0= (%

<M>/ kslnkzdk‘/ eXp VTk2 dr
T

( U

2 o2 sinkz
— v ——dk
T ) — ¢ ) k ’

which is (by (2.10.10) of Debnath 1995),

_ <2f> [2 — et (2?%)} = Uerfe <2\jﬁ) . (12.17.58)

The above analysis is in full agreement with the classical solutions of
the Stokes and Rayleigh problems (see Debnath 1995).

(e) The Fractional Unsteady Couette Flow

We consider the unsteady viscous fluid flow between the plate at z = 0 at
rest and the plate z = h in motion parallel to itself with a variable velocity
U (t) in the a-direction. The fluid velocity wu (z,t) satisfies the fractional
equation of motion

0%u 9%u
~ T —P(t — 0<z<h . t>0 12.17.59
o O +vg5, 0<z<h t>0, ( )

with the boundary and initial conditions

w(0,t) =0and u(h,t) =U(t), t>0, (12.17.60)
u(z,t) =0 at t<0 for 0<z<h, (12.17.61)
where —% pe = P (t) and v is the kinematic viscosity of the fluid.

We apply the joint Laplace transform with respect to ¢ and the finite
Fourier sine transform with respect to z defined by

[eS) h
T (n,s):/ e—stdt/ u(z,t) sin (@) dz  (12.17.62)
0 0 h
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to the system (12.17.59)—(12.17.61) so that the transform solution is

fu sy = PEEL= D) va(-)"™ T ()
sV (s* + va?) (s* 4+ va?)

. (12.17.63)

nm

where a = (T) and n is the finite Fourier sine transform variable.
Thus, the inverse Laplace transform yields

i (1) = 2 (1= ()] [ P1=7)7" By (vatr?) dr

t
+va (—-1)" / U(t—1)7% "By (—vat®) dr. (12.17.64)
0
Finally, the inverse finite Fourier sine transform leads to the solution

2 oo
u(zt) = = 3 i (n,t)sin (”2Z> . (12.17.65)
n=1

In particular, when o = 1, P (t) = constant, and U (t) = constant, then
solution (12.17.65) reduces to the solution of the generalized Couette flow
(see p. 277 Debnath 1995).

(f) Fractional Axisymmetric Wave-Diffusion Equation
The fractional axisymmetric wave-diffusion equation in an infinite do-
main

0%u (82u 10u
— Ju

- o2 T 12.17.
ote 8r2+r(‘9r)’ 0<r<oo, t>0,  (12.17.66)

is called the diffusion or wave equation accordingly as a = k or a = c2.

For the fractional diffusion equation, we prescribe the initial condition
u(r,0)=f(r), 0<r<oo. (12.17.67)

Application of the joint Laplace transform with respect to ¢ and the Hankel
transform of zero order (see Section 12.12) with respect to r to (12.17.66)
and (12.17.67) gives the transform solution

- _ s (k)
i(k,s) = TR (12.17.68)

where k, s are the Hankel and Laplace transform variables respectively.
The joint inverse transform leads to the solution

u(m)z/ooo kJo (k) f (k) Ean (—rk*t*) dk,  (12.17.69)
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where Jy (kr) is the Bessel function of the first kind of order zero and f (k)
is the zero-order Hankel transform of f (7).

When a = 1, solution (12.17.69) reduces to the classical solution that
was obtained by Debnath (see p 66, Debnath 2005).

On the other hand, we can solve the wave equation (12.17.66) with
a = ¢? and the initial conditions

w(r,0) = f(r), us (r,0) =g (r)for0 <r <oo, (12.17.70)

provided the Hankel transforms of f (r) and g (r) exist.
Application of the joint Laplace and Hankel transform leads to the trans-
form solution

. s (k) 22 (k)
u(k,s) = (s + c2k2) + (s* + 2k2)’

(12.17.71)
The joint inverse transformation gives the solution
oo ~
u(r,t) = / kJo (k,7) f (k) Ea (—c*K*t) dk
0
+/ kJo (k,7) § (k) tEqs 2 (—K*t™) dk. (12.17.72)
0

When a = 2, (12.17.72) reduces to the classical solution (12.13.6).
In a finite domain 0 < r < a, the fractional diffusion equation (12.17.66)
has the boundary and initial data

u(r,t)=f({) onr=a, t>0, (12.17.73)
u(r,0) =0 for all 7 in (0, a) . (12.17.74)

Application of the joint Laplace and finite Hankel transform of zero order
(see pp. 317, 318, Debnath 1995) yields the solution

u(r,t) = 3Za(ki,ﬁ) m (12.17.75)

where
t
(ki t) = (ar k) Jp (aki)/ ft—=7)1" "Ega (KK} T%) dr. (12.17.76)
0

When a =1, (12.17.75) reduces to (12.16.7).
Similarly, the fractional wave equation (12.17.66) with a = ¢? in a finite
domain 0 < r < a with the boundary and initial conditions

u(r,t)=0onr=a, t >0, (12.17.77)
u(r,0) = f(r) and w, (r,0) =g (r) for 0 <r <a, (12.17.78)
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can be solved by means of the joint Laplace and finite Hankel transforms.
The solution of this problem is

2 (rks)
— ?Z (Ki,t) 7]” (12.17.79)
where
U (ki t) = f (ki) Ea1 (—k2H*) + § (ki) tEa o (—c2kH®) . (12.17.80)
When a = 2, solution (12.17.79) reduces to the solution (11.4.26) obtained
by Debnath (1995).

(g) The Fractional Schrédinger Equation in Quantum Mechanics
The one-dimensional fractional Schrodinger equation for a free particle
of mass m is

o B2 0%

ih = —5— 530 —00<w <00, t>0, (121781)
Y (2,0) = o (z), —00 < T < 00, (12.17.82)
W (x,t) > Oas |2 — oo, (12.17.83)

where v (z,t) is the wave function, h = 27h = 6.625 x 10~ %7ergsec =
4.14 x 1072!MeVsec is the Planck constant, and g (z) is an arbitrary
function.

Application of the joint Laplace and Fourier transform to (12.17.81)—
(12.17.83) gives the solution in the transform space in the form

_ =10, (k) ih

where k, s represent the Fourier and the Laplace transforms variables.
The use of the joint inverse transform yields the solution

Y (z,t) = \/% /OO e* 1) (k) o1 (—ak*t®) dk.  (12.17.85)
T J—0c0
=F! {1/30 (k) Eo (fakzt“)} : (12.17.86)

which is, by Theorem 12.4.1, the Convolution Theorem of the Fourier trans-
form

- [ Gu-enw@a (12.17.87)

where

G (2.1) = V%?Fl (Eai (—ak?t)}
1 o0

=3 e* By 1 (—ak®t®) dk. (12.17.88)
™
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When « = 1, solution (12.17.87) becomes

w<x,t>:/joa<x—f, 1) o (€) de,

where the Green’s function G (z,t) is given by
1 oo

G(2,1) = 5 e* By 1 (—ak?t) dk

= % /_Oo exp (zk’x — atk;Q) dk

(12.17.89)

(12.17.90)

This solution (12.17.89) is in perfect agreement with the classical solution

obtained by Debnath (1995).

12.18 Exercises

1. Find the Fourier transform of
(a) f (z) = exp (—az?), (b) f (z) = exp (—alz]),

where a is a constant.
2. Find the Fourier transform of the gate function

1, |z| <a, ais a positive constant.
fa(x) =

0, |z| > a.

3. Find the Fourier transform of

1, —a<zx<a

(a) f (=) = py, (b) f (%) = X[-a,al (¥) =

0, otherwise,

1- %, lz] < a
(©) f (@) = (@) £ @) = gk
0, [|z[=a,

4. Find the Fourier transform of

(a) f (z) = sin (2?), (b) f (z) = cos (2?).
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5. Show that
o0 2. 2
I:/ e v dr = \/7/2a, a >0,
0

by noting that

w/2
/ / —a (@ da:dy—/ / =1 dr dp.
6. Show that

/OO e~V cos by dr = (Vm/2a) e=b*/4a* a> 0.

0

7. Prove that
@) Fe) =S [P (k= FHF ®),
(b) F[f (ax —b)] = |Tl‘eikb/“F(k:/a).

8. Prove the following properties of the Fourier convolution:
(a) f(z)xg(z)=g(x)*f(2) (b) fx(gxh)=(fxg)*h
(¢) f*(ag+0bh)=a(f*g)+0b(fxh), where a and b are constants,
(f) f*V2md=f=+2méxf,

® FU@9@) = (F6) ()= [ ) de.
9. Prove the following properties of the Fourier convolution:

() L{f (@) xg(@)} = F @)+ g (@)= f (x) ¥ g (),

(0) & [(f*9) @)] = (f'*g) (x) = (f" % 9) (@),

() (fx9)"™ ™ (&) = [f) x g™] (@),

@ [ @i [ jwaf swa

(e) If g (z) = 5 H (a — x), then
(f * g) (x) is the average value of f (z) in [z —a, x + a].
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(f) If Gy () = L exp(ff—;)then (G % Gy) () = Gops (2).

Varkt

10. Prove the following results:
OO —k2t—ikz _ 1 —z?
(a) \/%/_006 ¢ dk = e /4,
0 [ Fw®ewer = [ f0)Gy-ady,
© [ Fgmdi= [ @6y

ax

(d) sinz x e~l*l = \/g ﬁf;g), (e) €™ x X[0,00) (¥) = L T

0 Frewe (52) » vmew (%) = Jrm o (i)

11. Determine the solution of the initial-value problem

U = gy, —00 < x < 00, t>0,
u(z,0) = f(x), wu(z,0)=g(z), —oo<z<o0.
12. Solve
Ut = Ugg, x>0, t>0,
u(z,0) = f(z), w«(0,t)=0.
13. Solve
Upp = CQuI;,Um =0, —0 < x < 00, t>0,
u(z,0) = f (), ug (2,0) =0, —o0o <z < o00.
14. Solve
U + czumm =0, x>0, t>0,
u (z,0) =0, ug (x,0) =0, x>0,
w(0,t) =g (t), wuge(0,8) =0, t > 0.
15. Solve

Gzz + Oyy = 0, —a<zr<a 0<y<oo,
do, 0 < |z| < a,

¢y (1‘,0)

0, |z] > a.

¢ (z,y) — 0 uniformly in z as y — oo.

523

a>0,
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16. Solve
Ut = Uge +Tu, —00 <z <00, t>0,
u(z,0) = f(x), wu(x,t)isbounded, —oo <z < 0.
17. Solve
Ut — Ugy +hu =0 ()5 (), —o00 <z < 00, t>0,
u(z,0) =0, u (z,t) — 0 uniformly in ¢ as |z| — oo.
18. Solve
Ut — Uz T h(B)uy = 0(x)5(t), 0<z<o00, t>0,
u(z,0) = 0, ug (0,t) =0,
u (x,t) — 0 uniformly in ¢ as z — oo.
19. Solve
Uggy + Uyy = 0, 0<z<o0, 0 <y < oo,

u(z,0) = f(z), 0<z< oo,

ux (0,y) = g(y), 0<y<oo,
u (z,y) — 0 uniformly in 2 as * — oo and uniformly in y as x — oo.

20. Solve
Uy + Uyy = 0, —00 < x < 00, O0<y<a,
u(z,0) = f(z), wu(z,a)=0, —00 < x < 00,
u(z,y) — 0 uniformly in y as |z| — oo.
21. Solve
Up = Ugz, x>0, t>0,
u(z,0) =0, x>0, u(0,t)=f(t), t>0,
u (z,t) is bounded for all z and t.
22. Solve
Ugy + Uyy = 0, z > 0, O0<y<l,

u(x,0) = f(z), wu(z,1)=0, x>0,

u(0,y) =0, u (z,y) — 0 uniformly in y as ¢ — 0.
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Find the Laplace transform of each of the following functions:

(a) t™, (b) coswt, (c) sinh kt,
(d) cosh kt, (e) test, (f) e sin wt,
(g) e coswt, (h) tsinh kt, (i) tcosh kt,

ORYES () VA, (1) sset,

Find the inverse transform of each of the following functions:

@) ey 0 eraee
(C) (sfa)l(sfb)7 (d) mu

1 527012
(e) s(s+a)’ (f) W-

The velocity potential ¢ (z, z,t) and the free-surface evaluation 7 (z, t)
for surface waves in water of infinite depth satisfy the Laplace equation

Gzx + Gz =0, —00 < & < 00, —00 < 2z<0, t>0,
with the free-surface, boundary, and initial conditions

¢, =mn on z=0, t>0,
or+gn =0 on z=0, t>0,
¢, —0 as z— —o0,

¢(x,0,0) =0 and 7n(z,0)=f(z), —oo<z<o0,

where g is the constant acceleration due to gravity.
Show that

o (z,2,t) = \/\/2% kT2 F (k) elFlz=ikz gip (\/g || t) dk,

1 OO —ikx
n(sc,t):E/ F(k)e cos( g|k|t)dkz,

where k represents the Fourier transform variable.
Find the asymptotic solution for n (x,t) as t — co.

Use the Fourier transform method to show that the solution of the
one-dimensional Schrédinger equation for a free particle of mass m,

h2
ihwt:—%¢asx, —00 < & < 00, t >0,

¥ (2,0) = f(2), —00 < z < 00,
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where 9 and v, tend to zero as |z| — oo, and h = 27hi is the Planck
constant, is given by

b (a.t) = jﬁ/w F(6)G(x— € de,

where G (z,t) = (21\;% exp [—%} is the Green’s function and v = %

27. Prove the following properties of the Laplace convolution:
(a) fxg=gx[, (b) fx(gxh)=(f*g)*h,
(¢) f(ag+Bh)=a(f*g)+ L (f*h), « and § are constants,
(d) fx0=0xf,
(e) & [(fx9) @] =f (t) g (&) + f(0)g (D),
(£) &= [(fxa) O = ")+ g () + F (0)g (&) + £ (0) g’ (¢),

n—1
(8) 4= [(f*g) ()] = fM (&) x g (t) + > f® (0) g == ().
k=0
28. Obtain the solution of the problem
uttZCQum, 0<z<o0, t >0,
u(z,0) = f(x), wut(z,0)=0,
u (0,t) =0, u (x,t) — 0 uniformly in ¢ as x — oo.
29. Solve
utt202um, O<z<l, t>0,
u(z,0) =0, ug (x,0) =0,
u(0,t) = f (), u(l,t)=0, t>0.
30. Solve
Up = KlUgze, 0<x <00, t>0,
u(z,0) = fo, 0<z<oo,
uw(0,t) = fi, u(x,t) — fo uniformly in t as  — oo, ¢ > 0.
31. Solve
U = KUz, 0<x <00, t>0,
u(z,0) =z, x>0,

u(0,t) =0, u (x,t) — 2z uniformly in t as ¢ — oo, ¢ > 0.
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37.

38.
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Solve
U = Klgz, 0<x <00, t>0,
u(z,0) =0, 0<z<oo,
u(0,t) = 12, u (x,t) — 0 uniformly in tasx — oo, ¢>0.
Solve
Ut = Klgy — hu, 0<x<oo, t>0, h=constant,
u(z,0) = fo, x>0,
u (0,t) =0, ug (0,t) — 0 uniformly in t as z — oo, ¢ > 0.
Solve
Up = KUz, O0<z <00, t>0,
u (x,0) = 0, 0<z< oo,
uw(0,t) = fo, u(x,t) — 0 uniformly in t as x — oo, ¢ > 0.
Solve

uttZCQum, O0<x<oo, t>0,
u (z,0) =0, ug (,0) = fo, 0<x< oo,

u(0,t) =0, Uy (x,t) — 0 uniformly in ¢t as x — oo, ¢ > 0.
Solve

utt:czum, O<zr<oo, t>0,
u(z,0) = f(z), w(z,00=0 0<z<oo,
u (0,t) =0, Uy (z,t) — 0 uniformly in t as ¢ — oo, ¢ > 0.

A semi-infinite lossless transmission line has no initial current or poten-
tial. A time dependent EMF, V; (t) H (t) is applied at the end x = 0.
Find the potential V (z,t). Then determine the potential for cases: (i)
Vo (t) = Vb = constant, and (ii) V; (t) = Vp coswt.

Solve the Blasius problem of an unsteady boundary layer flow in a semi-
infinite body of viscous fluid enclosed by an infinite horizontal disk at
z = 0. The governing equation, boundary, and initial conditions are

ou 0%u

— =v— 0 t>0

It 1/822, z >0, >0,
u(z,t) = Ut on z=0, t>0,
u(z,t) -0 as z—o00, t>0,
u(z,t) =0 at t<0, z> 0.

Explain the implication of the solution.
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The stress-strain relation and equation of motion for a viscoelastic rod
in the absence of external force are

86_160+0 do  D*u

ot EBot o Par
where e is the strain, n is the coefficient of viscosity, and the displace-
ment u (z,t) is related to the strain by e = du/0x. Prove that the stress
o (z,t) satisfies the modified wave equation

0?0 pdo 1 9% 9
— === — = FE/p.
0x2 n ot 2 o’ ¢ /
Show that the stress distribution in a semi-infinite viscoelastic rod sub-
ject to the boundary and initial conditions,
w(0,t) =UH(t), o(x,t)—0 as x— oo, t>0,
o (z,0) =0, 4 (xz,0) =0,

is given by

1
Et(tz_x,j)z]H(t_x).
2n c c

An elastic string is stretched between x = 0 and = = [ and is initially
at rest in the equilibrium position. Show that the Laplace transform
solution for the displacement field subject to the boundary conditions
y(0,t) = f(t) and y (I,t) =0, ¢t >0 is

sinh {2 (I —x)}

sinh &t
C

Et
o (z,t) = —Upcexp <_277> Iy

7 (z,s) = f(s)

The end x = 0 of a semi-infinite submarine cable is maintained at
a potential VoH (t). If the cable has no initial current and potential,
determine the potential V' (z,t) at point « and at time t.

Obtain the solution of the Stokes—Ekman problem (see Debnath, 1995)
of an unsteady boundary layer flow in a semi-infinite body of viscous
fluid bounded by an infinite horizontal disk at z = 0, when both the
fluid and the disk rotate with a uniform angular velocity {2 about the z-
axis. The governing boundary layer equation, the boundary conditions,
and the initial conditions are

0 02
8—‘tf+2mq=ua—g, 2>0, t>0,
z
q(z,t) = ae™" +be”™" on z=0, t>0,
q(z,t) =0 as z— oo, t>0,

q(z,t) =0 at t<0, forall z>0,



43.

44.

45.

46.

47.

12.18 Exercises 529

where ¢ = u + v, is the complex velocity field, w is the frequency
of oscillations of the disk, and a and b are complex constants. Hence,
deduce the steady-state solution, and determine the structure of the
associated boundary layers.

Show that, when w = 0 in the Stokes—Ekman problem 42, the steady
flow field is given by

q(z,t) ~ (a+b)exp{— (QZVQ>Z}

Hence determine the thickness of the Ekman layer.

For problem 14 (e) (iii) in 3.9 Exercises, show that the potential V' (z, 1)
and the current T (z,t) satisfy the partial differential equation

02 0 02
2k — 2 =c"— I
<8t2+ k8t+k>( I = CBQ(V)
Find the solution for V (z,t) with the boundary and initial data
Viz,t) =V (t) at z=0, t>0,
V(z,t) =0 as z — oo, t>0,
V(z,0) = Vi (2,0) =0 for 0<uz< 0.

Use the Laplace transform to solve the Abel integral equation

/f (t—7)" %dr, O0<ac<l.

Solve Abel’s problem of tautochronous motion described in problem 17
of 14.11 Exercises.

The velocity potential ¢ (r, z,t) and the free-surface elevation 7 (r,t)
for axisymmetric surface waves in water of infinite depth satisfy the
equation

1
¢rr+7¢r+¢zz:07 0§T<OO, *OO<ZSO, t>0,
T

with the free-surface, boundary, and initial conditions

¢, =m, on z=0, t>0,
¢+ +gn =0, on 2z=0, t>0,
(bz - 07 Z— =00,
¢(r,0,0) =0, and n(r,0)=f(r), 0<r<oo,
where g is the acceleration due to gravity and f (r) represents the initial

elevation.
Show that
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¢ (r,z,t) = —\/g/ VEk f (k) Jo (kr) € sin (\/gk t) dk,
0
n(rt) = / k f (k) Jo (kr) cos (\/gk‘ t) dk,
0

where f(k) is the zero-order Hankel transform of f (r).
Derive the asymptotic solution

2 ~(gt? t?
n(r,t) ~ 29 f (ir2> cos (ir) as t— oo.

3
23

48. Write the solution for the Cauchy—Poisson problem where the initial
elevation is concentrated in the neighborhood of the origin, that is,
f(r) = (a/2mr)§ (r), where a is the total volume of the fluid displaced.

49. The steady temperature distribution u (r, z) in a semi-infinite solid with
z > 0 is governed by the system

1
Uppr + —Up + Uy, = —Aq (1), 0<r<oo, z >0,
r
u(r,0) =0,

where A is a constant and ¢ (r) represents the steady heat source. Show
that the solution is given by

u(r, z) = A/OOO q (k) Jo (kr) k™ (1 — e %%) dk,

where ¢ (k) is the zero-order Hankel transform of ¢ ().

50. Find the solution for the small deflection u (r) of an elastic membrane
subjected to a concentrated loading distribution which is governed by

2, = L9

1
Upp + — Uy — KU = 0<r<oo,
r

2t 1
where v and its derivatives vanish as r — co.

51. Obtain the solution for the potential v (r, z) due to a flat electrified disk
of radius unity with the center of the disk at the origin and the axis
along the z-axis. The function v (r, z) satisfies the Laplace equation

1
Vppr + —Vp — V,, =0, 0<r<oo, z >0,
'S

with the boundary conditions
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Prove that the Fourier sine and cosine transforms are linear.
If 7, (n) is the Fourier sine transform of f () on 0 < x <, show that
2nm n nm\ 2
Ff @) =T F O = (0" f 0 - (F) A ).

If F.(n) is the Fourier cosine transform of f(z) on 0 < z < [, show
that

2 n
Felf" @) =~ [(=1)" ' (m) = ' (0)] =n*Fe (n)
By the transform method, solve
U = Ugy + g (2,1), 0<z<m, t>0,
u(z,0) = f(2), 0<z<m,

u (0,t) =0, u(m,t) — 0 t>0.
By the transform method, solve

Ut = Uge + g (2, 1), 0<zx<m, t >0,
u(z,0) =0, O<z<m,
u(0,t) =0, ug (m,t) + hu (7, t) =0, t>0.

By the transform method, solve

Up = Ugy + g (T, 1), O<zx<m, t>0,
u(z,0) =0, O<z<m,
u(0,t) =0, ug (m,t) =0, t>0.

By the transform method, solve

Up = Uge — AU, O<z<m, t>0,
u(z,0) = sinz, 0<z<m,
u(0,t) =0, u(m,t) =0, t>0.

By the transform method, solve

Ut = Ugy + N, O<ax<m, t>0, h = constant,
u (x,0) = 0, ug (2,0) =0, 0<uz<m,
ug (0,t) = 0, Uy (m,t) =0, ¢>0.
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60. By the transform method, solve

Upt = Ugy + g (X)), O<zxz<m, t >0,
u (x,0) =0, u (2,0) =0, 0<uz<m,
u (0,t) =0, u(m,t) =0, t>0.

61. By the transform method, solve

Ut +02umm =0, O<zx<m, t>0,
u(z,0) =0, ug (2,0) =0, 0<x<m,
u(0,t) =0, w(m,t) =0, t>0.

Uz (0,8) =0, Ugy (T, ) = sint, t>0.

62. Find the temperature distribution w (r,¢) in a long cylinder of radius
a when the initial temperature is constant, ug, and radiation occurs at
the surface into a medium with zero temperature. Here u (r,t) satisfies
the initial boundary-problem

1
ut:KL(uTT.—&-uT), 0<r<a, t>0,
r

u+au=0 at r=a, t>0,
u(r,0) =ug for 0<r<a,

where k and « are constants.

63. Apply the finite Fourier sine transform to solve the longitudinal dis-
placement field in a uniform bar of length | and cross section A sub-
jected to an external force F'A applied at the end x = [. The governing
equation and boundary and initial conditions are

E
CQUM:utt, <62_p>, 0<£L’<l, t >0,

u(0,t) =0 Eu(l,t)=F, t>0,
u(z,0) = us (x,0) =0, 0<z<l,

where E is the constant Young’s modulus, p is the density, and F' is
constant.

64. Use the finite Fourier cosine transform to solve the heat conduction
problem

Up = Kllgg, 0<z<l, t>0,
Uy (2, ) =0 at =0 and z=1I, t >0,
u(z,0) =ug for 0<z <l

where ug and k are constant.
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65. Use the Mellin transform to find the solution of the integral equation
oo
/ f(x)k(zt)de =g (1), t>0.
—o0

66. Use the Mellin transform to show the following results:

o0 c+ioco
@3 fm= [ CoFw

n=1 —100

(b) D f (nz) = M~ ¢ () F ()],

where ( (s) is the Riemann zeta function defined by (6.7.13).
67. Show that the solution of the boundary-value problem

1
urr+;ur+uzz:0, r>0, z>0,

u(r,0) = uy for 0<r<a,

u(r,z) =0 as z— oo,
is
u(r,z) = auo/ Ji (ak) Jo (kr) e %= dk.
0

68. Show that the asymptotic representation of the Bessel function J,, (kr)
for large kr is

nm ™

1" 2 \?
Jn(kr):;/o cos(n@—krsin@)d@w(ﬂ_kr> cos(kr—T—Z).

69. (a) Use the Laplace transform to solve the heat conduction problem

Up = Klgy, O<z<oo, t>0,
u(xz,0)=0, x>0,
w(0,t) =f (), wu(x,t)—0 as x—o00, t>0.

(b) Derive Duhamel’s formula

w(z, ) :/Otf(t—T) (%“:) ir,

Oug T g z?
e - ).
( ot ) ATTK eXp 4kt

where






13

Nonlinear Partial Differential Equations with
Applications

“True Laws of Nature cannot be linear.”

Albert Einstein

“... the progress of physics will to a large extent depend on the progress
of nonlinear mathematics, of methods to solve nonlinear equations ... and
therefore we can learn by comparing different nonlinear problems.”

Werner Heisenberg

13.1 Introduction

The three-dimensional linear wave equation
ugy = ¢* Vu, (13.1.1)

arises in the areas of elasticity, fluid dynamics, acoustics, magnetohydrody-
namics, and electromagnetism.
The general solution of the one-dimensional equation (13.1.1) is

u(z,t) =¢(x—ct)+ ¢ (x+ct), (13.1.2)

where ¢ and 1) are determined by the initial or boundary conditions. Phys-
ically, ¢ and v represent waves moving with constant speed ¢ and without
change of shape, along the positive and the negative directions of x respec-
tively.

The solutions ¢ and @ correspond to the two factors when the one-
dimensional equation (13.1.1) is written in the form

0 0 0 0
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Obviously, the simplest linear wave equation is
up +cuy, =0, (13.1.4)

and its solution u = ¢ (x — ct) represents a wave moving with a constant
velocity c¢ in the positive x-direction without change of shape.

13.2 One-Dimensional Wave Equation and Method of
Characteristics

The simplest first-order nonlinear wave equation is given by
up + ¢ (u) uy =0, —00 <z < 00, t>0, (13.2.1)

where ¢ (u) is a given function of u.
We solve this nonlinear equation subject to the initial condition

u(z,0) = f(x), —00 < T < 00. (13.2.2)

Before we discuss the method of solution, the following comments are
in order. First, unlike linear differential equations, the principle of super-
position cannot be applied to find the general solution of nonlinear partial
differential equations. Second, the effect of nonlinearity can change the en-
tire nature of the solution. Third, a study of the above initial-value problem
reveals most of the important ideas for nonlinear hyperbolic waves. Finally,
a large number of physical and engineering problems are governed by the
above nonlinear system or an extension of it.

Although the nonlinear system governed by (13.2.1)—(13.2.2) looks sim-
ple, it poses nontrivial problems in applied mathematics, and it leads sur-
prisingly to new phenomena. We solve the system by the method of char-
acteristics.

In order to construct continuous solutions, we consider the total differ-
ential du given by

ou ou

= 13.2.
du atdt—i—a dz, (13.2.3)

so that the points (z,t) are assumed to lie on a curve I'. Then, dx/dt
represents the slope of the curve I' at any point P on I'. Thus, equation

(13.2.3) becomes
du dx
s (E) o

It follows from this result that (13.2.1) can be regarded as the ordinary
differential equation

du

— = 13.2.
7 0, (13.2.5)



13.2 Omne-Dimensional Wave Equation and Method of Characteristics 537

along any member of the family of curves I" which are the solution curves
of

fl—f =c(u). (13.2.6)
These curves I' are called the characteristic curves of the main equation
(13.2.1). Thus, the solution of (13.2.1) has been reduced to the solution of
a pair of simultaneous ordinary differential equations (13.2.5) and (13.2.6).
Clearly, both the characteristic speed and the characteristics depend on the
solution wu.

Equation (13.2.5) implies that u = constant along each characteristic
curve I', and each ¢ (u) remains constant on I'. Therefore, (13.2.6) shows
that the characteristic curves of (13.2.1) form a family of straight lines in
the (x,t)-plane with slope ¢ (u). This indicates that the general solution of
(13.2.1) depends on finding the family of lines. Also, each line with slope
¢ (u) corresponds to the value of u on it. If the initial point on the charac-
teristic curve I" is denoted by & and if one of the curves I" intersects t = 0
at x = ¢, then u(£,0) = f(§) on the whole of that curve I" as shown in
Figure 13.2.1.

Thus, we have the following characteristic form on I:

dxr
o =c(u), z(0) =€, (13.2.7)
du
o =0, w(&,0) = f(€). (13.2.8)

These constitute a pair of coupled ordinary differential equations on I
Equation (13.2.7) cannot be solved independently because ¢ is a function
of u. However, (13.2.8) can readily be solved to obtain u = constant and

x =x(7)

0 x=E u=A%) X

Figure 13.2.1 A characteristic curve.
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hence, u = f (£) on the whole of I'. Thus, (13.2.7) leads to

dz
S =F©, 20)=¢ (13.2.9)

where

F(&) =c(f(©). (13.2.10)

Integrating equation (13.2.9) gives
z=tF (&) +¢. (13.2.11)

This represents the characteristic curve which is a straight line whose slope
is not a constant, but depends on &.

Combining these results, we obtain the solution of the initial-value prob-
lem in parametric form

u () - G } , (13.2.12)

where

We next verify that this final form represents an analytic expression of
the solution. Differentiating (13.2.12) with respect to = and ¢, we obtain

Ug = f/ (g)gia Ut :f/ (f)gta
1= {1+tF" ()} &,
0=F(+{1+tF" (&)} &-

Elimination of &, and &; gives

S 9 N O (9 (13.2.13)

TR (e T1H ()

Since F' (&) = ¢ (f (£)), equation (13.2.1) is satisfied provided 14+tF” (€¢) # 0.
The solution (13.2.12) also satisfies the initial condition at ¢ = 0, since
¢ = x, and the solution (13.2.12) is unique.
Suppose that u (z,t) and v (x,t) are two solutions. Then, on x = £ +

tEF (£),
u(th) = u(€70) = f(g) :’U(m?t)'

Thus, we have proved the following:
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Theorem 13.2.1. The nonlinear initial-value problem

ug + ¢ (u)u, =0, —oo < x < 00, t>0,
u(z,t) = f(z), at t=0, —00 < T < 00,

has a unique solution provided 1+tF’ (£) # 0, f and c are C* (R) functions
where F (§) = ¢ (f (£)).

The solution is given in the parametric form:

u(z,t) = f (&),
z=E4tF(6).

Remark: When ¢ (u) = constant = ¢ > 0, equation (13.2.1) becomes the
linear wave equation (13.1.4). The characteristic curves are z = ¢t + £ and
the solution u is given by

u(@,t)=f(&)=[f(z—ct).

Physical Significance of (13.2.12).

We assume ¢ (u) > 0. The graph of u at ¢ = 0 is the graph of f. In view of
the fact

u(@,t) =u(€+tF(§),t)=f (&)

the point (&, f (£)) moves parallel to the x-axis in the positive direction
through a distance tF (£) = ct, and the distance moved (x = £ + ct) de-
pends on &. This is a typical nonlinear phenomenon. In the linear case, the
curve moves parallel to the xz-axis with constant velocity ¢, and the solu-
tion represents waves travelling without change of shape. Thus, there is a
striking difference between the linear and the nonlinear solution.

Theorem 13.2.1 asserts that the solution of the nonlinear initial-value
problem exists provided

L+tF (€) #0, aw=E+tF (€). (13.2.14)

However, the former condition is always satisfied for sufficiently small time
t. By a solution of the problem, we mean a differentiable function u (x,t).
It follows from results (13.2.13) that both w, and w; tend to infinity as
1+ tF’(¢) — 0. This means that the solution develops a singularity (dis-
continuity) when 1+ tF”’ (§) = 0. We consider a point (x,t) = (£,0) so that
this condition is satisfied on the characteristics through the point (£,0) at
a time ¢ such that

1
F(§)

t=— (13.2.15)
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which is positive provided F' (§) = ¢ (f) f' (€) < 0. If we assume ¢’ (f) > 0,
the above inequality implies that f’'(£) < 0. Hence, the solution (13.2.12)
ceases to exist for all time if the initial data is such that f’ (£) < 0 for some
value of £. Suppose t = 7 is the time when the solution first develops a
singularity (discontinuity) for some value of . Then

1
min_coce<oe {¢ (f) £ (€)}

We draw the graphs of the nonlinear solution u (z,t) = f () below for
different values of t = 0, 7, 27, . ... The shape of the initial curve for u (z,t)
changes with increasing values of ¢, and the solution becomes multiple-
valued for ¢ > 7. Therefore, the solution breaks down when F’ (§) < 0 for
some &, and such breaking is a typical nonlinear phenomenon. In linear
theory, such breaking will never occur.

More precisely, the development of a singularity in the solution for ¢ > 7
can be seen by the following consideration. If f/ (£) < 0, we can find two
values of £ = &1, £ (§1 < &2) on the initial line such that the characteristics
through them have different slopes 1/c¢(u;) and 1/¢ (uz) where u; = f (&)
and ug = f (&) and ¢(u2) < c¢(uy). Thus, these two characteristics will
intersect at a point in the (x,t)-plane for some ¢ > 0. Since the character-
istics carry constant values of u, the solution ceases to be single-valued at
their point of intersection. Figure 13.2.2 shows that the wave profile pro-
gressively distorts itself, and at any instant of time there exists an interval
on the z-axis, where u assumes three values for a given x. The end result
is the development of a nonunique solution, and this leads to breaking.

Therefore, when conditions (13.2.14) are violated the solution develops
a discontinuity known as a shock. The analysis of shock involves extension
of a solution to allow for discontinuities. Also, it is necessary to impose on
the solution certain restrictions to be satisfied across its discontinuity. This
point will be discussed further in a subsequent section.

> 0.

T =

13.3 Linear Dispersive Waves

We consider a single linear partial differential equation with constant coef-
ficients in the form
0 0 0 0
= ey s o t)=20 13.3.1
<8t’8x’3y’8z)u(x’ )=0 (13:3.1)

where P is a polynomial in partial derivatives and x = (z,y, 2).
We seek an elementary plane wave solution of (13.3.1) in the form

u(x,t) = qelEx—wt, (13.3.2)

where a is the amplitude, kK = (k,l,m) is the wavenumber vector, w is
the frequency and a, k, w are constants. When this plane wave solution is
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t=2t1

Figure 13.2.2 The solution u(z,t) for different times ¢ = 0, 7 and 27; the
characteristics are shown by the dotted lines; two of them from z = & and
r = &2 intersect at t > 7.

substituted in the equation, 9/0t, 9/0x, 8/0y, and J/0z produce factors
—iw, ik, il, and im respectively, and the solution exists provided w and k
are related by an equation

P (—iw, ik, il,im) = 0. (13.3.3)

This equation is known as the dispersion relation. Evidently, we have a
direct correspondence between equation (13.3.1) and the dispersion relation
(13.3.3) through the correspondence

—iw, (a 0 a) —i(k,1,m). (13.3.4)

ot oz’ Ay’ 9z

Equation (13.3.1) and the corresponding dispersion relation (13.3.3) in-
dicate that the former can be derived from the latter and vice-versa by us-
ing (13.3.4). The dispersion relation characterizes the plane wave motion.

In many problems, the dispersion relation can be written in the explicit
form

w=W(k,l,m). (13.3.5)

The phase and the group velocities of the waves are defined by

C, (k) = %E (13.3.6)

C, (K) = Vew, (13.3.7)



542 13 Nonlinear Partial Differential Equations with Applications

where K is the unit vector in the direction of wave vector k.
In the one-dimensional case, (13.3.5)—(13.3.7) become

w _dw

w:W(k)v CP:E7 Cg*%'

(13.3.8)

The one-dimensional waves given by (13.3.2) are called dispersive if the
group velocity C, = ' (k) is not constant, that is, w” (k) # 0. Physically,
as time progresses, the different waves disperse in the medium with the
result that a single hump breaks into wavetrains.
Example 13.3.1.
(i) Linearized one-dimensional wave equation

Ut — gy = 0, w = +ck. (13.3.9)
(ii) Linearized Korteweg and de Vries (KdV) equation for long water waves

U + Qg + Bugee = 0, w = ak — Bk>. (13.3.10)
(iii) Klein—Gordon equation
Ut — gy + 02u = 0, w=-+ (c2k2 + 042)% . (13.3.11)
(iv) Schrédinger equation in quantum mechanics and de Broglie waves

K2 k2
- 2m

2
ihy, — (V - ;nv2> ¢ =0, hw +V,  (133.12)

where V is a constant potential energy, and h = 2xh is the Planck
constant.

The group velocity of de Broglie wave is (fik/m), and through the corre-
spondence principle, hw is to be interpreted as the total energy, (h*&?/2m)
as the kinetic energy, and Ak as the particle momentum. Hence, the group
velocity is the classical particle velocity.

(v) Equation for vibration of a beam
Upt + P Ugzzz = 0,  w= +ak’. (13.3.13)
(vi) The dispersion relation for water waves in an ocean of depth h
w? = gktanhkh, (13.3.14)

where g is the acceleration due to gravity.
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(vii) The Boussinesq equation

(67,9

g — &2V — 32V3uy = 0, w=+—=——. (13.3.15)

it e

This equation arises in elasticity for longitudinal waves in bars, long
water waves, and plasma waves.
(viii) Electromagnetic waves in dielectrics

(utt + w%u) (utt — cgum) — wf)utt =0,
(w? —w}) (w? — gk?) — w§w2 =0, (13.3.16)

where wy is the natural frequency of the oscillator, cg is the speed of
light, and w,, is the plasma frequency.

In view of the superposition principle, the general solution can be obtained
from (13.3.2) with the dispersion solution (13.3.3). For the one-dimensional
case, the general solution has the Fourier integral representation

u(x,t) / F (k) etF==tW Bl g (13.3.17)

where F (k) is chosen to satisfy the initial or boundary data provided the
data are physically realistic enough to have Fourier transforms.

In many cases, as cited in Example 13.3.1, there are two modes w =
+ W (k) so that the solution (13.3.17) has the form

u(z,t) = / Fy (k) et =tWkRl g 4 / Fy (k) elttr=tWRlgE - (13.3.18)

— 00 — 00

with the initial data at t = 0
u(z,t) = ¢ (x), u (z,t) =P (x). (13.3.19)
The initial conditions give
o@= [ (W +E®)a

v =i [ TR R+ o (R)] W (k) ek,

— 00

Applying the Fourier inverse transformations, we have

/ _ikxd.’ﬂ,
/ 7ik:cdx’

Fy (k) + Fy (k) =

ﬁ\ ﬁ\

—iW (k) [F1 (k) — Fz (K)] =
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so that

(Fy (k) + Fy (k)] = [qs k) + (’“)} . (13.3.20)

The asymptotic behavior of u (x,t) for large ¢ with fixed (z/t) can be
obtained by the Kelvin stationary phase approximation. For real ¢ (),
P (), ®(—k) = &* (k) and ¥ (—k) = ¥* (k), where the asterisk denotes a
complex conjugate. It follows from (13.3.20) that, for W (k) even

(Fy (=), F> (—k)] = [F§ (k) , F} (K)], (13.3.21)
and for W (k) odd,

[Fy (=k), Fa (=k)] = [F7 (k) , 5 (F)] - (13.3.22)
In particular, when ¢ (z) = § (x) and ¥ (z) = 0, then Fy (k) = Fy (k) =
1/4/87, and the solution (13.3.18) reduces to the form

w(z,t) \f / cos ki cos {tW (k)} dk. (13.3.23)

In order to obtain the asymptotic approximation by the Kelvin station-
ary phase method (see Section 12.7) for t — oo, we consider both cases
when W (k) is even (W’ (k) is odd) and when W (k) is odd (W’ (k) is even)
and make an extra reasonable assumption that W’ (k) is monotonic and
positive for k£ > 0. It turns out that the asymptotic solution for ¢ — oo is

1
w(z,t) ~ 2Re {F1 (k) {th%Uf)l} exp [i {0 (2, 1) = T sgn " (k:)}]}
1
+0 <t> ,
— Re [a (z,1) ei"@v”} , (13.3.24)
where k (z,t) is the positive root of the equation
W’ (k) = % w=W (k), % >0,  (13.3.25ab)
0(z,t) =xk(x,t) —tw(x,t), (13.3.26)

and

1
2T 2

a(x,t) = 2F) (k) {tw(k)'} exp {—ZT sgn W (k)} . (13.3.27)

It is important to point out that solution (13.3.24) has a form similar
to that of the elementary plane wave solution, but k, w, and a are no
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longer constants; they are functions of space variable z and time ¢. The
solution still represents an oscillatory wavetrain with the phase function
0 (z,t) describing the variations between local maxima and minima. Unlike
the elementary plane wavetrain, the present asymptotic result (13.3.24)
represents a nonuniform wavetrain in the sense that the amplitude, the
distance, and the time between successive maxima are not constant.

It also follows from (13.3.25a) that

ke W'(k) 1 1
B e "9\ ) (13.3.28)
Ky 11 1
R 1Tt <t> . (13.3.29)

These results indicate the k (z,t) is a slowly varying function of x and ¢ as
t — o0o. Applying a similar argument to w and a, we conclude that k (x, t),
w(z,t), and a(z,t) are slowly varying functions of z and ¢ as t — oo.
Finally, all these results seem to provide an important clue for natural
generalization of the concept of nonlinear and nonuniform wavetrains.

13.4 Nonlinear Dispersive Waves and Whitham’s
Equations

To describe a slowly varying nonlinear and nonuniform oscillatory wavetrain
in a medium (see Whitham, 1974), we assume the existence of a solution
in the form (13.3.24) so that

w(z,t) =a(z,t) @Y +cc., (13.4.1)

where c.c. stands for the complex conjugate, a (z,t) is the complex ampli-
tude given by (13.3.27), and the phase function 0 (z,t) is

0(x,t) =xk(x,t)—tw(x,t), (13.4.2)

and k, w, and a are slowly varying function of x and t.
Due to slow variations of k and w, it is reasonable to assume that these
quantities still satisfy the dispersion relation

w=W(k). (13.4.3)
Differentiating (13.4.2) with respect to = and ¢ respectively, we obtain

0, =k+{x—t W' (k)}ky, (13.4.4)
Oy = =W (k) + {z —t W' (k)} k¢. (13.4.5)

In the neighborhood of stationary points defined by (13.3.25a), these
results become
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0, =k (x,t), 0y = —w(x,t). (13.4.6)

These results can be used as a definition of local wavenumber and local
frequency of the slowly varying nonlinear wavetrain.

In view of (13.4.6), relation (13.4.3) gives a nonlinear partial differential
equation for the phase # in the form

a0 a0
5w <8$) = 0. (13.4.7)

The solution of this equation determines the geometry of the wave pattern.
However, it is convenient to eliminate 6 from (13.4.6) to obtain

ok L Ow
ot ot
This is known as the Whitham equation for the conservation of waves, where

k represents the density of waves and w is the flux of waves.
Using the dispersion relation (13.4.3), we obtain

ok ok
o +Cy (k) et

= 0. (13.4.8)

0, (13.4.9)

where Cy (k) = W’ (k) is the group velocity. This represents the simplest
nonlinear wave (hyperbolic) equation for the propagation of k with the
group velocity C, (k).

Since equation (13.4.9) is similar to (13.2.1), we can use the analysis of
Section 13.2 to find the general solution of (13.4.9) with the initial condition
k(x,0) = f (z) at t = 0. In this case, the solution has the form

k(z,t)=f(&), a={+tF(E), (13.4.10)

where F'(§) = Cy (f (€£)). This further confirms the propagation of k with
the velocity Cy. Some physical interpretations of this kind of solution have
already been discussed in Section 13.2.

Equations (13.4.9) and (13.4.3) reveal that w also satisfies the nonlinear
wave (hyperbolic) equation

ow ow

— + W' (k) == =0. 13.4.11

5 TW (k) o ( )
It follows from equations (13.4.9) and (13.4.11) that both k£ and w remain

constant on the characteristic curves defined by

d

d—f =W (k) =C, (k), (13.4.12)
in the (z, t) plane. Since k and w is constant on each curve, the characteristic
curves are straight lines with slope Cy (k). The solution for k is given by
(13.4.10).
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Finally, it follows from the above analysis that any constant value of
the phase 6 propagates according to 6 (x,t) = constant, and hence,

dx
0 — 16, =0, 13.4.13
¢+ (dt) ( )
which gives, by (13.4.6),
dx 0; w
dr O _w o 13.4.14
dt 0, k C (13 )

Thus, the phase of the waves propagates with the phase speed C,. On the
other hand, (13.4.9) ensures that the wavenumber k propagates with the
group velocity Cy (k) = (dw/dk) = W' (k).

We next investigate how the wave energy propagates in the dispersive
medium. We consider the following integral involving the square of the wave
amplitude (energy) given by (13.3.24) between any two points = 7 and
x=x2(0< a1 <x2)

x2 To
Q(t)Z/ Ialzdxz/ aa*d, (13.4.15)

T1 1

_gr [CTRK)F(K)
=8 /x e 4 (13.4.16)

which is, due to a change of variable x = t W’ (k),

ko
= 8r Fy (k) Fy (k) dk, (13.4.17)
k1
where k. =tW' (k.), r =1, 2.
When £k, is kept fixed as ¢ varies, @ (¢) remains constant so that

aQ d [
% _2 d
0="0 ~ @ / jal” dz,

Z1

1) 8
B / ot jaf* dzv + \a|§ W' (kg) — |a|f W’ (k1) (13.4.18)

In the limit 9 — 1 — 0, this result reduces to the partial differential
equation

0, 2 O 2

< oW w1’ =o. 13.4.19
o lal” + = [ W' (&) |a (13.4.19)
This represents the equation for the conservation of wave energy, where |a|2
and |a|® W’ (k) are the energy density and energy fluz respectively. It also
follows that the energy propagates with the group velocity W’ (k). It has
been shown that the wavenumber k also propagates with the group velocity.

Evidently, the group velocity plays a double role.
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The above analysis reveals another important fact; equations (13.4.3),
(13.4.8), and (13.4.19) constitute a closed set of equations for the three
quantities k, w, and a. Indeed, these are the fundamental equations for
nonlinear dispersive waves and are known as Whitham’s equations.

13.5 Nonlinear Instability

For infinitesimal waves, the wave amplitude (ak < 1) is very small, so that
nonlinear effects can be neglected altogether. However, for finite ampli-
tude waves the terms involving a? cannot be neglected, and the effects of
nonlinearity become important. In the theory of water waves, Stokes first
obtained the connection due to inherent nonlinearity between the wave-
profile and the frequency of a steady periodic wave system. According to
the Stokes theory, the remarkable fact is the dependence of w on a which
couples (13.4.8) to (13.4.19). This leads to a new nonlinear phenomenon.
For finite amplitude waves, the frequency w has the Stokes expansion

w = wp (k) + d®ws (k) +... = w (k,a?) . (13.5.1)

This can be regarded as the nonlinear dispersion relation which depends on
both k and a?. In the linear case, the amplitude a — 0, (13.5.1) gives the
linear dispersion relation (13.4.3), that is, w = wq (k).

In order to discuss nonlinear instability, we substitute (13.5.1) into
(13.4.8) and retain (13.4.19) in the linear approximation to obtain the fol-
lowing coupled system:

it aa i) (1352)

- + — { (k)a*} =0, (13.5.3)
where W (k) = wp (k).
These equations can be further approximated to obtain

ok , Ok da?

— — — =0 (a? 13.5.4
ot o oz “2 5, (a ) ’ ( )
da? , 0a? g2 ok
- =0. 13.5.5
ot " “Ogr T 5 (13.5.5)
In matrix form, these equations read

Wy we % 10 %
+ =0. (13.5.6)

wla? wj %‘f 01 %‘f

Hence, the eigenvalues \ are the roots of the determinant equation
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why— A wa

"2 /
wia® wh— A

where a;; and b;; are the coefficient matrices of (13.5.6). This equation gives
the characteristic velocities

A= CU% =wy+ (wag)% a+0 (a%). (13.5.8)

If wowy > 0, the characteristics are real and the system is hyperbolic.
The double characteristic velocity splits into two separate real velocities.
This provides a new extension of the group velocity to nonlinear problems. If
the disturbance is initially finite in extent, it would eventually split into two
disturbances. In general, any initial disturbance or modulating source would
introduce disturbances in both families of characteristics. In the hyperbolic
case, compressive modulation will progressively distort and steepen so that
the question of breaking will arise. These results are remarkably different
from those found in linear theory, where there is only one characteristic
velocity and any hump may distort, due to the dependence of wy (k) on k,
but would never split.

On the other hand, if wow( < 0, the characteristics are complex and the
system is elliptic. This leads to ill-posed problems. Any small perturbations
in k and a will be given by the solutions of the form exp [icv (x — At)] where A
is calculated from (13.5.8) for unperturbed values of k£ and a. In this elliptic
case, A is complex, and the perturbation will grow as ¢ — oco. Hence, the
original wavetrain will become unstable. In the linear theory, the elliptic
case does not arise at all.

Ezample 13.5.1. For Stokes waves in deep water, the dispersion relation is

Nl

w = (gk) (1 + ;k2a2> , (13.5.9)

so that wo (k) = (gk)? and wy (k) = 3,/gk?.

In this case, wj (k) = —i\/gk’% so that wyjwy = —§k < 0. The con-
clusion is that Stokes waves in deep water are definitely unstable. This is
one of the most remarkable results in the theory of nonlinear water waves
discovered during the 1960’s.

13.6 The Traffic Flow Model

We consider the flow of cars on a long highway under the assumptions that
cars do not enter or leave the highway at any one of its points. We take the
z-axis along the highway and assume that the traffic flows in the positive
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direction. Suppose p (x,t) is the density representing the number of cars
per unit length at the point = of the highway at time ¢, and ¢ (z,t) is the
flow of cars per unit time.

We assume a conservation law which states that the change in the total
amount of a physical quantity contained in any region of space must be
equal to the flux of that quantity across the boundary of that region. In
this case, the time rate of change of the total number of cars in any segment
x1 < x < x5 of the highway is given by

d /3':2 2 Op
— p(x,t)dx = / — dx. (13.6.1)

dt J,, . O
This rate of change must be equal to the net flux across x; and x5 given by
q(z1,t) — q(22,1) (13.6.2)

which measures the flow of cars entering the segment at x1 minus the flow
of cars leaving the segment at x5. Thus, we have the conservation equation

d [*
%/ p(z,t)de = q(x1,t) — q(22,t), (13.6.3)
or
o ap _ o 6q
. Edl’—— . %d.f7
or
2 (0p  Oq
—_— + — =0. 13.6.4
/xl (8t+8x>dx 0 (13.6.4)

Since the integrand in (13.6.4) is continuous, and (13.6.4) holds for every
segment [x1, xo], it follows that the integrand must vanish so that we have
the partial differential equation

dp  Oq

oty =0 (13.6.5)

We now introduce an additional assumption which is supported by both
theoretical and experimental findings. According to this assumption, the
flow rate ¢ depends on z and ¢ only through the density, that is, ¢ = Q (p)
for some function (). This assumption seems to be reasonable in the sense
that the density of cars surrounding a given car indeed controls the speed of
that car. The functional relation between ¢ and p depends on many factors,
including speed limits, weather conditions, and road characteristics. Several
specific relations are suggested by Haight (1963).

We consider here a particular relation ¢ = pv where v is the average
local velocity of cars. We assume that v is a function of p to a first approxi-
mation. In view of this relation, (13.6.5) reduces to the nonlinear hyperbolic
equation
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op dp
5 tel) 52 =0, (13.6.6)
where
c(p) =4q (p)=v+pv (p). (13.6.7)

In general, the local velocity v (p) is a decreasing function of p so that
v (p) has a finite maximum value vyax at p = 0 and decreases to zero at
P = Pmax = Pm.- For the value of p = p,,, the cars are bumper to bumper.
Since ¢ = pv, q(p) = 0 when p = 0 and p = p,;,. This means that ¢ is an
increasing function of p until it attains a maximum value ¢nax = g for
some p = ppr and then decreases to zero at p = p,,,. Both ¢ (p) and v (p)
are shown in Figure 13.6.1.

Equation (13.6.6) is similar to (13.2.1) with the wave propagation ve-
locity ¢(p) = v (p) + pv' (p). Since v’ (p) < 0, c(p) < v(p), that is, the
propagation velocity is less than the car velocity. In other words, waves
propagate backwards through the stream of cars, and drivers are warned of
disturbances ahead. It follows from Figure 13.6.1a that ¢ (p) is an increasing
function in [0, pps], a decreasing function in [pas, pm], and attains a max-
imum at pps. Hence, ¢(p) = ¢ (p) is positive in [0, pps], zero at pp and
negative in [pas, pm]. All these mean that waves propagate forward relative
to the highway in [0, pas], are stationary at pps, and then travel backwards
in [par, pm)-

We use Section 13.1 to solve the initial-value problem for the nonlinear
equation (13.6.6) with the initial condition p (x,0) = f (z). The solution is

pat) = [(6), w=E+tF (), (13.6.8)
where
F (&) =c(f (&)
qA U A
max | - - - - - , Umax
0 Py Pm P 0 Pm P

(@) (b)

Figure 13.6.1 Graphs of ¢ (p) and v (p).
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Since ¢ (p) = q" (p) < 0, q(p) is convex, and ¢ (p) is a decreasing function
of p. This means that breaking occurs at the left due to formation of shock
at the back. Waves propagate slower than the cars, so drivers enter such
a local density increase from behind; they must decelerate rapidly through
the shock but speed up slowly as they get out from the crowded area. These
conclusions are in accord with observational results.

Actual observational data of traffic flow indicate that a typical result
on a single lane highway is p,,, ~ 225 cars per mile, pp; ~ 80 cars per mile,
and ¢ps ~ 1590 cars per hour. Thus, the maximum flow rate q); occurs at
a low velocity v = qar/pa &~ 20 miles per hour.

13.7 Flood Waves in Rivers

We consider flood waves in a long rectangular river of constant breadth. We
take the xz-axis along the river which flows in the positive z-direction and
assume that the disturbance is approximately the same across the breadth.
In this problem, the depth h (z,t) of the river plays the role of density in
the traffic flow model discussed in Section 13.6. Let ¢ (z,t) be the flow per
unit breadth and per unit time. According to the Conservation Law, the
rate of change of the mass of the fluid in any section z; < x < x5 must be
balanced by the net flux across x5 and x; so that the conservation equation
becomes

d [
%/ h(x,t)dr + q(z2,t) — q(x1,t) = 0. (13.7.1)

An argument similar to the previous section gives

oh  0Oq
— 4+ —==0. 13.7.2
ot " ox (13.7.2)
Although the fluid flow is extremely complicated, we assume a simple func-
tion relation ¢ = @ (h) as a first approximation to express the increase in
flow as the water level arises. Thus, equation (13.7.2) becomes

he + ¢ (h) hy = 0, (13.7.3)

where ¢ (h) = Q' (h) and @ (h) is determined from the balance between the
gravitational force and the frictional force of the river bed. This equation
is similar to (13.2.1) and the method of solution has already been obtained
in Section 13.2.

Here we discuss the velocity of wave propagation for some particular
values of @ (h). One such result is given by the Chezy result as

Q (h) = ho, (13.7.4)
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where v = av/h is the velocity of fluid flow and « is a constant, so that the
propagation velocity of flood waves is given by

3 3

c(h)=Q" (h) = 2@ h = 3 (13.7.5)
Thus, the flood waves propagate one and a half times faster than the stream
velocity.
For a general case where v = ah”,
Q (h) = hv = ah™ (13.7.6)

so the propagation velocity of flood waves is
c(h)=Q (h) = (n+1)v. (13.7.7)

This result also indicates that flood waves propagate faster than the fluid.

13.8 Riemann’s Simple Waves of Finite Amplitude

We consider a one-dimensional unsteady isentropic flow of gas of density
p and pressure p with the direction of motion along the z-axis. Suppose
u (xz,t) is the z-component of the velocity at time ¢t and A is an area-
element of the (y, z)-plane. The volume of the rectangular cylinder of height
dx standing on the element A is then A dr and its mass Ap; dx dt is
determined by the mass entering it, which is equal to —A (9/0z) (pu) dz dt.
Its acceleration is (us + uu,) and the force impelling it in the positive a-
direction is —p, A dz = —c?p, A dz, where p = f (p) and ¢ = f’ (p). These
results lead to two coupled nonlinear partial differential equations

dp 0 B
2% + 9 (pu) =0, (13.8.1)
2
(m+wg+%m:0 (13.8.2)

In matrix form, this system is

oU  _oU
AT 415 = 13.8.
o 15 =0, (13.8.3)

where U, A and I are matrices given by

P U p 1 0
U= . A= and I = . (13.8.4)
u Alp u 0 1

The concept of characteristic curves introduced briefly in Section 13.2
requires generalization if it is to be applied to quasi-linear systems of first-
order partial differential equations (13.8.1)—(13.8.2).
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It is of interest to determine how a solution evolves with time ¢. Hence,
we leave the time variable unchanged and replace the space variable x by
some arbitrary curvilinear coordinate £ so that the semi-curvilinear coor-
dinate transformation from (z,t) to (£,t) can be introduced by

E=¢(x,t), t'=t. (13.8.5)

If the Jacobian of this transformation is nonzero, we can transform
(13.8.3) by the following correspondence rule:

9 555+i.ﬁzﬁﬁ+i
a ot 9¢ ot Ot ot 9 Ot
o 9o o o 90
or 0w 0t oz o 0w 0F

This rule transforms (13.8.3) into the form

oU (06 Ot
1o+ <8t It 5 A) 5 = O (13.8.6)

This equation can be used to determine OU/O¢ provided that the de-
terminant of its coefficient matrix is non-zero. Obviously, this condition de-
pends on the nature of the curvilinear coordinate curves £ (z,t) = constant,
which has been kept arbitrary. We assume now that the determinant van-
ishes for the particular choice £ =7 so that

‘3771+ on A’ (13.8.7)

In view of this, U /01 will become indeterminate on the family of curves
7 = constant, and hence, 9U/0n may be discontinuous across the curves
7 = constant. This implies that each element of 9U/9n will be discontinuous
across any of the curves 17 = constant. It is then necessary to find out how
these discontinuities in the elements of dU/0n are related across the curve
1 = constant. We next consider the solutions U which are everywhere con-
tinuous with discontinuous derivatives OU/Jn across the particular curve
1 = constant = 19. Since U is continuous, elements of the matrix A are not
discontinuous across 17 = 19 so that A can be determined in the neighbor-
hood of a point P on 7 = ng. And since OU/Jt' is continuous everywhere,
it is continuous across the curve n = ny at P.

In view of all of the above facts, it follows that differential equation
(13.8.6) across the curve & =n =1y at P becomes

on on ou
1+204) |&| = 13.8.
(515 )Jan} > (15:55)

where [f]p = f (P+)— f (P—) denotes the discontinuous jump in the quan-
tity f across the curve n = ng, and f (P—) and f (P+) represent the values
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to the immediate left and immediate right of the curve at P. Since P is
any arbitrary point on the curve, 9/9n denotes the differentiation normal
to the curves i = constant so that equation (13.8.8) can be regarded as the
compatibility condition satisfied by OU/dn on either side of and normal to
these curves in the (z,t)-plane.

Obviously, equation (13.8.8) is a homogeneous system of equations for
the two jump quantities [0U/0n]. Therefore, for the existence of a non-
trivial solution, the coefficient determinant must vanish, that is,

‘8771 . ‘977,4’ (13.8.9)

However, along the curves n = constant, we have

dx
0=dn=mn+ (dt> Nas (13.8.10)
so that these curves have the constant slope, A
dx Nt
— =——=\ 13.8.11
= (13.8.11)

Consequently, equations (13.8.9) and (13.8.8) can be expressed in terms of
A in the form

|A—XI| =0, (13.8.12)
(A— ) {gﬂ =0, (13.8.13)

where X represents the eigenvalues of the matrix A, and [0U/dn) is propor-
tional to the corresponding right eigenvector of A.

Since A is a 2 X 2 matrix, it must have two eigenvalues. If these are real
and distinct, integration of (13.8.11) leads to two distinct families of real
curves I and I in the (z,t)-plane:

da
Tdt

The families of curves I, are called the characteristic curves of the system
(13.8.3). Any one of these families of curves I may be chosen for the
curvilinear coordinate curves n = constant. The eigenvalues A, have the
dimensions of velocity, and the A, associated with each family will then be
the velocity of propagation of the matrix column vector [0U/dn] along the
curves I. belonging to that family.

In this particular case, the eigenvalues A of the matrix A are determined
by (13.8.12), that is,

=A, r=12 (13.8.14)

u—A p
=0, (13.8.15)
Alp u—A\
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so that
A=A =ute, r=12. (13.8.16)

Consequently, the families of the characteristic curves I'. (r = 1,2) defined
by (13.8.14) become

d d
Flzd—f:u—&—c, and Fg:d—f:u—c. (13.8.17)
In physical terms, these results indicate that disturbances propagate
with the sum of the velocities of the fluid and sound along the family of
curves [7. In the second family I, they propagate with the difference of
the fluid velocity u and the sound velocity c.

(1)
e
The right eigenvectors p, = are solutions of the equations
2
i
(A= A1) pyr =0, r=1,2, (13.8.18)
or,
u=>X  p me
=0, r=1,2. (13.8.19)
2 2
clp u— A ut?
This result combined with (13.8.13) gives
1
[o] s 1
— = y r = 17 2, (138.20)
[uy] M&z) +c/p

where « is a constant.
In other words, across a wavefront in the I family of characteristic
curves,

[0p/On] _ [Ou/On]

= 13.8.21
and across a wavefront in the I's family of characteristic curves,

1 —c/p’

where ¢ and p have values appropriate to the wavefront.
The above method of characteristics can be applied to a more general
system
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oUu oUu

— 4+ A—=0 13.8.23

ot + Ox ’ ( )
where U is an n X 1 matrix with elements uy, us, ..., u, and A isann xn

matrix with elements a;;. An argument similar to that given above leads
to n eigenvalues of (13.8.13). If these eigenvalues are real and distinct,
integration of equations (13.8.14) with » = 1, 2, ..., n gives n distinct
families of real curves I. in the (x,¢)-plane so that

dx

I, : —
Tdt

=\, r=12..n (13.8.24)

When the eigenvalues A, of A are all real and distinct, there are n dis-
tinct linearly independent right eigenvectors pu,. of A satisfying the equation

A,U/r = )\rﬂru
where p,- is an n X 1 matrix with elements ugl), ug), ey u£”). Then across
a wavefront belonging to the I'. family of characteristics, it turns out that
Ouy /0 Ousg /0 Ouy/0
[Ou1/On] _ [Ouz/ n]:._.:[U/n]v (13.8.25)
(1) (2) (n)
Hr Hr Hr

where the elements of i, are known on the wavefront.

In order to introduce the Riemann invariants, we form the linear com-
bination of the eigenvectors (+¢/p,1) with equations (13.8.1)-(13.8.2) to
obtain

c c?
i; (pt + pug + upy) + | ug + uuy + N pe | =0.  (13.8.26)
We use du/0p = + ¢/p from (13.8.21)—(13.8.22) and rewrite (13.8.26) as
c
i; [pt + (u+c) pa] + [ur + (w+ ) ug] = 0. (13.8.27)

In view of (13.8.17), equation (13.8.27) becomes

du i% dp=0 on I, r=1,2, (13.8.28)
or,
dlF(p) +ul=0 on I, (13.8.29)
where
F(p) = /p <@y, (13.8.30)
b P

Integration of (13.8.29) gives
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F(p)+u=2r on It and F(p)—u=2s on Iy, (13.8.31)

where 2r and 2s are constants of integration on Iy and I, respectively.

The quantities r and s are called the Riemann invariants. As stated
above, r is an arbitrary constant on characteristics I, and hence, in general,
r will vary on each I5. Similarly, s is constant on each I but will vary on
I . It is natural to introduce r and s as new curvilinear coordinates. Since r
is constant on I, s can be treated as the parameter on I. Similarly, r can
be regarded as the parameter on I'. Then, de = (u+c¢)dt on I'. implies
that

dzx dt

= (u+c) = on I7, (13.8.32)
d dt
di; =(u—¢) o on I (13.8.33)

In fact, r is a constant on I3, and s is a constant on I5. Therefore, the
derivatives in the two equations are really partial derivations with respect
to s and r so that we can rewrite them as

ox ot
ox ot

These two first-order PDE’s can, in general, be solved for x = z (r,s),
t = t(r,s), and then, by inversion, r and s as functions = and ¢ can be
obtained. Once this is done, we use (13.8.31) to determine u (x,t) and p (z,t)
in terms of r and s as

u(z,t) =1 —s, F(p)=r+s. (13.8.36)

When one of the Riemann invariants r and s is constant throughout
the flow, the corresponding solution is tremendously simplified. The solu-
tions are known as simple wave motions representing simple waves in one
direction only. The generating mechanisms of simple waves with their prop-
agation laws can be illustrated by the piston problem in gas dynamics.

Example 13.8.1. Determine the Riemann invariants for a polytropic gas
characterized by the law p = kp?, where k and ~ are constants.

In this case
felp) 2

2 -1
cc=—=kyp"", Fp:/—: .
p (p) Ty -1

Hence, the Riemann invariants are given by

2
( Cl>c+u (2r,2s) on I. (13.8.37)
-
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It is also possible to express the dependent variables v and ¢ in terms
of the Riemann invariants. It turns out that

_—1
2

u=r-—s, c (r+s). (13.8.38)
Ezample 13.8.2. (The Piston Problem in a Polytropic Gas). The problem
is to determine how a simple wave is produced by the prescribed motion of
a piston in the closed end of a semi-infinite tube filled with gas.

This is a one-dimensional unsteady problem in gas dynamics. We assume
that the gas is initially at rest with a uniform state u = 0, p = pg, and
¢ = ¢g. The piston starts from rest at the origin and is allowed to withdraw
from the tube with a variable velocity for a time ¢, after which the velocity
of withdrawal remains constant. The piston path is shown by a dotted
curve in Figure 13.8.1. In the (x,t)-plane, the path of the piston is given
by © = X (t) with X (0) = 0. The fluid velocity u is equal to the piston
velocity X (t) on the piston 2 = X (¢), which will be used as the boundary
condition for the piston.

The initial state of the gas is given by u = ug, p = pp, and ¢ = ¢y
at t = 0, in > 0. The characteristic line I that bounds it and passes
through the origin is determined by the equation

dx
g~ wtcg=co

so that the equation of the characteristic line I is = ¢ot.

O  u=0p=ppc=c ¥

Figure 13.8.1 Simple waves generated by the motion of a piston.
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In view of the uniform initial state, all the Iy characteristics start on
the z-axis so that the Riemann invariants s in (12.8.37b) must be constant
and of the form

2 2
Y (13.8.39)
v—1 v—1
or,
2(c— —1
= m c=co+ 9] 5 )u (13.8.40ab)

The characteristics I} meeting the piston are given by

2c
v—1

d
tu=2r oneachl} and I} : d—f —u+te  (13.8.41)
which is, since (13.8.40ab) holds everywhere,

u = constant on [ and I : Ccllitj =co+ % (v+1Du. (13.8.42)

Since the flow is continuous with no shocks, v = 0 and ¢ = ¢y ahead of

and on Iy, which separates those I} meeting the z-axis from those meet-

ing the piston. The family of lines I} through the origin has the equation

(dx/dt) = &, where & is a parameter with £ = ¢ on Iy. The Iy characteris-

tics are also defined by (dz/dt) = u+c¢ so that £ = u+c. Hence, elimination
of ¢ from (13.8.40b) gives

2
=|(— — . 13.8.43
= (27 ) (138.43)
Substituting this value of u in (13.8.40b), we obtain
Y — 1 200
=|—)&+ . 13.8.44
‘ (7 + 1) ¢ 7+1 ( )

It follows from ¢ = v k p7~! and (13.8.40b) with the initial data, p = po,
¢ = ¢g that

_ 1 126~
} . (13.8.45)

P = po [1 + 5 U

With € = (x/t), results (13.8.43) through (13.8.45) give the complete
solution of the piston problem in terms of x and ¢.

Finally, the equation of the characteristic line I is found by integrating
the second equation of (13.8.42) and using the boundary condition on the
piston. When a line I intersects the piston path at time ¢ = 7, then
u = X (1) along it, and the equation becomes
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r=X(1)+ {co + WT“X (T)} (t—7). (13.8.46)

It is noted that the family I represents straight lines with slope dz/dt

increasing with velocity u. Consequently, the characteristics are likely to

overlap on the piston, that is, X (7) > 0 for any 7. If u increases, so do ¢,

p, and p so that instability develops. It shows that shocks will be formed in
the compressive part of the disturbance.

13.9 Discontinuous Solutions and Shock Waves

The development of a nonunique solution of a nonlinear hyperbolic equation
has already been discussed in connection with several different problems. In
real physical situations, this nonuniqueness usually manifests itself in the
formation of discontinuous solutions which propagate in the medium. Such
discontinuous solutions across some surface are called shock waves. These
waves are found to occur widely in high speed flows in gas dynamics.

In order to investigate the nature of discontinuous solutions, we recon-
sider the nonlinear conservation equation (13.6.5) that is,

o , 0 _

ot Ox
This equation has been solved under two basic assumptions: (i) There exists
a functional relation between ¢ and p, that is, ¢ = Q(p); (ii) p and ¢
are continuously differentiable. In some physical situations, the solution of
(13.9.1) leads to breaking phenomenon. When breaking occurs, questions
arise about the validity of these assumptions. To examine the formation
of discontinuities, we consider the following: (a) we assume the relation
q = Q (p) but allow jump discontinuity for p and ¢; (b) in addition to the
fact that p and ¢ are continuously differentiable, we assume that ¢ is a
function of p and p,. One of the simplest forms is

q=Q(p) —vps, v>0. (13.9.2)

In case (a), we assume the conservation equation (13.6.1) still holds and
has the form

0. (13.9.1)

T2
pn p(z,t)dx + q(x2,t) — q(z1,t) = 0. (13.9.3)
3!
We now assume that there is a discontinuity at = s(¢) where s is a
continuously differentiable function of ¢, and z; and z are chosen so that
x2 > s(t) > x1, and U (t) = $ (t). Equation (13.9.3) can be written as

d S o
— d d
dt /ac1 par+ /S+ pax

+q($2,t) _q(‘rht) = 07
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which implies that

s xTo
/ ptdx+ép(8‘,t)+/ pedx —35p (st,t) +q(x2,1) — q(x1,1) =0,

1 st

(13.9.4)

where p (s7,t), p(sT,t) are the values of p(z,t) as  — s from below and
above respectively. Since p; is bounded in each of the intervals separately,
the integrals tend to zero as 1 — s~ and 25 — sT. Thus, in the limit,

q(stt)—q(s™t) =U{p(s",t) —p(s,t)}. (13.9.5)
In the conventional notation of shock dynamics, this can be written as

q2—q =U(p2—p1), (13.9.6)

—Up]+[q] =0, (13.9.7)

where subscripts 1 and 2 are used to denote the values behind and ahead
of the shock respectively, and [ ] denotes the discontinuous jump in the
quantity involved. Equation (13.9.7) is called the shock condition. Thus, the
basic problem can be written as

% + % =0 at points of continuity, (13.9.8)
—U[p]+[¢] =0 at points of discontinuity. (13.9.9)

Therefore, we have a nice correspondence

ap 0
a<—>—U[ 1, %H[ 1, (13.9.10)

between the differential equation and the shock condition.

It is now possible to find discontinuous solutions of (13.9.3). In any
continuous part of the solution, equation (13.9.1) is still satisfied and the
assumption ¢ = @ (p) remains valid. But we have ¢ = Q (p1) and ¢ =
Q (p2) on the two sides of any shock, and the shock condition (13.9.6) has
the form

Ul(pz—p1) =Q(p2) —Q(p1). (13.9.11)
FEzample 13.9.1. The simplest example in which breaking occurs is

pt +c(p) pz =0,

with discontinuous initial data at t =0
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p2;, <0
p= : (13.9.12)
p1, >0
and
c2=c2(p), <0
F(z) = , (13.9.13)
ca=c(p), >0
where

p1 > p2 and ¢y > cq.

In this case, breaking will occur immediately and this can be seen from
Figure 13.9.1ab with ¢’ (p) > 0. The multivalued region begins at the origin
¢ = 0 and is bounded by the characteristics * = c¢1t and x = cot with
¢1 < c3. This corresponds to a centered compression wave with overlapping
characteristics in the (x,t)-plane.

On the other hand, if the initial condition is expansive with c; < cq,
there is a continuous solution obtained from (13.2.12) in which all values
of F () in [ca,c1] are taken on characteristics through the origin £ = 0.
This corresponds to a centered fan of characteristics ¢ = ct, ¢ < ¢ < ¢
in the (z,t)-plane so that the solution has the explicit form ¢ = (x/t),
ca < (x/t) < c¢1. The density distribution and the expansion wave are
shown in Figure 13.9.2ab.

In this case, the complete solution is given by

co, T < cot
T
c = y, cot < x < cqit (13914)

c1, T > cit.

13.10 Structure of Shock Waves and Burgers’ Equation

In order to resolve breaking, we assumed a functional relation in p and ¢
with appropriate shock conditions. Now we investigate the case when

qa=Q(p) —vps, v>0. (13.10.1)

Note that near breaking where p, is large, (13.10.1) gives a better approx-
imation. With (13.10.1), the basic equation (13.9.1) becomes

pt +c(p) pz = Vpya, (13.10.2)
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Figure 13.9.1ab Density distribution and centered compression wave with over-
lapping characteristics.
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where ¢ (p) = Q' (p), the second and the third terms represent the effects
on nonlinearity and diffusion.

We first solve (13.10.2) for two simple cases: (i) ¢(p) = constant = c,
and (ii) ¢(p) = 0. In the first case, equation (13.10.1) becomes linear and
we seek a plane wave solution

p(z,t) = aexp {i (kx —wt)}. (13.10.3)

Substituting this solution into the linear equation (13.10.2), we have the
dispersion relation

w = ck —ivk?, (13.10.4)
where
Imw = —vk? <0, since v > 0.
Thus, the wave profile has the form
p(x,t) = ae k' exp [ik (x — ct)] (13.10.5)

which represents a diffusive wave (Imw < 0) with wavenumbers k and phase
velocity ¢ whose amplitude decays exponentially with time t. The decay
time is given by typ = (qu)_l which becomes smaller and smaller as k
increases with fixed v. Thus, the waves of smaller wavelengths decay faster
than waves of longer wavelengths. On the other hand, for a fixed wavenum-
ber k, ty decreases as v increases so that waves of a given wavelength atten-
uate faster in a medium with larger v. The quantity v may be regarded as
a measure of diffusion. Finally, after a sufficiently long time (¢ > ¢¢) only
disturbances of long wavelength will survive, while all short wavelength
disturbances will decay rapidly.
In the second case, (13.10.2) reduces to the linear diffusion equation

Pt = Vpgs- (13.10.6)
This equation with the initial data at ¢ = 0

p1, T < 0
p= p1 > pa2, (13.10.7)
p1, T > 03

can readily be solved, and the solution for ¢ > 0 is

0 00
M —(z—&)? /vt P2 —(z—&)2/4vt
x,t) = e dé + —— e d§.
p(.t) 2vVmvt J_ o ¢ 2vrmuvt Jo ¢
(13.10.8)

After some manipulation involving changes of variables of integration
(x — &) /2+/vt = 1, the solution is simplified to the form
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1 o/t
u(z,t) = 5 (pr +p2) + (p2 = p1) ﬁ/ e "dn, (13.10.9)

= % (p1+p2) + % (p2 — p1) exf (2\F> (13.10.10)

This shows that the effect of the term vp,, is to smooth out the initial

distribution (l/t)_%. The solution tends to values p1, p2 as * — + oo. The
absence of the term vp,, in (13.10.2) leads to nonlinear steepening and
breaking. Indeed, equation (13.10.2) combines the two opposite effects of
breaking and diffusion. The sign of v is important; indeed, solutions are
stable or unstable according as v > 0 or v < 0.

In order to investigate solutions that balance between steepening and
diffusion, we seek solutions of (13.10.2) in the form

p=p(X), X=z-Ut (13.10.11)

where U is a constant to be determined.
It follows from (13.10.2) that

[c(p) —Ulpx =vpxx. (13.10.12)
Integrating this equation gives
Q(p)—Up+ A=vpx, (13.10.13)

where A is a constant of integration.
Integrating (13.10.13) with respect to X gives an implicit relation for
p (X) in the form

X
/Q Up+A (13.10.14)

We would like to have a solution which tends to p1, p2 as X — +oo. If
such a solution exists with px — 0 as |X| — oo, the quantities U and A
must satisfy

Q) ~Up +A=Q(p) ~Upp +A=0,  (13.10.15)

which implies that

Q (p1) — Q(p2)
P1 — P2 .

U= (13.10.16)
This is exactly the same as the shock velocity obtained before.

Result (13.10.15) shows that p;, ps are zeros of Q(p) — Up + A. In
the limit p — py or pa, the integral (13.10.14) diverges and X — +oo. If
 (p) >0, then Q (p)—Up+A <0in ps < p < py and then px < 0 because
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Figure 13.10.1 Shock structure and shock thickness.

of (13.10.11). Thus, p decreases monotonically from p; at X = —oo to pa
at X = oo as shown in Figure 13.10.1.

Physically, a continuous waveform carrying an increase in p will progres-
sively distort itself and eventually break forward and require a shock with
p1 < p2 provided ¢’ (p) > 0. It will break backward and require a shock
with p; > ps and ¢ (p) < 0.

Ezample 13.10.1. Obtain the solution of (13.10.2) with the initial data
(13.10.7) and Q (p) = ap® + Bp+7, a > 0.
We write

Q(p) —Up+A=—a(pi—p)(p—0p2),

where
U=p+a(pr+p2) and A=apips—7

Integral (13.10.14) becomes

X 1 dp _ 1 pL—p
v a/(p—pa)(pl—p) a(m—pz)lg(p p2>

which gives the solution

C€Xp [ v (p2 — Pl)]
1+ exp [%F (p2 — p1)]

p(X) = p2+(p1—p2) (13.10.17)
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The exponential factor in the solution indicates the existence of a tran-
sition layer of thickness ¢ of the order of v/ [a(p1 — p2)]. This can also be
referred to as the shock thickness. The thickness ¢ increases as p; — po for
a fixed v. It tends to zero as v — 0 for a fixed p; and ps.

In this case, the shock velocity (13.10.16) becomes

1
U=a(py—p2)+ 8= B (c1 4 c2), (13.10.18)

whete ¢(p) = @' (p), ¢1 = ¢ (pr), and ¢ = ¢ (pa).
We multiply (13.10.2) by ¢ (p) and simplify to obtain

i+ CcCp = Vewy — v (p) p2. (13.10.19)

Since @ (p) is a quadratic expression in p, then ¢ (p) = Q' (p) becomes
linear in p and ¢” (p) = 0. Thus, (13.10.19) leads to Burgers’ equation
replacing ¢ with u

Up + Uy = V Ugy. (13.10.20)

This equation incorporates the combined opposite effects of nonlinearity
and diffusion. It is the simplest nonlinear model equation for diffusive waves
in fluid dynamics. Using the Cole-Hopf transformation

w= 2% (13.10.21)

¢

Burgers’ equation can be solved exactly, and the opposite effects of nonlin-
earity and diffusion can be investigated in some detail.

We introduce the transformation in two steps. First, we write u = v,
so that (13.10.20) can readily be integrated to obtain

1
Yot U7 = Ve (13.10.22)

The next step is to introduce ¢ = —2vrlog¢ and to transform this
equation into the so called diffusion equation

Ot =V Paa- (13.10.23)

This equation was solved in earlier chapters. We simply quote the solu-
tion of the initial-value problem of (13.10.23) with the initial data

¢ (x,0) =P (x), —00 < T < 00. (13.10.24)

The solution for ¢ is

6 (z,t) = 2\/% /_Oo @ (C) exp [—(““4_”?1 ¢, (13.10.25)
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where @ ({) can be written in terms of the initial value u (x,0) = F (x) by
using (13.10.21). It turns out that, at ¢ = 0,

o (z,t) =P (z) =exp {—211/ /Ox F(«) da} . (13.10.26)

It is then convenient to write down ¢ (z,t) in the form

o (x,t) 2\/71-7 exp ( / ) d¢, (13.10.27)
where
¢ 2
FC at) :/O F(a)da+ (“TTO (13.10.28)
Consequently,

(o (J?,t) = -

L -¢) f
dv/Tut /,Oo xPp (—2,/) d¢. (13.10.29)

Therefore, the solution for u follows from (13.10.21) and has the form

() ()
75 exp (—%) d¢ '

Although this is the exact solution of Burgers’ equation, physical inter-
pretation can hardly be given unless a suitably simple form of F' (x) is spec-
ified. Even then, finding an exact evaluation of the integrals in (13.10.30)
is a formidable task. It is then necessary to resort to asymptotic methods.
Before we deal with asymptotic analysis, the following example may be
considered for an investigation of shock formation.

u(z,t) = (13.10.30)

Ezample 13.10.2. Find the solution of Burgers’ equation with physical sig-
nificance for the case

Ad(z), <0

0, x> 0.

We first find

¢ ey
f<<,x,t>:A/0+a(a)da+<t<>

@O _ 4, ¢<0

@Xl (>0
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Thus,
e I\ [0 (2=¢ A (@=¢)
/_Oo t eXp(_zz/>dC_/_oc( t )eXpln_ vt ]dc
*(2—¢ (z = ¢)*
—I—/O ( " )exp[— 1t 1d§
ZV(eA/Q"l)exp(f;),

which is obtained by substitution,

T—C
N A

Similarly,

[ o (-5 )= v v (e ) (7).

where erfc (z) is the complementary error function defined by

2 oo
erfc (z) = ﬁ[ﬁ e dn. (13.10.31)
Therefore, the solution for u (x,t) is
v (eA/2” - 1) exp (—Z—;)
ulz,t) = \/> . (13.10.32)
b/mt (A2 — 1) (Vir/2) erfc (2\;,;)

In the limit as ¥ — oo, the effect of diffusion would be more significant
than that of nonlinearity. Since

A
)—>07 eA/2V~1+2— as v — 00,
v

<
T
2\/ Dt

the solution (13.10.32) tends to the limiting value

A ( v ) (13.10.33)
ex —_—— . . .
2/ mut P\ "t

This represents the well-known source solution of the classical linear heat
equation uy = v gy

On the other hand, when v — 0 nonlinearity would dominate over
diffusion. It is expected that solution (13.10.32) tends to that of Burgers’
equation as v — 0.

u(xz,t) ~
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We next introduce the similarity variable n = x/v2At to rewrite
(13.10.32) in the form

(eA/Q” — 1) exp (712722)
VT 4 (eA/? = 1) (/7)2) erfe (\/g 77)

N (z)% exp {5 (1—n*)}
f+(f/2)exp( )erfc( %n)

S
—
8

~
N

Il

N

[N

N———
S

, (13.10.34)

as v — 0 for all 7,

(13.10.35)
~0 as v—0, for <0 and n>1. (13.10.36)
Invoking the asymptotic result,
erfe (z) ~ (2/v/7) 627 as T — 00, (13.10.37)
the solution (13.10.34) for 0 < n < 1 has the form,
1 % A 2
1 A (1_
u(x,t)w(z)z 21 (3, >; exp {3, (1—n*)} .
P (5)® texp{g (1 -7}
-(%) :
t 1+2n(5%) 2 exp {4 (02— 1)}
1
24\ 2
~ () as v —0.
t
The final asymptotic solution as ¥ — 0 is
T 0 <z < (241)7
u(w,t) ~ (13.10.38)

0, otherwise.

This result represents a shock at z = (2At)% with the velocity U = (A/2t) 7

This solution « has a jump from 0 to x/t = (2A/t)% so that the shock
condition is fulfilled.

Asymptotic Behavior of Burgers’ Solution as v — 0.

We use the Kelvin stationary phase approximation method discussed in
Section 12.7 to examine the asymptotic behavior of Burgers’ solution
(13.10.30). According to this method, the significant contribution to the
integrals involved in (13.10.30) comes from points of stationary phase for
fixed z and ¢, that is, from the roots of the equation
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of _ (@-¢)
ac = PO

=0. (13.10.39)

Suppose that ¢ = £ (z,t) is a root. According to result (12.7.8), integrals
in (13.10.30) as v — 0 yield

(55 ) 5 ) o 42)
[ e <2f) e~ {|f%'ﬂ(2>| } e {fz(f) }

Therefore, the final asymptotic solution is

r—&
¢ )

u(x,t) ~ (13.10.40)
where ¢ satisfies (13.10.39). In other words, the solution can be rewritten
in the form

u = F(§)
. §+tF(5)}‘ (13.10.41)

This is identical with the solution (13.2.12) which was obtained in Sec-
tion 13.2. In this case, the stationary point £ represents the characteristic
variable.

Although the exact solution of Burgers’ equation is a single-valued and
continuous function for all time ¢, the asymptotic solution (13.10.41) ex-
hibits instability. It has already been shown that (13.10.41) progressively
distorts itself and becomes multiple-valued after sufficiently long time.
Eventually, breaking will definitely occur.

It follows from the analysis of Burgers’ equation that the nonlinear and
diffusion terms show opposite effects. The former introduces steepening in
the solution profile, whereas the latter tends to diffuse (spread) the sharp
discontinuities into a smooth profile. In view of this property, the solution
represents the diffusive wave. In the context of fluid flows, v denotes the
kinematic viscosity which measures the viscous dissipation.

Finally, Burgers’ equation arises in many physical problems, includ-
ing one-dimensional turbulence (where this equation had its origin), sound
waves in viscous media, shock waves in viscous media, waves in fluid-filled
viscous elastic pipes, and magnetohydrodynamic waves in media with finite
conductivity.

13.11 The Korteweg—de Vries Equation and Solitons

The celebrated dispersion relation (13.3.14) for dispersive surface waves on
water of constant depth hg is
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w = (gk tanh kho)?

1 2 1
cok (1 — 3k2h3) ~ cok (1 — 6k2h3) , (13.11.1)

where ¢g = (ghg)% is the shallow water wave speed.

In many physical problems, wave motions with small dispersion exhibit
such a k? term in contrast to the linearized theory value of cok. An equation
for the free surface elevation 7 (x,t) with this dispersion relation is given
by

Tt + CoMzx + ONgxx = O, (13112)

where o = %coh% is a constant for fairly long waves. This equation is called
the linearized Korteweg—de Vries (KdV) equation for fairly long waves mov-
ing to the positive x direction only. The phase and group velocities of the

waves are found from (13.11.1) and they are given by

C, = % = co — ok?, (13.11.3)
C, = Z—‘Z =g — 30k>. (13.11.4)

It is noted that C}, > C,, and the dispersion comes from the term involving
k3 in the dispersion relation (13.11.1) and hence, from the term o7, For
sufficiently long waves (k — 0), C, = Cy = cg, and hence, these waves are
nondispersive.

In 1895, Korteweg—de Vries derived the nonlinear equation for long wa-
ter waves in a channel of depth hg which has the remarkable form

3
mtc|l+= aA Ne + 0Ngwe = 0. (13.11.5)
2 hg

This is the simplest nonlinear model equation for dispersive waves, and
combines nonlinearity and dispersion. The KdV equation arises in many
physical problems, which include water waves of long wavelengths, plasma
waves, and magnetohydynamics waves. Like Burgers’ equation, the nonlin-
earity and dispersion have opposite effects on the KdV equation. The former
introduces steepening of the wave profile while the latter counteracts wave-
form steepening. The most remarkable features is that the dispersive term
in the KdV equation does allow the solitary and periodic waves which are
not found in shallow water wave theory. In Burgers’ equation the nonlinear
term leads to steepening which produces a shock wave; on the other hand,
in the KdV equation the steepening process is balanced by dispersion to
give a rise to a steady solitary wave.

We now seek the traveling wave solution of the KdV equation (13.11.5)
in the form
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n(xz,t) = hof (X), X =z - Ut, (13.11.6)

for some function f and constant wave velocity U. We determine f and

U by substitution of the form (13.11.6) into (13.11.5). This gives, with
1. 12

o = gcohg,

1
o h(Q)f/// + %ff/ + <1 _ CU> f =0, (13.11.7)
0

and then integration leads to
1 3 U
RSP (1- = A=0
6 Of + 4 f + ( CO) f + )

where A is an integrating constant.
We next multiply this equation by f’ and integrate again to obtain
Lo 3 U\
ghof +f+2(1—-— ) f"+4Af+B=0, (13.11.8)
€o
where B is a constant of integration.
We now seek a solitary wave solution under the boundary conditions f,

f's f" — 0 as | X| — oo. Therefore, A = B = 0 and (13.11.8) assumes the
form

1
FMf2H 2 (f =) =0, (13.11.9)
where
a=2 (U - 1) . (13.11.10)
€o

Finally, we obtain

[0 L s
o /7 \3) Jo fla=f)
which is, by the substitution f = asech?d,

2\ 3
X - Xy = (Lg;?) 0, (13.11.11)

for some integrating constant Xg.
Therefore, the solution for f (X) is

f(X) = asech? [(E)) ’ (X — XO)] . (13.11.12)
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Figure 13.11.1 A soliton.

The solution f (X) increases from f = 0 as X — —oo so that it attains a
maximum value f = f.x = @ at X = 0, and then decreases symmetrically
to f =0 as X — oo as shown in Figure 13.11.1. These features also imply
that Xo = 0, so that (13.11.12) becomes

1
3
£ (X) = asech? [(:’;) X (13.11.13)
0
Therefore, the final solution is
3 3
n (z,t) = no sech? [(4/22) (z— U], (13.11.14)
0

where 19 = (ahg). This is called the solitary wave solution of the KdV
equation for any positive constant 9. However, it has come to be known as
soliton since Zabusky and Kruskal coined the term in 1965. Since 1 > 0 for
all X, the soliton is a wave of elevation which is symmetrical about X = 0.
It propagates in the medium without change of shape with velocity

1
U=co (1+%) = ¢ <1+2ZZ>’ (13.11.15)

_1
2

which is directly proportional to the amplitude 7. The width, (3770 / 4h8)
is inversely proportional to /7o. In other words, the solitary wave propa-
gates to the right with a velocity U which is directly proportional to the
amplitude, and has a width that is inversely proportional to the square root
of the amplitude. Therefore, taller solitons travel faster and are narrower
than the shorter (or slower) ones. They can overtake the shorter ones, and
surprisingly, they emerge from the interaction without change of shape as
shown in Figure 13.11.2. Indeed the discovery of soliton interactions con-
firms that solitons behave like elementary particles.
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Figure 13.11.2 Interaction of two solitons (U1 > Uz, t2 > t1,).

0

General Waves of Permanent Form.

We now consider the general case given by (13.11.8) which can be written

(i;(%) f2=—f+af?—4Af —B=F(f).

We seek real bounded solutions for f (X). Therefore, f"2 > 0 and varies
monotonically until f’ is zero. Hence, the zeros of the cubic F'(f) are crucial.
For bounded solutions, all the three zeros fi, f2, f3 must be real. Without
loss of generality, we choose f; = 0 and fy = «. The third zero must be
negative so we set fs3 = a — § with 0 < a < 3. Therefore, the equation for

f(X)is

2
(%) ~fa-nU-a+s, 319
or
3 df
S dX = - (13.11.17)
hg [fla—F)(f—a+B)
where

U=co <1+ 2a_ﬂ>. (13.11.18)
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We put o — f = p? in (13.11.17) to obtain

3 \?2 dp
— | dX = . (13.11.19)
<4ho> [(a— p2) (B — p?)]?

We next substitute p = /a ¢ into (13.11.19) to transform it into the
standard form

% : _ I dq
<4h§) X /0[(1_(]2)(1_m2qz)]é (13.11.20)

where m = (a/ﬁ)%.

The right hand side is an integral of the first kind, and hence, ¢ can
be expressed in terms of the Jacobian sn function (see Dutta and Debnath
(1965))

q=sn [(i@) e m] : (13.11.21)
0

where m is the modulus of the Jacobian elliptic function sn (z,m). There-

fore,
f(X)=a l1—8n2 {(j}%)x}]

35\ 2
= acn? [(4}%) X] , (13.11.22)

where c¢n (z,m) is also the Jacobian elliptic function of modulus m and
en? (z) =1 —sn?(2).
From (13.11.20), the period P is given by

_ % 3 1 dg

P=2 ( 30 > /0 [(1 _ qz) (1 _ m2q2)]% (13.11.23)
o
N \/@K( J=X (13.11.24)

where K (m) is the complete elliptic integral of the first kind defined by
/2 1
K (m) :/ (1—msin®0) * df (13.11.25)
0

and A denotes the wavelength of the cnoidal wave.

It is important to note that ¢n (z,m) is periodic, and hence, 1 (X) rep-
resents a train of periodic waves in shallow water. Thus, these waves are
called cnoidal waves with wavelength
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Figure 13.11.3 A cnoidal wave.

4p3\ /2
A=2 () K (m). (13.11.26)
3b
The outcome of this analysis is that solution (13.11.22) represents a
nonlinear wave whose shape and wavelength (or period) all depend on the
amplitude of the wave. A typical cnoidal wave is shown in Figure 13.11.3.
Sometimes, the cnoidal waves with slowly varying amplitude are observed
in rivers. More often, wavetrains behind a weak bore (called an undular
bore) can be regarded as cnoidal waves.
Two limiting cases are of special interest: (i) m — 1 and (ii) m — 0.
Whenm — 1 (a — (), it is easy to show that cn (z) — sech z. Hence, the
cnoidal wave solution (13.11.22) tends to the solitary wave with the wave-
length A, given by (13.11.24) which approaches infinity because K (1) = oo,
K (0) = 7/2. The solution identically reduces to (13.11.14) with (13.11.15).
In the other limit m — 0 (a — 0), snz — sin z and cn z — cos z so that
solution (13.11.22) becomes

f(X) = acos? [(%)2 X] , (13.11.27)

where

U=co <1 - 2) . (13.11.28)

Using cos 20 = 2cos? § — 1, we can rewrite (13.11.27) in the form

F(X) = % {1 + cos (ﬁ) X] . (13.11.29)

We next introduce k = v/3B/hg (or § = $k*h{) to simplify (13.11.29) as
F(X) = % 1+ cos (kz — wt)], (13.11.30)
where
w=Uk = cok (1 - ék%%) : (13.11.31)

This corresponds to the first two terms of the series of (gk tanh kh0)1/2.

Thus, these results are in perfect agreement with the linearized theory.



580 13 Nonlinear Partial Differential Equations with Applications

Remark: It is important to point out that the phase velocity (13.11.3)
becomes negative for k? > (cq/c) which indicates that waves propagate
in the negative x direction. This contradicts the original assumption of
forward travelling waves. Moreover, the group velocity given by (13.11.4)
assumes large negative values for large k so that the fine-scale features of
the solution are propagated in the negative = direction. The solution of
(13.11.2) involves the Airy function which shows fiercely oscillatory char-
acter for large negative arguments. This leads to a lack of continuity and a
tendency to emphasize short wave components which contradicts the KdV
model representing fairly long waves. In order to eliminate these physically
undesirable features of the KdV equation, Benjamin, Bona, and Mahony
(1972) proposed a new nonlinear model equation in the form

Nt + Mg+ Ma — Naat = 0. (13.11.32)

This is known as the Benjamin, Bona and Mahony (BBM) equation. The
advantage of this model over the KdV equation becomes apparent when
we examine their linearized forms and the corresponding solutions. The
linearized form (13.11.32) gives the dispersion relation

k

= 13.11.
=TT (13.11.33)

which shows that both the phase velocity and the group velocity are
bounded for all k, and both velocities tend to zero for large k. In other
words, the model has the desirable feature of responding very insignifi-
cantly to short wave components that may be introduced into the initial
wave form. Thus, the BBM model seems to be a preferable long wave model
of physical interest. However, whether the BBM equation is a better model
than the KdV equation has not yet been established.

Another important property of the KdV equation is that it satisfies the
conservation law of the form

T, + X, =0, (13.11.34)

where T is called the density and the X is called the flux.
If T and X are integrable in —oco < & < 00, and X — 0 as |z] — oo,
then
d o

— Tdr=—|X|*_=0.
G| T =—xpy

Therefore,

oo
/ T dx = constant

— 00

so that the density is conserved.
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The canonical form of the KdV equation
Uy — 6UUL + Ugze = 0, (13.11.35)
can be written as
(w), + (—3u® + Uspy), =0
so that
T=u and X = —3u®+ uy,. (13.11.36)

If we assume that u is periodic or that w and its derivatives decay very
rapidly as || — oo, then
d oo

— dz = 0.
7 _Oou x

This leads to the conservation of mass, that is,

/ udzx = constant. (13.11.37)

— 00

This is often called the time invariant function of the solutions of the KAV
equation.

The second conservation law for (13.11.34) can be obtained by multi-
plying it by u so that

1 1
(u2) + (—2u3 + uty — ui) =0. (13.11.38)
2 t 2 T
This gives
<1
/ 3 u?dr = constant. (13.11.39)

This is the principle of conservation of energy.

It is well known that the KdV equation has an infinite number of poly-
nomial conservation laws. It is generally believed that the existence of a
soliton solution to the KdV equation is closely related to the existence of
an infinite number of conservation laws.

13.12 The Nonlinear Schrodinger Equation and
Solitary Waves

We first derive the one-dimensional linear Schrédinger equation from the
Fourier integral representation of the plane wave solution
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6 (1) = /DO F (k) expli (kz — wt)] dk, (13.12.1)

—00

where the spectrum function F (k) is determined from the given initial or
boundary conditions.

We assume that the wave is slowly modulated as it propagates in a dis-
persive medium. For such a modulated wave, most of the energy is confined
in the neighborhood of k£ = kg so that the dispersion relation w = w (k) can
be expanded about the point k = kg as

1
w:w(k):wo—i—(k—ko)w6+§(lﬁ—k0)2w6’+..., (13.12.2)

where wy = w (ko), wh = ' (ko), wfj = " (ko).
In view of (13.12.2), we can rewrite (13.12.1) as

¢ (x,t) =¥ (x,t) exp [i (kox — wot)], (13.12.3)

where the amplitude ¢ (z,t) is given by
(@ 1) = / F (k) exp {i(k—ko)x—i{(k—ko)w

%(k ko) w Hdk (13.12.4)

Evidently, this represents the slowly varying (or modulated) part of the
basic wave. A simple computation of ¥, 1., and ¥, gives

v = —i{(k—ko)w6+ % (k—k0)2w(’)’}z/)

by =i (k— ko)
Yow = — (k — ko)*

so that
i (Y1 + wh ) + wo Yyw = 0. (13.12.5)
The dispersion relation associated with this linear equation is given by
/ 1 2 1
w:kw0+§k wg - (13.12.6)
If we choose a frame of reference moving with the linear group velocity,

that is, * = . — w|) t, t* = t, the term involving v, is dropped and then, ¢
satisfies the linear Schrédinger equation, dropping the asterisks,
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1
i) + 3 W Yz = 0. (13.12.7)

We next derive the nonlinear Schrodinger equation from the nonlinear
dispersion relation involving both frequency and amplitude in the most
general form

w=w(k,a®). (13.12.8)

We first expand w in a Taylor series about k = k¢ and |a\2 = 0 in the
form

0 1 02
w:wo—i-(k’—ko) (8:) +§(k’—k0)2 (31:2)>
k=ko k=ko

+ (%) o>, (13.12.9)
lal” /42—
where wg = w (ko).

If we now replace , w — wg by i (9/0t) and k — ko by —i(9/0z), and
assume that the resulting operators act on a, we obtain

1
i(at—|—w6ax)—|—iwé’am—l—ﬂafa=O, (13.12.10)

where
wy =w' (ko), wy =w” (ko), and y=—-| —3 is a constant.
Olal” ) =0

Equation (13.12.10) is known as the nonlinear Schrédinger (NLS) equa-
tion. If we choose a frame of reference moving with the linear group velocity
wy, that is, z* = ¢ — w(t and t* = ¢, the term involving a, will drop out
from (13.12.10), and the amplitude a (z,t) satisfies the normalized NLS
equation, dropping the asterisks,

1
iat+§w({am+7|a|2a=0. (13.12.11)

The corresponding dispersion relation is given by

1
w= iwg’kQ—waQ. (13.12.12)
According to the stability criterion established in Section 13.5, the wave
modulation is stable if yw({ < 0 and unstable if ywg > 0.
To study the solitary wave solution, it is convenient to use the NLS
equation in the standard form

i+ Ve + YUY =0, —co<az<oo, t>0.(13.12.13)
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We seek waves of permanent form by assuming the solution
Y =f(X)emXmt X =g Ut (13.12.14)

for some functions f and constant wave speed U to be determined, and m,
n are constants.
Substitution of (13.12.14) into (13.12.13) gives

f i@m=U)f + (n—m?) f+~|f>f=0. (13.12.15)

We eliminate f’ by setting 2m — U = 0, and then, write n = m? — a so

that f can be assumed to be real. Thus, equation (13.12.15) becomes
f"—af+yf3=0. (13.12.16)

Multiplying this equation by 2f’ and integrating, we find that

2= Ataf?— %f‘*EF(f), (13.12.17)
where F (f) = (al - a2f2) (ﬂl - 62f2)7 so that a = — (a1 02 + azf1),
A =161, v = —2(azf2), and &'s and ('s are assumed to be real and
distinct.
Evidently,
f
X :/ d . (13.12.18)
0 V(a1 —azf?) (B — B2f?)

Putting (o / a1)% f = w in this integral, we deduce the following elliptic
integral of the first kind (see Dutta and Debnath (1965)):

U

v d
X = /0 VA1 ma?)

(13.12.19)

1
where 0 = (21)2 and & = (@162) / (B1az).
Thus, the final solution can be expressed in terms of the Jacobian sn
function

u=sn(cX, k),

or,

F(X) = (0‘1>é sn(0X, k). (13.12.20)

Q2

In particular, when A =0, a > 0, and v > 0, we obtain a solitary wave
solution. In this case, equation (13.12.17) can be rewritten as
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VaX = / S — (13.12.21)
_ “f f2) 2
Substitution of (y/ 204)% f =sech @ in this integral gives the exact solution

f(x)= (?) ’ sech [va (z — Ut)] . (13.12.22)

This represents a solitary wave which propagates without change of shape
with constant velocity U. Unlike the solution of the KdV equation, the
amplitude and the velocity of the wave are independent parameters. It is
noted that the solitary wave exists only for the unstable case (v > 0). This
means that small modulations of the unstable wavetrain lead to a series of
solitary waves.

The nonlinear dispersion relation for deep water waves is

w=/gk <1 + ;a2k2> ) (13.12.23)

Therefore,

wo wo 1
wh = T wy = w7 and = —iwokg, (13.12.24)
and the NLS equation for deep water waves is obtained from (13.12.10) in
the form

. wo wo 1 2
? (at + 2o am) - <8k8> Uzg = 5 Wo k3 a|°a =0. (13.12.25)

The normalized form of this equation in a frame of reference moving with
the linear group velocity wy, is

. wo 1 2112
iay — (8]68) Upg = 5 Wo kg lal” a. (13.12.26)
Since ywj = (w§/8) > 0, this equation confirms the instability of deep
water waves. This is one of the most remarkable recent results in the theory
of water waves.

We next discuss the uniform solution and the solitary wave solution of
(13.12.26). We look for solutions in the form

a(z,t)=AX)exp (i7*t), X=ax—wyt (13.12.27)

and substitute this into equation (13.12.26) to obtain

Sk(z) 2 1 2 43
Axx == (20 ) (PA+ w0kt A% ). (13.12.28)
0
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We multiply this equation by 24 x and then integrate to find

A% = - <Ag m? 4+ S 2h2 A% 4 2kgA4)
wo
= (Aj — A%) (4% —m?4]), (13.12.29)

where (A3m’?) is an integrating constant and 2k§ = 1, m’? =1 —m?, and
A2 = 492 Jwok? (m? — 2) which relates Ay, v, and m.
Finally, we rewrite equation (13.12.29) in the form

dA

(0-3) ()]

AZdX = , (13.12.30)

or,

! ds
Ao (X — Xo) = / e T @A,

This can readily be expressed in terms of the Jacobian dn function (see
Dutta and Debnath (1965))

A= Ao dn [A() (JX—AXO),’ITL]7 (13.12.31)

where m is the modulus of the dn function.
In the limit m — 0, dnz — 1 and 4% — —% woka AZ. Hence, the solution
is

1
a(x,t) = A(t) = Agexp (—2w0 k3 A3 t> . (13.12.32)

On the other hand, when m — 1, dnz — sechz and 2 — —Jwokd AZ.
Therefore, the solitary wave solution is

a(x,t) = Agsech[Ag (x — wit — Xo)] exp <_411 wo k2 A2 t) .(13.12.33)

We next use the NLS equation (13.12.26) to discuss the instability of
deep water waves, which is known as the Benjamin and Feir instability. We
consider a perturbation of (13.12.32) and write

a(X,t) =A@ 1+ B(X,1)], (13.12.34)

where A (t) is the uniform solution given by (13.12.32).
Substituting equation (13.12.34) into (13.12.26) gives

wo

iAy(1+B)+iA(t) B, — | =5
8k?

) A(t) Bxx

1
= §w0k§A8 [(1+B)+ BB*(1+ B)+ (B+ B*)B+ (B+ B")] 4,
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where B* is the complex conjugate of B.
Neglecting squares of B, it follows that

1
iB; — (;,fg) Bix = Swold A3 (B+B).  (13.12.35)
0

‘We now seek a solution of the form
B(X,t) = By eFinX By tminX (13.12.36)

where By, By are complex constants, k is a real wavenumber, and {2 is a
growth rate (possibly complex) to be determined.
Substitution of B into (13.12.35) leads to the pair of coupled equations

2

1

(m + “;Ok"’; ) By — S woki A (Bi+B3) =0, (13.12.37)
0

2 1

i+ 20 ) By — —wokZA2 (B} + By) = 0.  (13.12.38)
8k§ 2

It is convenient to take the complex conjugate of (13.12.38) so that it as-

sumes the form

2

1
(—m + “g};) B — 5 wok§ A3 (Bu+ B3) = 0. (13.12.39)
0

The pair of linear homogeneous equations (13.12.37) and (13.12.39) for
By and B3 admits a nontrivial solution provided

i+ (vgok%z) — Lwok2 A2 —2wok3 A2
= 0,
—LwokZ A2 i+ (5 ) - Jwokd A3
or
2,2 2
22 = (D) (242 - S ) 13.12.40
( 8k3 070 8k3 ( )

The growth rate (2 is purely imaginary or real and positive depending on
whether (k?/k3) > 8k3A% or (k?/k}) < 8kjAZ. The former case corre-
sponds to a wave (an oscillatory solution) for B, and the latter case rep-
resents the Benjamin and Feir instability criterion with K = (k/ko) as the
non-dimensional wavenumber so that

K2 < 8ka A2 (13.12.41)
The range of instability is given by

0 <R < Fe=2V2 (koAo). (13.12.42)
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Since {2 is a function of kK, maximum instability occurs at Kk = Kypax =
2koAg with a maximum growth rate given by

1
(Ref), = iwokgAg. (13.12.43)

max

To establish the connection with the Benjamin—Feir instability, we have
to find the velocity potential for the fundamental wave mode multiplied by
exp (kz). It turns out that the term proportional to Bj is the upper side-
band, whereas that proportional to Bs is the lower sideband. The main con-
clusion of the preceding analysis is that Stokes water waves are definitely
unstable. In 1967, Benjamin and Feir (see Whitham (1976) or Debnath
(2005)) confirmed these remarkable results both theoretically and experi-
mentally.

Conservation Laws for the NLS Equation

Zakharov and Shabat (1972) proved that equation (13.12.13) has an infinite
number of polynomial conservation laws. Each has the form of an integral,
with respect to x, of a polynomial expression in terms of the function 9 (x, t)
and its derivatives with respect to x. These laws are somewhat similar to
those already proved for the KdV equation. Therefore, the proofs of the
conservation laws are based on similar assumptions used in the context of
the KdV equation.

We prove here three conservation laws for the nonlinear Schrédinger
equation (13.12.13):

/ [i|” dz = constant = C, (13.12.44)

— 00

/OO i (1#@30 — @w/n) dx = constant = Cl, (13.12.45)

— 00

e 1
/ <|¢m2 — 357 |1/J|4> dx = constant = Cj, (13.12.46)

where the bar denotes the complex conjugate.
We multiply (13.12.13) by ¢ and its complex conjugate by % and sub-
tract the latter from the former to obtain

d , — d _
| — — — =0. 13.12.4
i () + — (Yo ¥~ Pa) = 0 (13.12.47)
Integration with respect to z in —oo < z < 0o gives

d [, o
| — dr = 0.
e | dx =0

— 00

This proves result (13.12.44).
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We multiply (13.12.13) by 1, and its complex conjugate by 1, and then,
add them to obtain

(13.12.48)

We differentiate (13.12.13) and its complex conjugate with respect to
z, and multiply the former by ¢ and the latter by ¥ and then add them
together. This leads to the result

i (Dptnt — O s) + (Vawa © + g ¥)
+y [@(llPe) +v(IP3) | =0 (13.1249)

If we subtract (13.12.49) from (13.12.48) and then simplify, we have
o d —
i (B — 0 ¥0)

= L ) 4 (e + 0 Tm) — e (2T52) 7 (0)
Y e R

Integrating this result with respect to x, we obtain

d [>* —
g @b =) dz=0.

This proves the second result.
We multiply (13.12.13) by v, and its complex conjugate by v, and add
the resulting equations to derive

(e thaa + Paw ) +7 (V20 G+ B9 3) =0,

or,
d — — v d v d e
= (Beve ) — 3 (Va ) + 3 (¥207) =0,

Integrating this with respect to x, we have

G (el =)= [

This gives (13.12.46).

The above three conservation integrals have a simple physical meaning.
In fact, the constants of motion Cy, Cy and Cj are related to the number
of particles, the momentum, and the energy of a system governed by the
nonlinear Schrédinger equation.

% (1 ¥ + by ¥y) d = 0. (13.12.50)

o
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An analysis of this section reveals several remarkable features of the
nonlinear Schrédinger equation. This equation can also be used to investi-
gate instability phenomena in many other physical systems. Like the various
forms of the KdV equation, the NLS equation arises in many physical prob-
lems, including nonlinear water waves and ocean waves, waves in plasma,
propagation of heat pulses in a solid, self-trapping phenomena in nonlinear
optics, nonlinear waves in a fluid filled viscoelastic tube, and various non-
linear instability phenomena in fluids and plasmas (see Debnath (2005)).

13.13 The Lax Pair and the Zakharov and Shabat
Scheme

In his 1968 seminal paper, Lax developed an elegant formalism for finding
isospectral potentials as solutions of a nonlinear evolution equation with
all of its integrals. This work deals with some new and fundamental ideas,
deeper results, and their application to the KdV model. This work sub-
sequently paved the way to generalizations of the technique as a method
for solving other nonlinear partial differential equations. Introducing the
Heisenberg picture, Lax developed the method of inverse scattering based
upon an abstract formulation of evolution equations and certain properties
of operators on a Hilbert space, some of which are familiar in the context of
quantum mechanics. His formulation has the feature of associating certain
nonlinear evolution equations with linear equations that are analogs of the
Schrédinger equation for the KdV equation.

To formulate Lax’s method (1968), we consider two linear operators L
and M. The eigenvalue equation related to the operator L corresponds to
the Schrodinger equation for the KdV equation. The general form of this
eigenvalue equation is

L = N, (13.13.1)

where v is the eigenfunction and A is the corresponding eigenvalue. The
operator M describes the change of the eigenvalues with the parameter t,
which usually represents time in a nonlinear evolution equation. The general
form of this evolution equation is

Yy = M. (13.13.2)
Differentiating (13.13.1) with respect to ¢ gives
Ly + Ly = Ayp + Ay (13.13.3)
We next eliminate v, from (13.13.3) by using (13.13.2) and obtain

Loty + LMty = Map + AMep = At + MY = A\p + MLy, (13.13.4)
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or, equivalently,
oL
=Mt (ML — LM). (13.13.5)

Thus, eigenvalues are constant for nonzero eigenfunctions if and only if

oL

ot
where [L, M] = (LM — ML) is called the commutator of the operators L
and M, and the derivative on the left-hand side of (13.13.6) is to be in-
terpreted as the time derivative of the operator alone. Equation (13.13.6)
is called the Lax equation and the operators L and M are called the Lax
pair. It is the Heisenberg picture of the KdV equation. The problem, of
course, is how to determine these operators for a given evolution equation.
There is no systematic method of solution for this problem. For a negative
integrable hierarchy, Qiao (1995) and Qiao and Strampp (2002) suggest a
general approach to generate integrable equations; they also devise strate-
gies for finding a Lax pair from a given spectral problem.

We consider the initial-value problem for u (x,t) which satisfies the non-

linear evolution equation system

— (LM — ML) = — [L, M] %, (13.13.6)

us = N (u) (13.13.7)
u(x,0) = f(z), (13.13.8)

where u € Y for all ¢, Y is a suitable function space, and N : ¥ — Y is a
nonlinear operator that is independent of ¢ but may involve x or derivatives
with respect to x.

We must assume that the evolution equation (13.13.7) can be expressed
in the Lax form

Li+ (LM — ML) = L; + [L,M] = 0, (13.13.9)

where L and M are linear operators in x on a Hilbert space H and depend

on u and L; = wu; is a scalar operator. We also assume that L is self-adjoint

so that (Lo, ) = (¢, L) for all ¢ and ¢ € H with (-, ) as an inner product.
We now formulate the eigenvalue problem for ¢ € H:

Ly =X, t>0, z€R (13.13.10)
Differentiating with respect to ¢ and making use of (13.13.9), we obtain
At = (L= A) (Yr — M) (13.13.11)

The inner product of ¢ with this equation yields

(W, ) Ae = (L =N ¥, A — M), (13.13.12)
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which, since L — X is self-adjoint, is given by

(¥, ¥) Ae = (0,9 — M) = 0.

Hence, A; = 0, confirming that each eigenvalue of L is a constant. Conse-
quently, (13.13.11) becomes

L (s — M) = X (o — M) . (13.13.13)

This shows that (1, — M1)) is an eigenfunction of the operator L with the
eigenvalue A. It is always possible to redefine M by adding the product
of the identity operator and a suitable function of ¢, so that the original
equation (13.13.9) remains unchanged. This leads to the time evolution
equation for 1 as

Yy =My, t=>0. (13.13.14)
Thus, we have the following.

Theorem 13.13.1. If the evolution equation (13.13.7) can be expressed as
the Lax equation

Li+[L,M] =0 (13.13.15)

and if (13.13.10) holds, then A; = 0, and % satisfies (13.13.14).

It is not yet clear how to find the operators L and M that satisfy the pre-
ceding conditions. To illustrate the Lax method, we choose the Schrodinger
operator L in the form

82

L= 9.2 + u, (13.13.16)
so that Ly = A\ becomes the Sturm—Liouville problem for the self-adjoint
operator L. With this given L, the problem is to find the operator M. Based
on the theory of a linear unitary operator on a Hilbert space H, the linear
operator M can be chosen as antisymmetric, so that (M ¢, ) = — (¢, M)
for all ¢ and v € H. So, a suitable linear combination of odd derivatives in
x is a natural choice for M. It follows from the inner product that

(Mo,y) = 8 ¢ / qbg w = — (¢, M) ,(13.13.17)
provided M = 9"¢/0x™ for odd n, and ¢, 1, and their derivatives with
respect to = tend to zero, as |z| — oo. Moreover, we require that M has
sufficient freedom in any unknown constants or functions to make L; +
[L, M] a multiplicative operator, that is, of degree zero. For n = 1, the
simplest choice for M is M = ¢ (9/0z), where ¢ is a constant. It then follows
that [L, M] = —cu,, which is automatically a multiplicative operator. Thus,
the Lax equation is
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Ly +[L,M] = us — cu, =0, (13.13.18)

and hence, the one-dimensional wave equation
Uy — cuy =0 (13.13.19)

has an associated eigenvalue problem with the eigenvalues that are con-
stants of motion.
The next natural choice is

o3 0 0

—+A—+—A+B 13.13.20
a8w3+ 8x+8x +5 ( )
where a is a constant, A = A (x,t), and B = B (xz,t), and the third term
on the right-hand side of (13.13.20) can be dropped, but we retain it for
convenience. It follows from an algebraic calculation that

M=—

[L,M] = QUgze — Azew — Bexw —2uz A
62

o + (Bau, — 44,)

This would be a multiplicative operator if A = %au and B = B (t). Conse-

quently, the Lax equation (13.13.15) becomes

3

w = 5 aut + %um —0. (13.13.21)

This is the standard KdV equation if a = 4. The operator M defined by
(13.13.20) reduces to the form

o1 L sl 2, +B(t) (13.13.22)
T 023 Or Oz ' o
Hence, the time evolution equation for ¥ can be simplified by using the
Sturm-Liouville equation, ¢, — (u — X)) =0, to

Yr =4 (M) —up), + 3¢, + 3 (w), + By
=2(u+2)) ¥z — ugth + By (13.13.23)

We close this section by adding several comments. First, any evolution
equations solvable by the inverse scattering transform (IST), like the KdV
equation, can be expressed in Lax form. However, the main difficulty is
that there is no completely systematic method for determining whether or
not a given partial differential equation produces a Lax equation and, if
so, how to find the Lax pair L and M. Indeed, Lax proved that there is
an infinite number of operators, M, one associated with each odd order of
0/0x, and hence, an infinite family of flows u; under which the spectrum
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of L is preserved. Second, it is possible to study other spectral equations
by choosing alternative forms for L. Third, the restriction that L and M
should be limited to the class of scalar operators could be removed. In fact,
L and M could be matriz operators. The Lax formulation has already been
extended to such operators. Fourth, Zakharov and Shabat (1972, 1974)
published a series of notable papers in this field extending the nonlinear
Schrodinger (NLS) equation and other evolution equations. For the first
time, they have generalized the Lax formalism for equations with more
than one spatial variable. This extension is known as the Zakharov and
Shabat (ZS) scheme, which, essentially, follows the Lax method and recasts
it in a matrix form, leading to a matrix Marchenko equation.

Finally, we briefly discuss the ZS scheme for nonself-adjoint operators
to obtain N-soliton solutions for the NLS equation. Zakharov and Shabat
introduced an ingenious method for any nonlinear evolution equation

u; = Nu, (13.13.24)

that represents the equation in the form
oL
ot
where L and M are linear differential operators that include the function
u in the coefficients, and L refers to differentiating u with respect to t.
We consider the eigenvalue problem
Lo = N\o. (13.13.26)
Differentiation of (13.13.26) with respect to ¢ gives

=i[L,M]=i(LM — ML), (13.13.25)

ip (2) = (L= (i — M) (13.13.27)

If ¢ satisfies (13.13.26) initially and changes in such a manner that
i = Mo, (13.13.28)

then ¢ always satisfies (13.13.26). Equations (13.13.26) and (13.13.28) are
the pair of equations coupling the function wu (z,t) in the coefficients with
a scattering problem. Indeed, the nature of ¢ determines the scattering
potential in (13.13.26), and the evolution of ¢ in time is given by (13.13.28).

Although this formulation is quite general, the crucial step is to factor
L according to (13.13.25). Zakharov and Shabat (1972) introduce 2 x 2
matrices associated with (13.13.25) as follows:

1+4a 0 P 0 U

L=i — 4+ , (13.13.29)
0 1-al| 9 u 0
1 0 g
82 14+a T
M= —a 57 T , (13.13.30)
0o 1] % iy, Sl
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and the NLS equation for complex w (z,t) is given by
ity + Ug + 7 [u>u =0, (13.13.31)
where
y=2/(1-a?%.

Thus, the eigenvalue problem (13.13.26) and the evolution equation
(13.13.28) complete the inverse scattering problem. The initial-value prob-
lem for u (z,t) can be solved for a given initial condition u (x,0). It seems
clear that the significant contribution would come from the point spectrum
for large times (¢t — o0o). Physically, the disturbance tends to disintegrate
into a series of solitary waves. The mathematical analysis is limited to the
asymptotic solutions so that |u| — 0 as |x| — oo, but a series of solitary
waves is expected to be the end result of the instability of wavetrains to
modulations.

13.14 Exercises

1. For the flow density relation ¢ = vp (1 — p/p1), find the solution of the
traffic flow problem with the initial condition p (z,0) = f (x) for all x.
Let

%, <0
_ )1 5
%, z>1

Show that
(i) p = %po along the characteristic lines ct = 3 (z — x¢), z9 < 0,
(ii) p = 2po along the characteristic lines ct = 2 (zg — z), 7o > 1,

(iii) p = % + %xopo along ct (% —xo) = g (x —xp), 0 <o < 1.

Discuss what happens at the intersection of the two lines ¢t = 3z and
ct = 2(1 — z). Draw the characteristic lines ct versus x.

2. A mountain of height h (z,t) is vulnerable to erosion if its slope h, is
very large. If h; and h, satisfy the functional relation h; = —@Q (h),
show that u = h, is governed by the nonlinear wave equation

u + ¢ (u) u, =0, c(u) =Q (u).

3. Consider the flow of water in a river carrying some particles through
the solid bed. During the sedimentation process, some particles will
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be deposited in the bed. Assuming that v is the constant velocity of
water and that p = py + pp is the density, where py is the density of
the particles carried in the fluid and p; is the density of the material
deposited on the solid bed, the conservation law is

dp  0Oq B
T T A

(a) Show that p, satisfies the equation

Ops

dpy B v
ot ) 0

o) G =0 ) = gy

where py, = Q (py) -

(b) This problem also arises in chemical engineering with a second re-
lation between py and py in the form

0
% Zkl(a_ﬂb)—kz(ﬂ—Pf)Pb,

where k1, ko represent constant reaction rates and «, 8 are constant
values of the saturation levels of the particles in the solid bed and fluid
respectively. Show that the propagation speed c is

N ko v
(ka4 k2)

provided that the densities are small.

4. Show that a steady solution u(x,t) = f(¢), ( = z — ct of Burgers’
equation with the boundary conditions f — u__ or ujo as ( — —o0
or 400 is

u(z,t) = |c— % (us —u;)tanh{W(x—ct)H ,

1 1
where ug, = ¢ + (¢* +2A)%, ul, = ¢ — (¢? = 2A)? are two roots of
f?—2cf —2A=0 and A is a constant of integration.

5. Show that the transformations x — 7%33, u — —67%u, t — t reduce
the KdV equation u; 4+ vty + YUz, = 0 into the canonical form u; —
6utty + Uggy = 0.

Hence or otherwise, prove that the solution of the canonical equation
with the boundary conditions that u (x,t) and its derivatives tend to
zero as |x| — oo is

u(z,t) = —%2scch2 {2 (z— a2t)} :
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6. Verify that the Riccati transformation u = v? + v, transforms the KdV
equation so that v satisfies the associated KdV equation

Uy — 61}27)1 + Vgpz = 0.

For a given u, show that the Riccati equation v, + v? = u becomes the
linear Schrédinger equation, ¥,, = uy (without the energy-level term)
under the transformation v = (1, /).

7. Apply the method of characteristics to solve the pair of equations

u v
ot dx ot dxr
with the initial data
u(z,0) = e, v(z,0) =e™ ",

Show that the Riemann invariants are
27 (a) = 2cosha, 25(f) = 2sinh g,

Also, show that solutions are u = cosh (x —t) + sinh (z + ¢) and v =
cosh (z — t) — sinh (x + ).

8. For an isentropic flow, the Euler equations are
pe+ (pu), =0,
ug + uug + %px =0,
St +uS; =0,

where p is the density, u is the velocity in the z direction, p is the
pressure, and S is the entropy.
Show that this system has three families of characteristics.
dx dx
Iy: — =u, I''n: —=u+ec
0" dt g Ut

where ¢2 = (%) = constant.
S

Hence derive the following full set of characteristic equations
as
dt

dp du
E ipc E = O, on Fi

In particular, when the flow is isentropic (S = constant everywhere),
show that the characteristic equations are

0, on Iy,

d
/@deru = constant on Iy and I} : d—f =u-+tec.
P T + *
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9.

10.

11.

12.
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(a) Using equations (13.8.32)—(13.8.36), derive the second-order equa-

tion
trs+¢(r+5)(tr+ts)zo, ¢(T+S>=1(1+pdc>.

(b) For a polytropic gas, show that

7+l «@ :1 v+1
o= = e=5 (),

and

trs + — (t, + 1) = 0.
r+s

(c) With F (p) = 7270 =7+ s and u =r — s, show that the differential

1
equation in 9(b) reduces to the Euler—Poisson-Darbouz equation

-1\? 20
tyu — <7 > <tcc + — tc) = 07
2 c
where u and ¢ are independent variables.

Show that the KdV equation

U — 6uly + Uprr =0

satisfies the conservation law in the form Uy + V, = 0 when (a) U = u,

V = =3u® 4 ugg, and (b) U = u?, V = —2u® + uu, — Ju?.
Show that the KdV equation

U + 66Uy + Uyyy = 0
satisfies the conservation law

U+ Ve =0,

where

() U=wu, V =3u?+u,

(b) U= 3u?, V =20+ uug, — 302,

() U=u?—2u2, V=>2u"+ 30 uy, + 2u2, +uyuy.

Show that the conservation laws for the associated KdV equation
v — 6020, + Vg = 0,

are

(8) (0), + (3% +vaa), =0,

(b) (%vz)t + (i vt 4 Vv, — %v%)w =0.
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14.

15.

16.

17.
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For the nonlinear Schrodinger equation (13.12.13), prove that

o0
/ T dx = constant,

where (i) T =i (¥ 1b, — 1 3b,) and (i) T = [v.> — 3y ||

Show that the conservation law for Burgers’ equation (13.10.20) is

1
(u), + (2u2 + Vur) =0.
xr
Show that the conservation laws for the equation
Up — Uy — Uggt = 0
are of the forms
(a) (u), — (3% + tar), =0,

(b) % (u2 +ui)t — (%US + uuzt)w =0.

Show that the linear Schrédinger system

PPt + Pee = 0, —co<x<oo, t>0,
Y —0, |z o0,
¥ (2,0) = ¢ (z) with / [ da = 1.

has the conservation law
(i0P), + @ e =), = 0

and the energy integral
/ o dz = 1.

Seek a dispersive wave solution of the telegraph equation (see problem
14, 3.9 Exercises)

Ut — gy + acus + bu =0
in the form

u(z,t) = Aexp[i (kz — wt)].

[N

(a) Show that w = —1 (iac?) + 1 [4c%k? + (4b — ¢?) 2] 2.
(b) If 4b = a®c?, show that the solution

u(x,t) = Aexp <—;ac2t> exp [ik (z + ct)]

represents nondispersive waves with attenuation.






14

Numerical and Approximation Methods

“The strides that have been made recently, in the theory of nonlinear partial
differential equations, are as great as in the linear theory. Unlike the linear
case, no wholesale liquidation of broad classes of problems has taken place;
rather, it is steady progress on old fronts and on some new ones, the com-
plete solution of some special problems, and the discovery of some brand
new phenomena. The old tools — variational methods, fixed point theorems,
mapping degree, and other topological tools have been augmented by some
new ones. Pre-eminent for discovering new phenomena is numerical exper-
imentation; but it is likely that in the future numerical calculations will be
parts of proofs.”

Peter Lax

“Almost everyone using computers has experienced instances where
computational results have sparked new insights.”

Norman J. Zabusky

14.1 Introduction

The preceding chapters have been devoted to the analytical treatment of
linear and nonlinear partial differential equations. Several analytical meth-
ods to find the exact analytical solution of these equations within simple
domains have been discussed. The boundary and initial conditions in these
problems were also relatively simple, and were expressible in simple math-
ematical form. In dealing with many equations arising from the modelling
of physical problems, the determination of such exact solutions in a simple
domain is a formidable task even when the boundary and/or initial data are
simple. It is then necessary to resort to numerical or approximation meth-
ods in order to deal with the problems that cannot be solved analytically. In
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view of the widespread accessibility of today’s high speed electronic com-
puters, numerical and approximation methods are becoming increasingly
important and useful in applications.

In this chapter some of the major numerical and approximation ap-
proaches to the solution of partial differential equations are discussed in
some detail. These include numerical methods based on finite difference ap-
proximations, variational methods, and the Rayleigh-Ritz, Galerkin, and
Kantorovich methods of approximation. The chapter also contains a large
section on analytical treatment of variational methods and the Euler—
Lagrange equations and their applications. A short section on the finite
element method is also included.

14.2 Finite Difference Approximations, Convergence,
and Stability

The Taylor series expansion of a function u (x,y) of two independent vari-
ables x and y is

h2
Uu (l‘z‘ ih7yj) =Ui+1,5 = Uiy +h (Um)i,j + or (Um)i,j

h3
+ 37 (Uzza);j+ ...,  (14.2.1ab)
k‘2
u (-Tia Yj ik) =Ujj4+1 = Uiy ik (uy)ivj + a (uyy)iyj
k3 .
+ e (uyyy);; +---»  (14.2.2ab)

where u; j = u (2,y), ui 41,5 = u(x+h,y), and u; j 1 = u(z,y+k).

We choose a set of uniformly spaced rectangles with vertices at P; ; with
coordinates (ih, jk), where i, j, are positive or negative integers or zero, as
shown in Figure 14.2.1. We denote u (ih, jk) by u; ;.

Using the above Taylor series expansion, we write approximate expres-
sions for u, at the vertex F; ; in terms of u; j, u; 41,5

1 1
1 1

Uy = 7 [u (:my) —u (CE — h,y)] ~ 7 (ui,j _ Uifl,j) +0 (h), (14.2.4)
1 1

T [w(z +hy) —u(e—hy)]~ 2% (i1, —uwi1;) + 0O (B?).

(14.2.5)

These expressions are called the forward first difference, backward first
difference, and central first difference of u,, respectively. The quantity O (h)
or O (hQ) is known as the truncation error in this discretization process.
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y

ih Pi

Jk

-~

O<h—> X

Figure 14.2.1 Uniformly spaced rectangles.

A similar approximate result for ug, at the vertex P; ; is

o = [0+ by y) — 20 (2,9) + o b))

1
~ 72 [ui+17j —2u; 5 + Uz‘—l,j} + O (h2) . (14.2.6)

Similarly, the approximate formulas for u, and wuy, at P; ; are

uy = % [u(z,y+k) —u(z,y)] ~ % (wijy1 — i)+ O (k), (14.2.7)
Uy = % [w(z,y) —u(z,y — k)] ~ % (wij —uij_1)+ O (k), (14.2.8)
Yy = % [w(z,y + k) —ulz,y - k)]~ % (i jr1 —uij-1) + O (k%)
(14.2.9)
Uyy = % [u(z,y+k)—2u(z,y) +u(z,y—k)
~ % [ 1 = 2ui g + wi ] +O (7). (14.2.10)

All these difference formulas are extremely useful in finding numerical
solutions of first or second order partial differential equations.

Suppose U (z,y) represents the exact solution of a partial differential
equation L (U) = 0 with independent variables x and y, and w; ; is the
exact solution of the corresponding finite difference equation F (u; ;) = 0.
Then, the finite difference scheme is said to be convergent if u; ; tends to
U as h and k tend to zero. The difference, d; ; = (U; ; — w; ;) is called the
cummaulative truncation (or discretization) error.

This error can generally be minimized by decreasing the grid sizes h
and k. However, this error depends not only on h and k, but also on the
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number of terms in the truncated series which is used to approximate each
partial derivative.

Another kind of error is introduced when a partial differential equation
is approximated by a finite difference equation. If the exact finite difference
solution u; ; is replaced by the exact solution U; ; of the partial differential
equation at the grid points P; ;, then the value F (U; ;) is called the local
truncation error at P; ;. The finite difference scheme and the partial differ-
ential equation are said to be consistent if F'(U; ;) tends to zero as h and
k tend to zero.

In general, finite difference equations cannot be solved exactly because
the numerical computation is carried out only up to a finite number of
decimal places. Consequently, another kind of error is introduced in the
finite difference solution during the actual process of computation. This
kind of error is called the round-off error, and it also depends upon the
type of computer used. In practice, the actual computational solution is
u; ;, but not w; ;, so that the difference r; ; = (ui; — ufj) is the round-
off error at the grid point F; ;. In fact, this error is introduced into the
solution of the finite difference equation by round-off errors. In reality, the
round-off error depends mainly on the actual computational process and
the finite difference itself. In contrast to the cummulative truncation error,
the round-off error cannot be made small by allowing h and k to tend to
Zero.

Thus, the total error involved in the finite difference analysis at the
point P; ; is given by

Uiy —uij) = Uiy —uiy) + (uiy —ui;) = dij —ri. (14.2.11)

Usually the discretization error d;; is bounded when u;; is bounded
because the value of U, ; is fixed for a given partial differential equation
with the prescribed boundary and initial data. This fact is used or assumed
in order to introduce the concept of stability. The finite difference algo-
rithm is said to be stable if the round-off errors are sufficiently small for
all 7 as j — oo, that is, the growth of 7; ; can be controlled. It should be
pointed out again that the round-off error depends not only on the actual
computational process and the type of computer used, but also on the finite
difference equation itself. Lax (1954) proved a remarkable theorem which
establishes the relationship between consistency, stability, and convergence
for the finite difference algorithm.

Theorem 14.2.1. (Lax’s Equivalence Theorem). Given a properly posed
linear initial-value problem and a finite difference approximation to it that
satisfies the consistency criterion, stability is a necessary and sufficient
condition for convergence.
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Von Neumann’s Stability Method

This method is essentially based upon a finite Fourier series. It expresses
the initial errors on the line ¢ = 0 in terms of a finite Fourier series and then
examines the propagation of errors as ¢ — oo. It is convenient to denote
the error function by e, instead of e; ; so that e, s gives the initial values
ero = e(rh) = e, on the line ¢t = 0 between x = 0 and x = [, where r = 0,
1,2, ..., N and Nh =[. The finite Fourier series expansion of e, is

N N
e = Z Ay exp (inmx/l) = Z Ay exp (taprh) (14.2.12)

n=0 n=0

where o, = (nm/l), x = rh, and A,, are the Fourier coefficients which are
determined from the (N + 1) equations (14.2.12).

Since we are concerned with the linear finite difference scheme, errors
form an additive system so that the total error can be found by the superpo-
sition principle. Thus, it is sufficient to consider a single term exp (iarh) in
the Fourier series (14.2.12). Following the method of separation of variables
commonly used for finding the analytical solution of a partial differential
equation, we seek a separable solution of the finite difference equation for
er s in the form

er,s = exp (iarh + @sk) = exp (iarh) p* (14.2.13)

which reduces to exp (iarh) at s = 0(t = sk = 0), where p = exp (8k), and
B is a complex constant. This shows that the error is bounded as (t — c0)
provided that

pl < 1 (14.2.14)

is satisfied. This condition is found to be necessary and sufficient for the
stability of the finite difference algorithm.

14.3 Lax—Wendroff Explicit Method

To describe this method, we consider the first-order conservation equation

ou ou
—4+c—=0 14.3.1
ot + Ox ( )
where u = u (z,t) is some physical function of space variable z and time t.
This equation occurs frequently in applied mathematics.
Lax and Wendroff use the Taylor series expansion in ¢ in the form
k2 K3

Ui j41 = Ui j -+ k (ut)i,j —+ 5 (utt)w. + ? (uttt)i,j +.. .y (1432)
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where k = ot.
The partial derivatives in ¢ in (14.3.2) can easily be eliminated by using
U = —Cug so that (14.3.2) becomes
k2
Ui j+1 = U5 — ck (um)iﬁj + T (um)i’j R (1433)

Replacing u,, u,, by the central difference formulas, (14.3.3) becomes

2
ck 1 /ck
Uit = iy — | o ) Wiy = tio1g) + 5 | 57 ) (Wiery = 2uiy +uieg),

or

U, j4+1 = (1 - 82) Us, 5 + g ( + 5) Ui—1,5 — % (]. + 5) Ui41,5 + O (83) ,(1434)
where € = (ck/h). This is called the Laz—Wendroff second-order finite dif-
ference scheme; it has been widely used to solve first-order hyperbolic equa-
tions.

Von Neumann criterion (14.2.14) can be applied to investigate the sta-
bility of the Lax—Wendroff scheme. It is noted that the error function e, ,
given by (14.2.13) satisfies the finite difference equation (14.3.4). We then
substitute (14.2.13) into (14.3.4) and cancel common factors to obtain

p=(1=e)+ 2 [A+e) e — (1-e)e]

1o 92an? (P _oiesin (&0 ah
=1 2€sm(2) 2’L€Sln<2)COS<2),

h
P> =1—4e* (1 —&?)sin’ (O‘2> : (14.3.5)

so that

According to the von Neumann criterion, the Lax—Wendroff scheme
(14.3.4) is stable as t — oo if [p| < 1, which gives 4¢2 (1 —&?) > 0, that is,
0<e<1.

The local truncation error of the Lax—Wendroff equation (14.3.4) at P; ;
is

1
Ti; = % (wij1 — Ui-1,5)

which is, by (14.2.2a) and (14.2.1b) with ck = h (¢ = 1),

k k2 .
= (ut + Cux)i7‘ + = ( tt — Czuzzm)iﬂ- + — (uttt + 03ux1$)i7j +0 ((Ck)3> .

it 6
(14.3.6)
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The first two terms on the right side of (14.3.6) vanish by equation (14.3.1)
so that the local truncation error becomes

1
Tij = g (Fum + ch*uze.) (14.3.7)

i
Another approximation to (14.3.1) with first-order accuracy is

1 c

7 Wi = ig) + ¢ (uij = ui-1,5) = 0. (14.3.8)
A final explicit scheme for (14.3.1) is based on the central difference ap-

proximation. This scheme is called the leap frog algorithm. In this method,

the finite difference approximation to (14.3.1) is

1 c
o (Wig+1 = tig—1) + 5 (Uirry — wi15) =0,
or,
Ui g1 = Ui j—1 — € (Wig1,j — Ui—1,5) - (14.3.9)

As shown in Figure 14.3.1, this equation shows that the value of u at
P; j 1 is computed from the previously computed values at three grid points
at two previous time steps.

1t
JG.j 1
k @Gj D
h
15)
g}
X1 X X; X

Figure 14.3.1 Grid system for the leap frog algorithm.
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14.4 Explicit Finite Difference Methods

(A) Wave Equation and the Courant—Friedrichs—Lewy
Convergence Criterion

The method of characteristics provides the most convenient and accurate
procedure for solving Cauchy problems involving hyperbolic equations. One
of the main advantages of this method is that discontinuities of the initial
data propagate into the solution domain along the characteristics. However,
when the initial data are discontinuous, the finite difference algorithm for
the hyperbolic systems is not very convenient. Problems concerning hyper-
bolic equations with continuous initial data can be solved successfully by
finite difference methods with rectangular grid systems.

A commonly cited problem is the propagation of a one-dimensional wave
governed by the system

U = € Ugy, —0 <z < o0, t>0, (14.4.1)
u(x,0) = f(x), ug (2,0) =g (x) forallz e R. (14.4.2)
Using a rectangular grid system with h = dz, k = 0t, u,; = u(ih, jk),

—0 < x < 00, and 0 < j < oo, the central difference approximation to

equation (14.4.1) is
C2
72 (Wigen = 2uij +uigo1) = 35 (Uir1y = 2Ui + Ui1),

or,
_ 2 2
U j+1 = € (ui+1,j + ui,l’j) + 2 (1 — € ) Ui — Ui j—1, (1443)

where € = (ck/h), and is often called the Courant parameter. This explicit
formula allows us to determine the approximate values at the grid points
on the lines t = 2k, 3k, 4k, ..., when the grid values at ¢ = k£ have been
obtained.

The approximate values of the initial data on the line ¢t = 0 are

1
ui0 = fi, % (i1 —ui—1) = gio (14.4.4)
so that the second result gives

Uj,—1 = U1 — 2k 9i,0- (1445)

When j =0 in (14.4.3) and (14.4.5) is used, we obtain

1
Uil = 5 e? (fi—l + fi+1) + (1 — 82) fi+ kgi,0~ (1446)

This result determines grid values on the line t = k.
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LJ

/ N

4 N

0C 4 B D x

Figure 14.4.1 Computational grid systems and characteristics.

The value of u at P; ;11 is obtained in terms of its previously calculated
values at P; 1, P;j, and P;;_1, which are determined from previously
computed values on the lines t = (j — 1)k, (j —2) k, (j — 3) k. Thus, the
computation from the lines ¢t = 0 and ¢ = k suggests that v at P; ; will rep-
resent a function of the values of v within the domain bounded by the lines
drawn back toward ¢ = 0 from P whose gradients are (+¢) as shown in Fig-
ure 14.4.1. Thus the triangular regions PAB, PCD represent the domains
of dependence at P of the solutions of the finite difference equation (14.4.3)
and the differential equation (14.4.1). By analogy with real characteristic
lines PC and PD of the differential equation, the straight lines PA and
PB are called the numerical characteristics. Thus, it follows from Figure
14.4.1 that AP AB lies inside APC D, which means that the solution of the
finite difference system at P would remain unchanged even when the initial
data along PA and PB are changed. Courant, Friedrichs and Lewy (CFL,
1928) proved that the solution of the finite difference system converges to
that of the differential equation system as h and k tend to zero provided
that the domain of dependence of the difference equation lies inside that of
the partial differential equation. This condition for convergence is known
as the CFL condition, which means 1/c¢ > k/h, that is, 0 <e < 1.

If the Courant parameter is € = 1, equation (14.4.3) reduces to a simple
form
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ui,j—i—l = Ui+17j + ’UJz'_Lj — ui,j—1~ (1447)

As shown in Figure 14.3.1, this equation shows that the value of u at
P; j1+1 is computed from the previously computed values at three grid points
at two previous time steps. This is called the leap frog algorithm.

From equation (5.3.4) in Chapter 5, we know that the solution of the
Cauchy problem for the wave equation has the form

u(ac,t) :¢(Z+Ct)+w(x70t)a

where the functions ¢ and 1) represent waves propagating without changing

shape along the negative and positive x directions with a constant speed

c. The lines of slope (dt/dx) = 4+ (1/¢) in the z — ¢ plane, which trace the

progress of the waves, are known as the characteristics of the wave equation.
In terms of a grid point (;,t;), the above solution has the form

uij = ¢ (@ +cty) + ¥ (x; — ctj). (14.4.8)

It follows from Figure 14.3.1 that z; = 1 + (i —1)h and t; = t; +
(j — 1) k so that (14.4.8) takes the form

wi; = ¢ (a+ih+ jck) + ¢ (B +ih — jck), (14.4.9)
where
a=(x;—h)+c(ty1 —k), B=(x1—h)—c(t1 — k).
Since € = 1, ¢k = h, solution (14.4.9) becomes

uij=¢(a+(i+5)h)+¢ B+ (i—j)h).

This satisfies equation (14.4.7). It follows that the leap frog method
gives the exact solution of the partial differential equation (14.4.1).

We apply von Neumann stability analysis to investigate the stability of
the above numerical method for the wave equation. We seek a separable
solution of the error function e, , as

ers = exp (iarh) p®, (14.4.10)

where p = exp (0k). This function satisfies the finite difference equation
(14.4.3). Substituting (14.4.10) into (14.4.3) and cancelling the common
factors, we obtain the quadratic equation for p

p? —2bp+1=0, (14.4.11)

where b = 1 — 22 sin® (ah/2), € = (ck/h), and b < 1 for all real € and a.
This quadratic equation has two complex roots p; and po if b < 1. Since
p1-p2 = 1, it follows that one of the roots will always have modulus greater
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than one unless |p1| = |p2| = 1. Thus, the scheme is unstable as s — oo if
the modulus of one of the roots exceeds unity.

On the other hand, when —1 < b < 1, b*> < 1, then |pi| = [p2| = 1.
Thus, the finite difference scheme is stable provided —1 < b < 1, which
leads to the useful condition for stability as b > —1 that

e? < cosec? (?) . (14.4.12)

This shows the dependence of the stability limit on the space-grid size h.
However, this stability condition is always true if £2 < 1.

Example 14.4.1. Find the explicit finite difference solution of the wave equa-
tion

Ut — Ugg = 0, O0<z<l, t>0,
with the boundary conditions
u(0,t) = u(l,t) =0, t>0,
and the initial conditions
u(z,0) = sinnmz, ug (z,0) = 0, 0<z<L

Compare the numerical solution with the analytical solution w (z,t) =
costsinwr at several points.

The explicit finite difference approximation to the wave equation with
e = (k/h) =1 is found from (14.4.3) in the form

Uiyl = Ui—1,j + Uit1,j — Uij—1, Jj=1

The problem is symmetric with respect to x = %7 so we need to calculate

the solution only for 0 < z < % We take h = k = % = 0.1. The bound-
ary conditions give ug; = 0 for j = 0,1,2,3,4,5. The initial condition
ug (2,0) = 0 yields

1
ug (x,0) = 3 (i —ui—1) =0,

or,
Uj,1 = Uj,—1-

The explicit formula with j = 0 gives

1 .
Uil =5 (wi—1,0 + Uit1,0), 1=1,2,3,4,5.

Thus,
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1 1 1 .
Uy = 5 (uOyo + ’U,270) = §UQ70 = 5 sin (0.271') = 0.2939.

Similarly,
U2,1 = 0.55907 u3,1 = 0.7695, Ug1 = 0.90457 Us,1 = 0.9511.
We next use the basic explicit formula to compute

Uy1,2 = Uo,1 + U2,1 —UL0 = 0 + 0.5590 — 0.3090 = 02500,
Ugo = 1,1 + u3z,1 — u2,0 = 0.2939 + 0.7695 — 0.5878 = 0.4756.

Similarly, we compute other values for u; ; which are shown in Table 14.4.1.
The analytical solutions at (z,¢) = (0.1,0.1) and (0.2,0.3) are given by

w(0.1,0.1) = cos (0.17) sin (0.17) = (0.9511) (0.3090) = 0.2939,
1 (0.2,0.2) = cos (0.27) sin (0.27) = (0.8090) (0.5878) = 0.4577,
1 (0.2,0.3) = cos (0.37) sin (0.27) = (0.5878) (0.5878) = 0.3455.

Comparison of the analytical solutions with the above finite difference
solutions shows that the latter results are very accurate.

(B) Parabolic Equations

As a prototype diffusion problem, we consider

Up = K Ugpg, 0<z<l, t>0, (14.4.13)
u(0,t) =u(l,t) =0, for all ¢, (14.4.14)
u(z,0) = f(z), for all x in (0,1), (14.4.15)

where f (z) is a given function.

Table 14.4.1.

1 0 1 2 3 4 5

x [ 0.0 0.1 0.2 0.3 0.4 0.5
]t
1 01] 0 |0.2939 | 0.5590 | 0.7695 | 0.9045 | 0.9511
2 0.2 0 [0.2500 | 0.4577 | 0.6545 | 0.7695 | 0.8090
3 03| 0 |0.1817 | 0.3455 | 0.4756 | 0.5590 | 0.5878
4 04| 0 ]0.9045 | 0.7695 | 0.2500 | 0.2939 | 0.3090
505 0 0 0 0 0 0
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The explicit finite difference approximation to (14.4.13) is

1 K
7 Wi = Uiy) = 75 (Wirry = 205 +uioyg),  (14.4.16)

or,
Uj j41 = € (uiJ’»l}j + ui,l,j) + (1 — 28) Ui 5, (14.4.17)

where € = (kk/h?).

This explicit finite difference formula gives approximate values of u on
t = (j+ 1)k in terms of values on t = jk with given u; o = f;. Thus, u; ;
can be obtained for all j by successive use of (14.4.17).

The problems of stability and convergence of the parabolic equation are
similar to those of the wave equation. It can be shown that the solution of
the finite difference equation converges to that of the differential equation
system (14.4.13)~(14.4.15) as h and k tend to zero provided e < 1.

In particular, when ¢ = %, equation (14.4.17) takes a simple form

1
Ui+l = 5 (Wit1,j + Wi-1,5) - (14.4.18)

This is called the Bender—Schmidt explicit formula which determines the
solution at (z;,%;11) as the mean of the values at the grid points (¢ +1, j).
However, more accurate results can be found from (14.4.17) for € < .

To investigate the stability of the numerical scheme, we assume that the
error function is

ers = exp (iarh) p°, (14.4.19)

where p = ¢€?*. The error function and w,, satisfy the same difference
equation. Hence, we substitute (14.4.19) into (14.4.17) to obtain

h
p=1-—4desin? (0‘2> . (14.4.20)
Clearly, p is always less than 1 because € > 0. If p > 0, the function given
by (14.4.19) will decay steadily as s = j — oo. If =1 < p < 0, then the
solution will have a decaying amplitude as s — oo. Therefore, the finite
difference scheme will be stable if p > —1, that is, if

1 h

0 < e < - cosec? (a) . (14.4.21)
2 2

This shows that the stability limit depends on h. However, in view of the

inequality

we conclude that the stability condition is € < % Finally, if p < —1, the
solution oscillates with increasing amplitude as s — oo, and hence, the
scheme will be unstable for € > %
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FEzample 14.4.2. Show that the Richardson explicit finite difference scheme
for (14.4.13) is unconditionally unstable.
The Richardson finite difference approximation to (14.4.13) is

1 K
o (Wig+1 = Uij-1) = 75 (Wirg = 20ig +uiory) . (14.4.22)

To establish the instability of this equation, we use the Fourier method
and assume that

er,s = exp (tarh) p®, p ="

This function satisfies the Richardson difference equation as does u, s. Con-

sequently,
1 h
p— — = —8esin’ (a) ,
P 2

h
p? + 8pesin? (0‘2) —1=0.

or

This quadratic equation has two roots

1
h h\ %
DP1.ps = —desin? (‘;) + (1 +16e2 sin4a2> . (14.4.23)

or
h _ h
p1,pa=+1-— 4 ¢esin? <a2) (1—i—2<€sin2 a2> + 0 (54) .
This gives |p1] < 1 and

h
Ip2| > 1+ 4esin? (O;) >1

for all positive € and, consequently, the Richardson scheme is always un-
stable.

The unstable feature of the Richardson scheme can be eliminated by
replacing w; ; with % (i, j41 + wij—1) in (14.4.22), which now becomes

(1 + 25) Ui jy1 = 2¢€ (ui+17j + uifl,j) + (1 — 25) Ui j—1- (14.4.24)

This is called the Du Fort—Frankel explicit algorithm, and it can be
shown to be stable for all ¢.
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FEzample 14.4.3. Prove that the solution of the finite difference equation for
the diffusion equation (14.4.13) in —oo < z < oo with the initial condition
u (z,0) = e'® converges to the exact solution of (14.4.13) as h and k tend
to zero.

We obtain the exact solution of (14.4.13) by seeking a separable form

u(z,t) = e v (t),
where v () is a function of ¢ alone which is to be determined.

Substituting this solution into (14.4.13) gives

d
—U+/<aa2v:O

dt
which admits solutions
2
v(t) = Ae "t

where A is an integrating constant. The initial condition v (0) = 1 gives
A = 1. Hence,

u(z,t) = exp (ia:z: — ozsz) . (14.4.25)

We now solve the corresponding finite difference equation (14.4.17) by
replacing i, j with r, s. We seek a separable solution of the difference
equation

Uy s = eia'rh Vg
with the initial condition
iarh v

Upo = € 0, so that vy = 1.

Substituting this solution into the finite difference equation (14.4.7)
yields

h
Vgp1 = (1—45 sin? O;) Vs, vo = 1,
so that the solution can be obtained by a simple inspection as
h S
vy = <1 — 4esin? O;) , (14.4.26)
iarh s 2 ah °
Ups =€ 1 —4esin 5 ) (14.4.27)
where € = (kk/h?).

For small h, 1 — 4esin® (ah/2) ~ 1 — ca?h? so that 1 — ea?h?® ~

exp (—5 a2h2) for small £ a?h? = ka?k. Consequently, the final solution
becomes
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Uy ~ eiOTh=RO%ks g Q. (14.4.28)

s

This is identical with the exact solution of the differential equation (14.4.13)
with rh = x and sk = t. This example shows that the finite difference
approximation is reasonably good.

Example 1/.4.4. Calculate a finite difference solution of the initial boundary-
value problem

Ut = Ugy, O<z<l, t >0,
with the boundary conditions
u(0,t) =u(l,t) =0, t>0,
and the initial condition
u(z,0) =z(1—x), 0<z<l

Compare the numerical solution with the exact analytical solution at
x =0.04 and ¢t = 0.02.
The explicit finite difference approximation to the parabolic equation is

Ujj41 = €ui—1,; + (1 —2€) uij + Uity

where ¢ = (k/h?). This gives the unknown value u; ;11 at the (¢,j + 1) th
grid point in terms of given values of u along the jth time row.

We set h = 1 and k = 155 so that e = (k/h%) = 1 and the above
formula becomes

1
Uit = 7 (Wio1j + 205 + Uig1g).-
With the notation w; o = u (ih, 0), the initial condition gives
Ug,0 = 0.167 and Us5,0 = 0.

The boundary conditions yield wy; = w(0,jk) = 0 and wus; =
u(bh,jk) =u(1l,7k) =0, forall 5 =0, 1, 2, ....

Using these initial and boundary data, we calculate u; ; as follows:

1
U1 =7 (uo,0 +2ui0+ugo) =014, w9 = 1 (Uo 14+ 2u1,1 +ug)
= 0.125,
1 1
U1 =7 (w10 +2uz0 4+ ugp) =022, wugs = 1 (u1,1 + 2u21 + us 1)
~ 0.200,
1 1
us1 =7 (u2,0 +2uz 0+ usp) =022, wugs = 1 (ug,1 + 2usz1 + ua,1)
— 0.200,
1 1
usy =7 (us,o +2us0+uso) =014, ugo = 1 (ug,1 + 2ua1 + us,1)
= 0.125,
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1 1
U3 =7 (w02 +2u12 +ug2) = 0.1125, w4 = 1 (uo,3 + 2u13 + uz3)
—0.1016,
1 1
u23 =7 (u1,2 +2ug2 +us2) =0.1813, w4 = 1 (u1,3 + 2u23 + u3,3)
— 0.1641,
1 1
U3 = (ug2 + 2u3 2 +ug2) = 0.1813, wugzy = 1 (ug,3 + 2u3 3 + ua3)
— 0.1641,
1 1
Uaz =7 (ug2 +2us2 +us2) = 0.1125, ugy = 1 (us,3 + 2ua3 + us3)
= 0.1016.

The method of separation of variables gives the analytical solution of
the problem as

oo

8 1
u(x,t) = 3 Z:O W exp [— (2n 4 1)? 7r2t} sin (2n + 1) mx

This exact solution u (x,t) at x = 0.4 (i = 2) and ¢t = 0.02 (j = 2) gives

1 1
U~ exp (—0.027%) sin (0.4) 7 + 33 OXP (—0.187%) sin (1.2) 77}

5 o
= 0.2000.

The analytical solution is seen to be identical with the numerical value.

Example 14.4.5. Obtain the numerical solution of the initial boundary-
value problem

Ut = KUzz, 0<x<1, t>0,
u(0,t) =1, u(l,t)=0, ¢>0,
u(z,0) =0, 0<z<1.

We use the explicit finite-difference formula (14.4.17)
Ui g1 = € (Ui + tio15) + (1= 2€) uij,
where ¢ = (kk/h?).

We set h = 0.25 = i and € = % = 0.4 to compute u; ; for ¢,5 =0, 1, 2,
3, 4 as follows:
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1.000 | 0.000 | 0.000 | 0.000 | 0.000
1.000 | 0.400 | 0.000 | 0.000 | 0.000
1.000 | 0.480 | 0.160 | 0.000 | 0.000
1.000 | 0.560 | 0.224 | 0.064 | 0.000
1.000 | 0.602 | 0.295 | 0.103 | 0.000

=W N = O

(C) Elliptic Equations

As a prototype boundary-value problem, we consider the Dirichlet problem
for the Laplace equation

V23U = gy + ty, =0, 0<z<a, 0<y<b, (14.4.29)

where the value of u (x,y) is prescribed everywhere on the boundary of the
rectangular domain.

The rectangular grid system is the most common and convenient system
for this problem. We choose the vertices of the rectangular domain as the
nodal points and set h = a/m and k = b/n where m and n are positive
integers so that the domain is divided into mn subrectangles.

The finite difference approximation to the Laplace equation (14.4.29) is

1 1
7z (Wit = 2uij +uim1g) + 55 (Wiger = 2uig + wig-1) = 0,(14.4.30)

or,
2 (h2 —+ kz) Uq,5 = k2 (Ui+1,j + ui—l,j) + h2 (ui7j+1 + ui,j—l) s (14431)

where 1 <i<m-—-land1<j<n-1.

The prescribed conditions on the boundary of the rectangular domain
determine the values ug j, Um,j, Us,0, and u;,. For a square grid system
(k = h), equation (14.4.30) becomes

Us, 5 = i (UZ‘J’,l}j + Uj—1,5 + Ui j41 + ui’j,l) . (14432)

This means that the value of u at an interior point is equal to the average

of the value of u at four adjacent points. This is the well known mean value
theorem for harmonic functions that satisfy the Laplace equation.

As i and j vary, the present scheme reduces to a set of (m —1) (n —1)

linear non-homogeneous algebraic equations for (m — 1) (n — 1) unknown

values of u at interior grid points. It can be shown the solution of the finite
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difference equation (14.4.31) converges to the exact solution of the problem
as h, k — 0. The proof of the existence of a solution and its convergence
to the exact solution as h and k tend to zero is essentially based on the
Mazimum Modulus Principle. It follows from the finite difference equation
(14.4.30) or (14.4.31) that the value of |u| at any interior grid point does
not exceed its value at any of the four adjoining nodal points. In other
words, the value of u at P; ; cannot exceed its values at the four adjoining
points P; 41 ; and P; ;1. The successive application of this argument at
all interior grid points leads to the conclusion that |u| at the interior grid
points cannot be greater than the maximum value of |u| on the boundary.
This may be recognized as the finite difference analogue of the Maximum
Modulus Principle discussed in Section 9.2. Thus, the success of the nu-
merical method is directly associated with the existence of the Maximum
Modulus Principle.

Clearly, the present numerical algorithm deals with a large number of
algebraic equations. Even though numerical accuracy can be improved by
making h and k sufficiently small, there is a major computational difficulty
involved in the numerical solution of a large number of equations. It is
possible to handle such a large number of algebraic equations by direct
methods or by iterative methods, but it would be very difficult to obtain
a numerical solution with sufficient accuracy. It is therefore necessary to
develop some alternative methods of solution that can be conveniently and
efficiently carried out on a computer.

In order to eliminate some of the drawbacks stated above, one of the nu-
merical schemes, the Liebmann’s iterative method, is useful. In this method
values of u are first guessed for all interior grid points in addition to those
given as the boundary points on the edges of the given domain. These values
are denoted by uz(-?j) where the superscript 0 indicates the zeroth iteration.
It is convenient to choose a square grid so that the simplified finite differ-
ence equation (14.4.32) can be used. The values of u are calculated for the
next iteration by using (14.4.32) at every interior point based on the values
of u at the present iteration. The sequence of computation starts from the
interior grid point located at the lowest left corner, proceeds upward un-
til reaching the top, and then goes to the bottom of the next vertical line
on the right. This process is repeated until the new value of u at the last
interior grid point at the upper right corner has been obtained.

At the starting point, formula (14.4.32) gives

1
up =3 (S + ul% +uf) + ol (14.4.33)
where ugO% and uéoi are boundary values which remain constant during

the iteration process. They may be replaced, respectively, with uglg, ugli in

(14.4.33). The computation at the next step involves uéog Since an improved

value uglg is available at this time, it will be utilized instead. Hence,
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1
ufy = 7 (ul+ul +uil) +ui)) (14.4.34)

where uglg is used to replace the constant boundary value ugo%

We repeat this argument to obtain a general iteration formula for com-
putation of u at step (n + 1)

1
+1 +1 n+1
ugv; = 1 (ugi)lj + uz('ﬁl,j) + UZ(Z)_H + u§,§_l)) . (14.4.35)

This result is valid for any interior point, whether it is next to some bound-
ary point or not. If P; ; is a true point, the second and fourth terms on the
right side of (14.4.35) represent, respectively, the values of u at the grid
points to the left of and below that point. These values have already been
recomputed according to our scheme, and therefore, carry the superscript
(n+1). Result (14.4.35) is known as the Liebmann (n + 1) th iteration for-
maula. It can be proved that ugn) converges to u; j as n — oo.
Another iteration scheme similar to (14.4.35) is given by

1
UEZ+1) =1 (ugi)l,j + ul(ﬁ)l,j + U£7;)-|-1 + u%)_l) . (14.4.36)
This is called the Richardson iteration formula, and it is also useful. How-
ever, this scheme converges more slowly than that based on (14.4.35).
One of the major difficulties of the above methods is the slow rate of con-
vergence. An improved numerical method, the Successive Over-Relaxation
(SOR) scheme gives a faster convergence than the Liebmann or Richardson
method in solving the Laplace (or the Poisson) equation. For a rectangular
domain of square grids, the successive iteration scheme is given by

(n+1) _ (n) | W [ (n+1) (n) (n+1) (n) (n)
a7 =l + 2 (a7 P Y a4l (14.4.37)
where w is called the acceleration parameter (or relaxation factor) to be
determined. In general, w lies in the range 1 < w < 2. The successive
iterations converge fairly rapidly to the desired solution for 1 < w < 2. The
most rapid rate of convergence is achieved for the optimum value of w.

FEzxample 14.4.6. Obtain the standard five-point formula for the Poisson
equation

Upy + Uyy = —f (2, Y) in D C R?

with the prescribed value of u (z,y) on the boundary dD.

We assume that the domain D is covered by a system of squares with
sides of length h parallel to the z and y axes. Using the central difference
approximation to the Laplace operator, we obtain

1 1
72 (Wit1,j — 245 + ui—1,5) + 72 (w41 — 25 + uij—1) = —fij,
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or,
1 1,
wig = 3 (Wirg +uimrg + tiga +uig-1) + 7 h7 i
where f; ; = f (ih, jh). This is known as the five-point formula.

Example 14.4.7. Find the numerical solution of the torsion problem in a
square beam governed by

Vu=-2 in D={(z,y):0<2<1,0<y <1}

with u (x,y) = 0 on dD.
From the above five-point formula, we obtain

1 1
Uij =7 (Wit + i1, + Uij+1 + Ui j—1) — §h2

where h is the side-length of the unit square net.

We choose h = %, 1/22,1/23, 1/2* to calculate the corresponding nu-
merical values u; ; = 0.1250, 0.1401, 0.1456, 0.1469.

Note that the known exact analytical solution is 0.1474.

FEzample 14.4.8. Using the explicit finite difference method, find the solu-
tion of the Dirichlet problem
Uge +Uyy =0, In O<z<l, 0O0<y<l,
u(z,0) = x, u(z,1)=0, on 0<z<1,
u(z,y) =0, for =0, z=1 and 0<y<L

We use four interior grid points (that is, 7,5 = 1,2,3,4) as shown in
Figure 14.4.2 in the (z,y)-plane.

We apply the explicit finite difference formula (14.4.32) to obtain four
algebraic equations
—4uz g +uz 2 +ui 2 +uzz+uz1 =0,
—4ug 3 +uz 3 +ur 3+ uz 4+ uzz =0,
—duz o +uso+uge+uss+uss =0,
—4usz 3+ ug3 + Uz 3+ uga + ug2 = 0.
The given boundary conditions imply that us1 = u24 = us1 = us 4 =

Ugo = Ug3 = 0, U120 = % and uq 3 = % so that the above system of equations
becomes

1
—4ug o +uz 2 + 3 +ug 3 =0,

2
—4us 3 +us 3 + 3 +ug 2 =0,

—4ug s +uz2 +uz 3z =0,
—4’[1,3’3 + ug3 +uge = 0.
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Y
Uy, Y42 143 4.4
3,1 3,2 “33 U3,4
“2,1 U2, “23 “2.4
1 “1,2 3 Y14
Figure 14.4.2 The square grid system.
In matrix notation, this system reads as
[ -4 1 1 0 -U/2’2 i —% i
I =4 0 1| |uzs -2
1 0 —4 1 u3,2 0
L 0 1 1 —4_ _U3)3_ L 0 1
The solutions of this system are
! 16 _ 4 5
U2 = 7 U233 = 79 ug,2 = 7 ug,3 = 7

(D) Simultaneous First-Order Equations

We recall the wave equation (14.4.1) in 0 < = < 1, ¢t > 0. Introducing two

auxiliary variables v and w by v = u; and w = c?u,, the wave equation
gives two simultaneous first-order equations

- _ 2

Vt = Wy, Wt = C Vg

(14.4.38)
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The initial values of v and w are given at t =0 for all x in 0 < z < 1.
The boundary condition on v and w is also prescribed on the lines x = 0
and x =1 for t > 0.

The explicit finite difference method can be used to determine v and
w in the triangular domain of dependence bounded by the characteristics
r—ct=0and z+ct = 1.

The finite difference approximations to the differential equations (14.4.38)
are

1 1

7 Wig+1 = vig) = op (Wisry — Wio15), (14.4.39)
1 c?
= (Wig —wig) = o (Vg1 = vic1), (14.4.40)

where the forward difference for v; or w; and the central difference for v,
or w, are used. However, the central difference approximations to (14.4.38)
can also be utilized to obtain

1 1

o Wig+1 = vig-1) = o (Wir1g — Wierg), (14.4.41)
1 2
% (Wi j11 —wij-1) = o (Vit1,5 — Vie1,5) - (14.4.42)

We examine the stability of the above two sets of finite difference formu-
las with ¢ = 1. The von Neumann stability method is applied by replacing
i and j by r and s respectively. The error function e, 5 given by (14.4.10)
is substituted in (14.4.39)—(14.4.40) to obtain the stability relations

A(p—1) =eiBsinah, (14.4.43)
B(p—1) =ciAsinah, (14.4.44)

where the initial perturbations in v and w along t = 0 are A exp (iarh) and
Bexp (iarh) respectively with two different constants A and B.
Elimination of A and B from the above relations gives

(p—1)2+e2sinah =0
or
p = 1+iesinah,

and

[N

1
lp| = (1 +&*sin® ah)® ~ 1+ 3 e?sin® ah =1+ O (). (14.4.45)
Since |p| > 14 O (¢), the finite difference scheme for the finite time-step
t = sk would be unstable as the grid sizes tend to zero.
A similar stability analysis for (14.4.41)—(14.4.42) leads to the condition
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1\ 2
( - ) +4e?sin?ah = 0. (14.4.46)
p

This scheme is stable for ¢ < 1.
Another finite difference approximation to the coupled system (14.4.38)
is

1 1 1

ﬁ (UrJrl,s - U'rfl,s) = E |:wr,s+1 - 5 (errl,s - wrl,s>:| P (14447)
1 1 1
% (wr—i-l,s - wr—l,s) - % |:Ur,s+1 - 5 (vr+1,s - vr—l,s):| . (14448)

A similar stability analysis can be carried out for these systems by
substituting v, s = Apfer™ and Wy, s = Bp®e*™ into the equations. Elim-
ination of A/B yields the stability equation

(N
p = cosah + —sinah,
—¢
or

1
= cos” ah + —sin”“ ah < 1. 4.
2 2ah inah <1 14.4.49

p =

Hence, the scheme is stable provided that

e>1, thatis, k<h. (14.4.50)

14.5 Implicit Finite Difference Methods

From a computational point of view, the explicit finite difference algorithm
is simple and convenient. However, as shown in Section 14.4(B), the major
difficulty in the method for solving parabolic partial differential equations
is the severe restriction on the time-step imposed by the stability condi-
tion € < % or k < h?/2k. This difficulty is also present in the explicit finite
difference method for the solution of hyperbolic equations. In order to over-
come the above difficulty, we develop implicit finite difference schemes for
solving partial differential equations.

(A) Parabolic Equations

One of the successful implicit finite difference schemes is the Crank and
Nicolson Method (1947), which is based on six grid points. This method
eliminates the major difficulty involved in the explicit scheme. When
the Crank—Nicolson implicit scheme is applied to the parabolic equation
(14.4.13), uy, is replaced by the mean value of the finite difference values
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in the jth and the (j + 1) th row so that the finite difference approximation
(14.4.13) becomes

1 K
% (Ui,j—H - Uzy) = Thg [(Ui+1,j+1 - 2ui,j+1 + Ui—l,j+1)

+ (i1 = 20+ ui1g)], (14.5.1)
or

2(1+ &) uijpr — € (Uim1541 + Uit1541)
=2 (1 - 6) U5+ € (ui—l,j + Uz’+1,j) R (1452)

where ¢ = (k/@'/hQ) is a parameter.

The left side of (14.5.2) is a linear combination of three unknowns in
the (j 4 1) th row, and the right side involves three known values of u in
the jth row of the grid system in the (z,t)-plane. Equation (14.5.2) is
called the Crank—Nicolson implicit formula. This formula (or its suitable
modification) is widely used for solving parabolic equations. If there are n
internal grid points along each jth row, then, for j=0and =1, 2,3, ...,
n, the implicit formula (14.5.2) gives n simultaneous algebraic equations
for n unknown values of u along the first jth row (j = 0) in terms of given
boundary and initial data. Similarly, if j = 1and i =1, 2, 3, ..., n, equation
(14.5.2) represents n unknown values of u along the second jth row (j = 1)
and so on. This means that the method involves the solution of a system of
simultaneous algebraic equations. In practice, the Crank—Nicolson scheme
is convergent and unconditionally stable for all finite values of ¢, and has
the advantage of reducing the amount of numerical computation.

This implicit scheme can be further generalized by introducing a numer-
ical weight factor A in the modified version of the explicit equation (14.4.16)
which is written below by approximating u,, in (14.4.13) in the (j + 1) th
row instead of the jth row.

1 I
% (Ui.,j+1 - u”) = ¥ (Uz’+1,j+1 —2u; 541 + Ui—l,j+1)a (14.5.3)

or
Ui g1 — Wig = € (Wi1,j+1 — 2Ui j41 + Uim1,54+1) - (14.5.4)

Introducing the numerical factor A, this can be replaced by a more
general difference equation in the form

U1 = Uiy = € [NOF w1 + (1= A) 53 uig] (14.5.5)
where 0 < A <1 and 5925 is the difference operator defined by
532:1,61‘,]‘ = Uit1,5 — 2ui7j + Ui—1,5- (1456)

Another equivalent form of (14.5.5) is
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(14 2eX) i1 — €A (Uit1,j41 + Uim1,541)
= {1 — 2e (1 — )\)} Ui+ € (1 - )\) (ui-‘rLj — ui_17j) . (1457)

This is a fairly general implicit formula which reduces to (14.5.4) when
A =1.When X = 1, (14.5.7) becomes the Crank-Nicolson formula (14.5.2).
Finally, if A = 0, this implicit difference equation reduces to the explicit
equation (14.4.17).

The Richardson explicit scheme was found to be unconditionally unsta-
ble in Section 14.4. This undesirable feature of the scheme can be elimi-
nated by considering the corresponding implicit scheme. In terms of 62, the
Richardson equation (14.4.22) can be expressed as

wig1 = 2605w+ uij. (14.5.8)

To obtain the implicit Richardson formula, we replace 62 u; ; by
%53 (Wi j4+1 + wij +uij—1) in (14.5.8) and we obtain

2 2 2
(1 — ;62) Uj j+1 = géguw + (1 + ;) Uj j—1- (1459)
This implicit scheme can be shown to be unconditionally stable. To

prove this result, we apply the von Neumann stability method with the
error function (14.5.9) to obtain the equation for p as

(1+a)p*+ap+(a—1) =0, (14.5.10)

a= (835) sin? (O‘zh) . (14.5.11)

The roots of the quadratic equation are

where

N

—a+ (4 - 3a2)
2(1+a)

p= (14.5.12)

This gives |p| < 1 for all values of a. Hence, the result is proved.

Example 14.5.1. Obtain the numerical solution of the following parabolic
system by using the Crank—Nicolson method

Up = Ugy, O<x<l, t>0,
w(0,t) =u(l,t)=0, ¢>0,
u(z,0) =x(l—2x), 0<z<L

We recall the Crank—Nicolson equation (14.5.2) and then set h = 0.2
and k£ = 0.01 so that ¢ = %. The boundary and initial conditions give
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Up,0 = Us,0 = Up,1 = U551 = 0 and Ui,0 = u(zh,O) = ih (1 - Zh), 1= 1, 2,
3, 4. Consequently, formula (14.5.2) leads to the following system of four
equations:

—up,1 — 2,1 + 10u11 = ug,p + uz,0 + 6u1 g
—u1,1 —u3,1 + 10u21 = u1,0 + uzo + Guz g

—uz,1 — Usa,1 + 10u3z1 = u2,0 + ug0 + 6uz g
—ug,1 — us,1 + 10ug1 = us o+ us,o + 6ug .

Using the boundary and initial conditions, the above system becomes

—ug,1 + 10u;; = 1.20
—uy,1 + 10ug 1 —uz 1 = 1.84
—Uug1 — g1 + 10uz 1 = 1.84
—u3,1 + 10us,; = 1.20.

These equations can be solved by direct elimination to obtain the solutions
as uy,1 = 0.1418, uz 1 = 0.2202, uz; = 0.2202, ug; = 0.1420.

(B) Hyperbolic Equations

We consider an implicit finite difference scheme to solve the initial boundary-
value problem consisting of the first-order hyperbolic equation

ou ou
E—i—c% =0, (c>0), (14.5.13)

with the initial data u (z,0) = U (z) and the boundary condition u (0,t) =
V (t) where 0 < z, t < 0.
The implicit finite difference approximation to (14.5.13) is

1 c
7 Wig1 = tig) + 3 (tiger = wir541) = 0,

or
wij = (14 €)usjp1 — i1 i1, (14.5.14)

where € = (ck/h).
The stability of the scheme can be examined by using the von Neumann
method with the error function (14.4.10). It turns out that

p=[1—c+cexp(—iah) ™", (14.5.15)

from which it follows that |p| < 1 for all h. Hence, the implicit scheme is
unconditionally stable.
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We next solve the wave equation us; = c?u,, by an implicit finite differ-
ence scheme. In this case, uy is replaced by the central difference formula,
and u,, by the mean value of the central difference values in the (5 — 1) th
and (5 + 1) th rows. Consequently, the implicit difference approximation to
the wave equation is

52

Us 41 — 2U 5 + Ujj_1 = 5 [(Wig1,j4+1 — 2Ui jp1 + Uim1j41)
+ (Wi1, -1 — 2U; j—1 + vi—1,5-1)],
(14.5.16)

where € = (ck/h).
Expressing the solution for the (j + 1) th step in terms of the two pre-
ceding steps gives

2(1+e?) wiger — € (Wim1 g1 + Uirrje1)
= 4um- + 52 (Uifl,jfl + ui+17j,1) —2 (1 + 52) Ug,j—1-
(14.5.17)

The N grid points along the time step, j = 0,7 =1, 2, 3, ..., N,
(14.5.17) along with the finite difference approximation to the boundary
condition give N simultaneous equations for the N unknown values of u
along the first time step. This constitutes a tridiagonal system of equations
that can be solved by direct or iterative numerical methods.

To investigate the stability of the implicit scheme, we apply the von
Neumann stability method with the error function (14.4.10). This leads to
the equation

1 A
p+—-=2 (1+252sin2 a) ,
P 2
or
p? —2bp+1=0, (14.5.18)

where b= (1 + 22 sin’ ozh/2)71 so that 0 < b < 1.
Hence, the stability condition is

bl <1 (14.5.19)

which is always satisfied provided 0 < b < 1, that is, ¢ < 1 for all positive
h. This confirms the unconditional stability of the scheme.

A more general implicit scheme can be introduced by replacing u,, in
the wave equation (14.4.1) with

~ % [)\ (5925 um-“ + (5326 um-_l) + (1 —+ 2)\) (53 um-] 5 (14520)

quL’
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where X is a numerical weight (relaxation) factor and the central difference
operator §2 is given by (14.5.6). This general scheme allows us to approxi-
mate the wave equation with ¢ = 1 by the form

(Stzui’j =g [)\ ((5‘,% Ui j+1 T (Si ui’j,1) + (1 — 2)\) 5320 um} s (14.5.21)

where ¢ = k/h. This equation reduces to (14.5.16) when A = %, and to the
explicit finite difference result when A = 0.

It follows from von Neumann stability analysis that the implicit scheme
is unconditionally stable for A > i. Von Neumann introduced another fairly
general finite difference algorithm for the wave equation (14.4.1) in the form

w
62u;j = e20%u; ; + ﬁ5f5gui7j. (14.5.22)

This equation with appropriate boundary conditions can be solved by
the tridiagonal method. Von Neumann discussed the question of stability
of this implicit scheme and proved that the scheme is conditionally stable
fw< i and unconditionally stable if w > i.

14.6 Variational Methods and the Euler—Lagrange
Equations

To describe the variational methods and Rayleigh—Ritz approximate method,
it is convenient to introduce the concepts of the inner product (pre-Hilbert)

and Hilbert spaces. An inner product space X consisting of elements u, v,

w, ... over the complex number field C' is a complex linear space with an

inner product (u,v) : X x X — C such that

(i) (u,v) = (v,u), where the bar denotes the complex conjugate of (v,u),
(ii) (ou + PBv,w) = a {u,w) + B {v,w) for any scalars «, 5 € C,
(iii) (w,u) > 0; equality holds if and only if v = 0.

By (i) (u,u) = (u,u), and so (u,u) is real. We denote <u,u>% = |Ju||, which
is called the norm of u. Thus, the norm is induced by the inner product.
Thus, every inner product space is a normed linear space under the norm
l[ull = v/{u, u).

Let X be an inner product space. A sequence {u,} where u,, € X for
every n is called a Cauchy sequence in X if and only if for every given € > 0
(no matter how small) we can find an N (¢) such that

lun — uml|| < e foralln,m > N ().

The space X is called complete if every Cauchy sequence converges to
a point in X. A complete normed linear space is called a Banach Space. A
complete linear inner product space is called a Hilbert Space and is usually
denoted by H.
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FEzxzample 14.6.1. Let C™ be the set of all n-tuples of complex numbers. Thus,
C™ is an n-dimensional Hilbert space with the inner product

n
(z,y) = Z T Yk-
k=1

Obviously, the set of all n-tuples of real numbers R" is an n-dimensional
Hilbert space.

Example 14.6.2. Let I be the set of all sequences with entries from C' such
that > po 2| < co. This forms a Hilbert space with the inner product

o
<$, y) = Z Tk Yk-
k=1

Ezample 14.6.3. Let Lo (a, b]) be the set of all square integrable functions
in the Lebesgue sense in an interval [a, b]. Ls ([a, b]) is a Hilbert space with
the inner product

(u,v) = /abu(x)v(x) dx.

We next introduce the notion of an operator in a Hilbert space H. An
operator A is a mapping from H to H (that is, A: H — H). It assigns to
an element u in H a new element Au in H. An operator A is called linear
if it satisfies the property

A(au+ fv) = aAu+ BAv  for every «, 5 € C.

An operator is said to be bounded if there exists a constant k such that
|[Au|| < k||u|| for all uw € H.

We consider a bounded operator A on a Hilbert space H. For a fixed
element v in H, the inner product (Au, v) in H can be regarded as a number
I (u) which varies with w. Thus, (Au,v) = I (u) is a linear functional on H.

If there exists an operator A* on a Hilbert space (A*: H — H) such
that

(Au, vy = (u, A*v) for all u,v € H,

then A* is called the adjoint of A. In general, A # A*. If A = A*, that is,
(Au,v) = (u, Av) for all u, v in H, then A is called self-adjoint.

It is important to note that any bounded operator T on a real Hilbert
space (T : H — H) of the form T = A*A is self-adjoint. This follows from
the fact that

(Tu,v) = (A*Au,v) = (Au, Av) = (u, A*Au) = (u, Tv).
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A self-adjoint operator A on a Hilbert space H is said to be positive if
(Au,u) > 0 for all u in H, where equality implies that w = 0 in H. Further,
if there exists a positive constant k such that (Au,u) > k (u,u) for all v in
H, then A is called positive definite in H.

The rest of this section is essentially concerned with linear operators in
a real Hilbert space, which means that the associated scalar field involved
is real. Some specific inner products which will be used in the subsequent
sections include

(u,v) = /:u(x)v(x) dx, (u,v) = //Du(x,y)v(m,y) dx dy,

where D C R2.

Ezample 14.6.4. Determine whether the differentiable operators (i) A =
d/dz, (i) A = d*/d2?, and (iii) A = V? = (9%/02?%) + (8?/9y?) are self-
adjoint for functions that are differentiable in a < x < bor in D C R? and
vanish on the boundary.

(i) (Au,v)z/a (Z;‘>vdx/:u( Z;)d“[u ot

(u, A*v)  where dx +

Hence, A is not self-adjoint.

s B >dw+{vzs:];

Il
/‘\
Q.Q.
\_/

=

b

<

Thus, A is self-adjoint.

(iii) (Au,v) = / (V?u) v de dy = // [V (Vu)v—Vu-Vo]dzdy

:/ (n-Vu)vdS — // Vu-Voudzdy

/ (Vu - Vv) dz dy,

where the divergence theorem is used with the unit outward normal vector

n.
Noting the symmetry of the right hand side in u and v, it follows that

(Au,v) = (Av,u) = (u, Av) .
This means that the operator A = V? is self-adjoint.
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Ezample 14.6.5. Use the inner product (u,v) = [[[, (u-v)dV and the
operator A = grad to show that A* = —div provided the functions vanish
on the boundary surface 0D of D.

We use the divergence theorem to obtain

(A, v) = ///D (grad¢-v)dV = ///D [div (¢v) — ¢ divv]dV,
= ///ng(—divv)dv—i-//aD (n-¢v)ds,

N ///D ¢ (—divv)dV = (¢, —divv) = (¢, A*v).

In the theory of calculus of variations it is a common practice to use du,
5%u, ete. to denote the first and second variations of a function w. Thus, &
can be regarded as an operator that changes u into du, u, into 4 (u,), and
Ugy 1060 & (Ugy) with the meaning, du = ev, § (uy) = evy, 6 (Uzy) = EVga,
where ¢ is a small arbitrary real parameter. The operators §, §2 are called
the first and second variational operators respectively.

Some simple properties of the operator ¢ are given by

0] 0 v Ju

5 [ /judx] _. /jvdx _ /a:m _ [ Guyds.  (1462)

The variational operator can be interchanged with the differential and in-
tegral operators, and proves to be very useful in the calculation of the
variation of a functional.

The main task of the calculus of variations is concerned with the problem
of minimizing or maximizing functionals involved in mathematical, physical
and engineering problems. The variational principles have their origins in
the simplest kind of variational problem, which was first considered by Euler
in 1744 and Lagrange in 1760-61.

The classical Euler-Lagrange variational problem is to determine the
extremum value of the functional

b
d
I(u)= / F (z,u,u") dz, u = —u, (14.6.3)
@ dx
with the boundary conditions
u(a)=ca and u(b) =0, (14.6.4)

where u belongs to the class C2 ([a, b]) of functions which have continuous
derivatives up to second-order in a < x < b, and F' has continuous second-
order derivatives with respect to all of its arguments.
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We assume that I (u) has an extremum at some u € C® ([a,d]). Then
we consider the set of all variations u + ev for fixed u where v is an arbi-
trary function belonging to C? ([a, b]) such that v (a) = v (b) = 0. We next
consider the increment of the functional

b
60l =I(u+ev)—1I(u) :/ [F(z,u+ev,u +ev')—F(z,u,u)|dz.

(14.6.5)
From the Taylor series expansion
OF aF
F(z,u+ev,u +ev')=F(z,u,u) ( B >
L (,0F CL
2 Y ou ’
it follows from (14.6.5) that
&2
I(u+sv):I(u)+55l+§52]+---, (14.6.6)
where the first and second variations of I are given by
b
OF , OF
ol = — d 14.6.7
/a (” ou " o ) v (14.6.7)
b
oF , OF
6% = — dx. 14.6.
/a<va +v au’) T (14.6.8)

The necessary condition for the functional I (u) to have an extremum (that
is, I (u) is stationary at u) is that the first variation becomes zero at u so

b
OF ,OF
0= Mf/a ( 20+ (,M) d (14.6.9)

which is, by partial integration of the second integral,

/baFd OFNT ot [o OF)
/. L ou au )| 0 U@u’a'

Because v (a) = v (b) = 0, this means that

/ab BZ: - <g§)] vdr = 0. (14.6.10)

Since v is arbitrary in a < x < b, it follows from (14.6.10) that

OF d [OF
" <8u’) = 0. (14.6.11)

This is the famous Fuler—Lagrange equation. We therefore can state:
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Theorem 14.6.1. A necessary condition for the functional I (u) to be sta-
tionary at u is that u is a solution of the Fuler—Lagrange equation

oF d (OF
- =) = <zr< .0.
0 dn <8u’> 0, a<z<b (14.6.12)
with
u(a) = a, u(b) = p. (14.6.13)

This is called the Euler-Lagrange variational principle.

Note that, in general, equation (14.6.12) is a nonlinear second-order
ordinary differential equations, and, although such an equation is very dif-
ficult to solve, still it seems to be more accessible analytically than the

functional (14.6.3) from which it is derived.

The derivative & in (14.6.12) can be computed by recalling u = u (z)

and v’ = %, and equation (14.6.12) becomes

Cou? 922

ou  Oxouw  Ouduw

dx

OF  9*F 0*F (du) 82Fd27u

It is left to the reader to verify that the functional with one independent
variable and nth-order derivatives in the form

b
I (u) z/ F (2,0, Uy, Uggey -« oy Ugny ooy ) dT

admits the Euler-Lagrange equation

oF d (O0F d> ([ OF o d¥ [ O°F
YEANAT A 47 A
Ou dx \ Ouy dz2 \ Ougy dz™ \ Ougn
After we have determined the function « which makes I (u) stationary,
the question of the nature of the extremum arises, that is, its minimum,
maximum, or saddle point properties. To answer this question, we look at
the second variation defined in (14.6.8). If terms of O (£®)can be neglected
in (14.6.6), or if they vanish for the case of quadratic F, it follows from
(14.6.6) that a necessary condition for the functional I (u) to have a mini-
mum I (u) > I (ug) at u = ug is that 621 > 0, for I (u) to have a maximum
I(u) < I(up) at u = wug is that §°I < 0 at u = wug respectively for all
admissible values of v. These results enable us to determine the upper or
lower bounds for the stationary value I (ug) of the functional.

Ezxample 14.6.6. Find out the shortest distance between given points A and
B in the (z,y)-plane.

Suppose APB is any curve in the plane through A and B, and s =
arcAP. The problem is to determine the curve for which the functional
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I(y) = /AB ds, (14.6.14)

is a minimum. L
Since ds/dxz = (1 + y")*?, functional (14.6.14) becomes

I(y) = /wz (1+ y'2)% dz. (14.6.15)

1

In this case, F = (1+y2)? which depends on y’ only, so dF/dy = 0.
Hence, the Euler-Lagrange equation (14.6.12) becomes

@ (0FY _,
de \oy' )

This gives the differential equation
y" =0. (14.6.16)

This means that the curvature for all points on the curve AB is zero. Hence,
the path AB is a straight line. It follows from the integration of (14.6.16)
that y = mx + ¢ is a two-parameter family of straight lines.

Ezample 14.6.7. (Fermat principle in optics). In an optically homogeneous
isotro-pic medium, light travels from one point A to another point B along
the path for which the travel time is minimum.

The velocity of light v is the same at all points of the medium; hence, the
minimum time is equivalent to the minimum path length. For simplicity,
consider a path joining the two points A and B in the (z,y)-plane. The
time to travel an elementary arc length ds is ds/v. Thus, the variational
problem is to find the path for which

B T2 (q 12 %d T2
/ @:/ W:/ Fy.y)de  (14.6.17)

A U 4 v z1

is a minimum, where 3/ = dy/dz, and v = v (y).
When Fis a function of y and 3/, the Euler-Lagrange equation (14.6.12)
becomes

% (F—yF,)=0. (14.6.18)
This follows from the result
d d d
7F_ /F/ :7F I_ NF/_ I*F(
dx( y'Fy) dr (v,y") —y"F, ydx(y)
d
= y/Fy + y//Fy — y//Fy — y/% (Fyl)
d
=y {Fy i (Fy/)] =0, by (14.6.12).
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Hence,
F — y'F,, = constant, (14.6.19)
or
1
1+ 12 2 2
( i ) - Y — = constant,
v v(1+y?)2
or
_1
v~ (1+4"%) ? = constant. (14.6.20)

In order to give a simple physical interpretation, we rewrite (14.6.20) in
terms of the angle ¢ made by the tangent to the minimum path with the
vertical y-axis so that

sing = (1+y2) .

Hence,
1.
—sin ¢ = constant = K (14.6.21)
v

for all points on the minimum curve. For a ray of light, (1/v) must be
directly proportional to the refractive index n of the medium through which
light is travelling. Equation (14.6.21) is called the Snell law of refraction of
light. Often this law is stated as

nsin ¢ = constant. (14.6.22)

(A) Hamilton Principle

The difference between the kinetic energy 71" and the potential energy V
of a dynamical system is denoted by L = T — V. The quantity L is called
the Lagrangian of the system. The Hamilton principle states that the first
variation of the time integral of L is zero, that is,

ta to
5/ Ldt = 6/ (T —-V)dt=0. (14.6.23)
t1 t1
This result is supposed to be valid for all dynamical systems whether they
are conservative or nonconservative.

For a conservative system the force field F = —VV and T +V = C,
where C' is a constant, and so (14.6.23) gives the principle of least action

to
A=0, A= / L dt, (14.6.24)
t1

where A is called the action integral or simply the action of the system.
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FEzxzample 14.6.8. Derive the Newton second law of motion from the Hamil-
ton principle.

Consider a particle of mass m at the position r = (z,y, z) which is
moving under the action of a field of force F. The kinetic energy of the
particle is T' = 2mr , and the variation of work done is W = F - ér and
6V = —6W. Thus, the Hamilton principle for the system is

to ta to

0:5/ (T—V)dtz/ (6T—5V)dt:/ (mi - 5t + F - 61) d.

t1

ty

Integrating this result by parts and noting that dr vanishes at ¢ = t;
and t = t9, we obtain

ta
/ (m# —F) - r dt = 0.
t1

This is true for every virtual displacement dr, and hence, the integrand
must vanish, that is,

mi =F. (14.6.25)
This is the celebrated Newton second law of motion.

Ezxample 14.6.9. Derive the equation for a simple harmonic oscillator in a
non-resisting medium from the Hamilton principle

For a simple harmonic oscillator, T' = mx and V = mw 222, Accord-
ing to the Hamilton principle

to 1 1 to
5/ —mi? — —mw?a? dt—&/ F(z,&)dt =0.
t1 2 2 t1

This leads to the Euler—Lagrange equation

OF d
dxr  dt (m#) =0,
or
&+ wiz =0. (14.6.26)

This is the equation for the simple harmonic oscillator.

Example 14.6.10. A straight uniform elastic beam of length [, line density p,
cross-sectional moment of inertia I, and modulus of elasticity E is fixed at
each end. The beam performs small transverse oscillations in the horizontal
(z,y)-plane. Derive the equation of motion of the beam.

The potential energy of the elastic beam is

1
/ —dm— / EIy"dz,
0
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where the bending moment M is proportional to the curvature so that

/!

Y

M=E——
(1+y7)?

~ EIy"  for small y/'.

The variational principle gives

tQ t2
) (T—-V)dt=2¢ F(y",9)dt =0,

t1 t1
where

N
F(y"g) = 5/ (p9* — EIy") da.
0

This principle leads to the Euler-Lagrange equation

- /Ol (py + EIy(“’)) dx =0,

or
pij + EIy(?) = 0. (14.6.27)

This represents the partial differential equation of the transverse vibration
of the beam.

(B) The Generalized Coordinates, Lagrange Equation, and
Hamilton Equation

The Euler-Lagrange analysis of a dynamical system can be extended to
more complex cases where the configuration of the system is described by
generalized coordinates qi, qz2, - . ., ¢,. Without loss of generality, we consider
a system of three variables where the familiar Cartesian coordinates x, vy,
z can be expressed in terms of the generalized coordinates q1, g2, g3 as

r=x(q1,92,93), Y=y(q,92,q3), 2=2(q1,q2,q3). (14.6.28)

For example, if (g1, g2, q3) represents the cylindrical polar coordinates
(r,0, z), the above result becomes

T = 1rcosb, Yy = rsind, z=2z.

Since the coordinates are functions of time ¢, we obtain the following
result by differentiation

O . Or. | %qg (14.6.29)
3

Tr=—q +—
3Q1q1 8Q2q Jq
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with similar expressions for ¢ and Z.

If these results are substituted into T' = %m (;'v2 + 92+ 22) and V =
V (z,y,2), then both T" and V can be written in terms of the generalized
coordinates ¢; and the generalized velocities ¢;, as

T =T(q1,q2,43:d41,42:43), V=V (q1,q2,q3), (14.6.30)
so that the Lagrangian has the form
L=T-V=L(gi,¢)- (14.6.31)

The Hamilton principle gives

ta
) L (g, ¢;)dt =0. (14.6.32)
t1
The simple variation of this integral with fixed end points, the inter-
change of the variation operations and time derivatives for the variation of
the generalized velocities, and then integration by parts yield

t 3
’ 0L d (9L
/tl [Z {8%‘ dt <6ql) } 6qi‘| dt =0, (14.6.33)

i=1

where the integrated components vanish because of the conditions dg; = 0
(1=1,2,3) at t =t; and ¢t = ¢5.

When the generalized coordinates are independent and the variations
dq; are independent for all ¢ in (¢1,t2), the coefficients of the variations dg;
vanish independently for arbitrary values of ¢; and ¢5. This means that the
integrand in (14.6.33) vanishes, that is,

d (0L oL
— = ]—-—=—=0, 1=1,2,3. (14.6.34)
dt 8(]1‘ 8qi
These are called the Lagrange equations of motion.

If a particle of mass m at position r = (z1,22,23) moves under the
action of a conservative force field F; = —9V/dz;, the Lagrangian function
is

1
L=T-V=gm (&7 + 45 +43) — V (z1,22,23).  (14.6.35)

Consequently,

oL oL oV
= miy, — =—-—=F,. 14.6.36
The former represents the momentum of the particle and the latter is the
force acting on the particle. In view of (14.6.36), the Lagrange equation
(14.6.34) gives the Newton second law of motion in the form
d
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Example 14.6.11. Apply the Lagrange equations of motion to derive the
equations of motion of a particle under the action of a central force,
—mF (r) where r is the distance of the particle of mass m from the center
of force.

It is convenient to use the polar coordinates r and 6. In terms of the
generalized coordinates g1 = r and g2 = 0, we write

x = rcosf = ¢ cosqo, y =rsinf = ¢ sings.

The kinetic energy T is
L oy 1 2 2 _ 1 o 9.0
T = Qm(ac +9°) = 5 (7T 6%) = 2m(ql +¢id5) . (14.6.38)
Since F = VV, the potential is
q1

V(r) = / "Fwydr= [ F(q)das. (14.6.39)

Then, the Lagrangian L is

1 . . q1
L=T-V=gom {(q% +q7d3) — 2/ F(q) dql} . (14.6.40)

Thus, the Lagrange equations (14.6.34) with i = 1, 2, 3 give the equations
of motion
d

G—qds+ F () =0, — (aid2) =0. (14.6.41)

In term of the polar coordinates, these equations become

) d .
. 2 _ a 2 _
P —rf F(r), p (r 9) 0. (14.6.42ab)

Equation (14.6.42b) gives immediately
r20 = h, (14.6.43)

where h is a constant. In this case, r represents the transverse velocity
component, and mr20 = mh is the constant angular momentum of the
particle about the center of force.

Introducing r = 1/u, we obtain

dr 1 du 1 du df du
r=——=-——---——-=—-———--—-—-—=°*"-—/-=— -

dt u? dt w2 df dt do’

d?r d (du d?u df d?u
= =-h— = | = —h—-— == = —h%u® —.
T dt (d@) 62 dt v a2

Substituting these into (14.6.42a) gives
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d?u 1
32 20U 9 3 L
h*u 02 h“u® = F(u),

or

d*u 1 1
— =—=F(-]. 14.6.44

de? T h2u? <u) ( )
This is the differential equation of the central orbit and can be solved by
standard methods.

In particular, if the law of force is the attractive inverse square, F (r) =
u/r? so that the potential V (r) = —pu/r, the differential equation (14.6.44)
becomes

d*u 7
if the particle is projected initially from distance a with velocity V' at an
angle [ that the direction of motion makes with the outward radius vector.
Thus, the constant h in (14.6.43) is h = Vasin 3. The angle ¢ between the
tangent and radius vector of the orbit at any point is given by

1 dr d (1 1 du
cot ¢ r “ (u> u df (14.6.46)

At t = 0, the initial conditions are

1 du 1
u=-, o= cot 3 when 6 = 0. (14.6.47)

The general solution of equation (14.6.45) is

I

u:ﬁ

[1+ecos(0+ o), (14.6.48)

where e and « are constants to be determined from the initial data.
Finally, the solution can be written as

% =1+ecos(d+a), (14.6.49)

where

h? a2
l= m = (VasinB)” /u. (14.6.50)

This represents a conic section of semi-latus rectum [ and eccentricity
e with its axis inclined at an angle « to the radius vector at the point of
projection.

The initial conditions (14.6.47) lead to
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l l
—=1+ecosa, ——cot 3 = —esina, (14.6.51)
a a
which give
lcot 8
tana = ,
l—a

l 2o 12 2l
62:(—1) +—2c0t2ﬁ:—2605e02ﬂ——+1,
a a a a

2aV?sin’ 3 + a?V*sin® 8

=1—
I u?

(14.6.52)

Thus, the conic is an ellipse, parabola, or hyperbola accordingly ase <=> 1
that is, V2 < => 2u/a.

To derive the Hamilton equations, we introduce the concept of general-
ized momentum, p; and generalized force, F; as

oL _ oL

P = s P= . 14.6.53ab
P 94; 9q; ( ab)
Consequently, the Lagrange equations (14.6.34) become

oL d

14.6.54

9q; dt — Pi = Di ( )
The Hamiltonian function H is defined by

H=Y pig—L. (14.6.55)

In general, L = L (g;, ¢;,t) is a function of ¢;, ¢; and ¢, where ¢; enters
through the kinetic energy as a quadratic term. Hence, equation (14.6.53a)
will give p; as a linear function of ¢;. This system of linear equations in-
volving p; and ¢; can be solved to determine ¢; in terms of p;, and then, the
¢; can, in principle, be eliminated from (14.6.55). This means that H can
always be expressed as a function of p;, ¢; and ¢ so that H = H (p;, ¢;, ).
Thus,

OH OH OH
dH = — dp; —dq; + — dt. 14.6.56
2 Gy, it 2 g it (14.6:56)
On the other hand, differentiating H in (14.6.55) with respect to ¢ gives
dH d . d OL d oL d i oL
&Pt g g T Xy w T o
(14.6.57)

or
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. . oL oL . OL
dH =Y " pidgi+ Y qidpi —» Do, i = 32 g ddi = 5 dt, (14.6.58)

which becomes, in view of (14.6.53a),

oL oL
= dg; — = dt. 14.6.
P dg; dt (14.6.59)

dH = g dp; o

Evidently, two expressions of dH in (14.6.56) and (14.6.59) must be
equal so that the coefficients of the corresponding differentials can be
equated to obtain

OH oL OH oL OH
oo oL oH - 0L OH 6 60an
4 Opi 9q;  0Ogi ot ot ( )

Using the Lagrange equation (14.6.54), the first two of the above equations
become
OH ) OH

= o =2 14.6.61ab
“ =3 P %4, (14.6.61ab)

These are commonly known as the Hamilton canonical equations of motion.
They play a fundamental role in advanced analytical dynamics.

Finally, the Lagrange-Hamilton theory can be used to derive the law
of conservation of energy. In general, the Lagrangian L is independent of
time ¢ and hence, (14.6.60c) implies that H = constant. Again, T involved
in L =T —V is given by

T = % SO aijdids, (14.6.62)

i=1 j=1

where the coefficients a;; are symmetric functions of the generalized coor-
dinates g;;, that is, a;; = a;;.
On the other hand, V is, in general, independent of ¢; and hence,

n

oL oT _
Pi=5a " 04, ;aij qj- (14.6.63)

Thus, the Hamiltonian H becomes
H=Y pigi—L=> (Y ayi|d—L=2T—L=T+V. (14.6.64)
i=1 i=1 \j=1

Thus, H is equal to the total energy. It has already been observed that,
if L does not contain t explicitly, H is a constant. This means that the
sum of the potential and kinetic energies is constant. This is the law of the
conservation of energy.
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FEzample 14.6.12. Use the Hamiltonian equations to derive the equations of
motion for the problem stated in Example 14.6.11.

The Lagrangian L for this problem is given by (14.6.40) with ¢; = r
and go = 6. It follows from the definition (14.6.53a) of the generalized
momentum that

p1 = Mgy = mr, P2 = mq?do = mr20. (14.6.65)

Expressing the results of the kinetic energy (14.6.38) and the potential
energy (14.6.39) in terms of p; and ps the Hamiltonian H =T + V can be
written as

He 2 (22 o (M P a (14.6.66)
=~ om P q% m q1)aqzx. -0.

Then, equations (14.6.65) and the Hamilton equation (14.6.61b) give

pr=mi,  py=mr’f, (14.6.67)
oo LPE F(q) 5y = 0 (14.6.68)
1= ——3 m q1), p2 =U. 0.

m q;

Clearly, these equations are identical with the equations of motion
(14.6.42ab).

Ezample 14.6.13. Derive the equation of a simple pendulum by using (i) the
Lagrange equations and (ii) the Hamilton equations.

We consider the motion of simple pendulum of mass m attached at the
end of a rigid massless string of length [ that pivots about a fixed point.
We suppose that the pendulum makes an angle 6 with its vertical position.
The force F' acting on the mass m is F' = —mgsin#, so that the potential
V is obtained from F = —VV as V = mgl (1 — cos ). The kinetic energy
T= %ml292.

Thus the Lagrangian L is

L=T-V= %ml292 —mgl (1 —cosf) = L (9, 0’) . (14.6.69)

The Lagrange equation is

oL d (0L
%@ <30) =0, (14.6.70)
or
. d 24\ _
—mglsin 6 — 7 (ml 9) =0,
or

0+ w?sinf = 0, w? = g/l. (14.6.71ab)
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This is the equation of the simple pendulum.

To derive the same equation from the Hamilton equations, we choose
¢1 = (g1 =0) and g2 = 0 as the generalized (polar) coordinates. The
kinetic and potential energies are

1
T = 5mz?qg, V =mgl (1 — cosq) . (14.6.72ab)

Thus, H=T+V and L =T —V are given by
1
(H,L) = §ml2(j§ + mgl (1 —cosqa) . (14.6.73ab)

From the definition of the generalized momentum, we find that

0L

= — = ml2q'
ofip; ?

D2
so that the Hamiltonian H in terms of ps and ¢o is

H*lﬁqtml(lfcos )
72ml2 g CI2~

Thus, the Hamilton equation (14.6.61ab) gives

§+w?singd =0, w?= % (14.6.74)

The variational methods can be further extended for functionals de-
pending on functions or more independent variables in the form

Iu(z,y)] = //DF(J;,y,u,ux,uy) dz dy (14.6.75)

where the values of the function w (z,y) are prescribed on the boundary
0D of a finite domain D in the (z,y)-plane. We assume that F' is differen-
tiable and the surface u = u (z,y) giving an extremum is also continuously
differentiable twice.

The first variation 61 of I is defined by

0l uel =TI (u+e)—1(u) (14.6.76)

which is, by Taylor’s expansion theorem

= // [€Fy + e by + ey Fyl da dy (14.6.77)
D

where ¢ = e(x,y) is small and p = u, and ¢ = u,. According to the
variational principle, 61 = 0 for all admissible values of . The partial
integration of (14.6.77) combined with € = 0 on 9D gives
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0 0
0=0I= //D [Fu = %Fp — 87qu e(x,y)dedy. (14.6.78)

This is true for all arbitrary ¢, and hence, the integrand must vanish, that
is

0 0

—F,+—F,— F,=0. 14.6.79
ox p + ay q ( )
This is the Fuler—Lagrange equation which is the second-order partial dif-
ferential equation to be satisfied by the extremizing function u (z,y).

Ezxample 14.6.14. Derive the equation of motion for the free vibration of an
elastic string of length .
The potential energy V of the string is

1 l
V= 5T*/ u?dx (14.6.80)
0

where u = u (x,y) is the displacement of the string from its equilibrium
position and 7™ is the constant tension of the string.
The kinetic energy T is

1 l
T = §/ puldz (14.6.81)
0

where p is the constant line-density of the string.
According to the Hamilton principle

ta

to l 1
SI=6 | (T-V)dt= 5/ / 5 (pui — T*u2) dxdt =0 (14.6.82)
tl t] 0

which has the form

to l
5 / L (ug,uy) =0, (14.6.83)
t1 0
where
1 *
L= Q(puf—T ui)
Then the Euler-Lagrange equation is given by
0 a ..
g (puy) — E (T*u,) =0, (14.6.84)
or
Ugt — gy = 0, & =T"/p. (14.6.85)

This is the wave equation of motion of the string.
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FEzample 14.6.15. Derive the Laplace equation from the functional

I (u) ://D (u2 + u2) do dy

with a boundary condition v = f (x,y) on 9D.
The variational principle gives

5[:5// (u2 +ul) dedy = 0.
D

This leads to the Euler-Lagrange equation
Ugge +Uyy =0 in D.

Similarly, the functional

Iu(z,y,2)] = ///D (ul +ul + u) dudydz

will lead to the three-dimensional Laplace equation

VZiu = ugy + Uyy + Uz = 0.

14.7 The Rayleigh—Ritz Approximation Method

We consider the boundary-value problem governed by the differential equa-
tion

Au=f in D (14.7.1)
with the boundary condition
B(u)=0 on 0D (14.7.2)

where A is a self-adjoint differential operator in a Hilbert space H and
feH.

In general, the determination of the exact solution of the problem is of-
ten a difficult task. However, it can be shown that the solution of (14.7.1)-
(14.7.2) is equivalent to finding the minimum of a functional I (u) associated
with the differential system. In other words, the solution can be character-
ized as the function which minimizes (or maximizes) the functional I (u). A
simple and efficient method for an approximate solution of the extremum
problem was independently formulated by Lord Rayleigh and W. Ritz.

We next prove a fundamental result which states that the solution of
the equation (14.7.1) is equivalent to finding the minimum of the quadratic
functional
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I(u)=Au,u) —2(f,u). (14.7.3)

Suppose that u = ug is the solution of (14.7.1) so that Aug = f. Conse-
quently,

I(u) = A{u,u) —2(Aug,u) = (A (u—up) ,u) — (Aug,u) .

Since the inner product is symmetrical and (Aug,u) = (ug, Au) =
(Au,ug), I (u) can be written as

I(uw) = (A(u—wug),u) — (Au,up) + (Aug, u) — (Aug, ug) ,
= (A(u—ug),u—ug) — (Aug, ug) ,
= (A (u—uo),u—up)+1I(uo)- (14.7.4)

Since A is a positive operator, (A (u —ug),u — ug) > 0 where equality
holds if and only if u —up = 0. It follows that

I(u) > 1 (up), (14.7.5)

where equality holds if and only if u = ug. We conclude from this inequality
that I (u) assumes its minimum at the solution v = wug of equation (14.7.1).

Conversely, the function v = wug that minimizes I (u) is a solution of
equation (14.7.1). Clearly, I (u) > I (ug), that is, in particular, I (ug + av) >
I (ug) for any real @ and any function v. Explicitly,

I (ug + av) = (A (ug + av) ,ug + av) — 2 (f, up + av),
= (Aug, uo) + 2a (Aug, v) + a? (Av,v) — 2 (f,uo) — 2 {f,v).

This means that I (ug + av) is a quadratic expression in «. Since I (u) is
minimum at u = ug, then 01 (ug,v) = 0, that is,

{I uo—l—av}
a=0

=2 A’LL(), > <fa >

2<Au07fa >

This is true for any arbitrary but fixed v. Hence, Aug — f = 0. This proves
the assertion.

In the Rayleigh-Ritz method an approximate solution of (14.7.1)—
(14.7.2) is sought in the form

x) = Z aip; (x), (14.7.6)

where a1, asg, ..., a, are n unknown coeflicients to be determined so that
I (uy,) is minimum, and ¢1, @, . . ., ¢, represent a linearly independent and
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complete set of arbitrarily chosen functions that satisfy (14.7.2). This set

of functions is often called a trial set. We substitute (14.7.6) into (14.7.3)
to obtain

I(up) = <ZaiA () 7Zaj¢j> -2 <f, Zai¢i>-

Then the necessary condition for I to obtain a minimum (or maximum) is
that

(,ifj(al,az,...,an) —0, j=1,2,...,n, (14.7.7)

or

8(1[]' <§aw4(¢i)ajilaj¢j> -2 <f7 §a¢¢i> =0,
or

i(z‘l(@)7¢j>ai+§<f4(¢j)»¢i>aj —=2(f, ;) =0,
. iz iz

22(14(@),@5»% =2(f, ;).

Therefore,

n

S (A() by ai=(f.d;),  F=12,...,n (14.7.8)

i=1

This is a linear system of n equations for the n unknown coefficients a;.

Once a1, ag, ..., a, are determined, the approximate solution is given by
(14.7.6).
In particular, when
0, i#]
(A(di), ¢5) = (14.7.9)
L, i=7,
equation (14.7.8) gives a; as
aj = <¢jv f> 5 (14710)

so that the Rayleigh-Ritz approximate series (14.7.6) becomes



650 14 Numerical and Approximation Methods

zn: (i f) ¢ ( (14.7.11)

i=1
This is similar to the Fourier series solution with known Fourier coefficients
a;.

In the limit n — oo, a limit function can be obtained from (14.7.6) as

u(x) = nILII;OZaZ oi (x Zal @i (x), (14.7.12)

provided that the series converges. Under certain assumptions imposed on
the functional I (u) and the trial functions @1, ¢a, . . ., ¢n, the limit function
u (x) represents an exact solution of the problem. In any event, (14.7.6) or
(14.7.11) gives a reasonable approximate solution.

In the simplest case corresponding to n = 1, the Rayleigh—Ritz method
gives a simple form of the functional

I(uy) = I'(a1¢1) = a3 (Ay, d1) — 2a1 (f, ¢1),

where a; is readily determined from the necessary condition for extremum

0= iI(a1¢1) = 2a1 (Ap1, ¢1) — 2(f, 1),

8a1
or
<f7 ¢1>

a = ————. 14.7.13
LT {Adr, 61) ( )

The corresponding minimum value of the functional is given by

<f7 ¢1>

I(a 14.7.14
( 1¢1) <A¢17¢1> ( )

Thus, the essence of the Rayleigh—Ritz method is as follows. For a given
boundary-value problem, an approximate series solution is sought so that
the trial functions ¢; satisfy the boundary conditions. We solve the system
of algebraic equations (14.7.7) to determine the coefficients a;.

We now illustrate the method by several examples.

FEzxzample 14.7.1. Find an approximate solution of the Dirichlet problem

V2uzum+uyy =0 in D
u=jf on 0D,
where D C R?, and f is a given function.

This problem is equivalent to finding the minimum of the associated
functional
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://D (ui—kui)dzdy.

We seek an approximate series solution in the form

ug (z,y) = a1¢1 + agp2

with a3 = 1 so that uo satisfies the given boundary conditions, that is,
¢1 = f and ¢ = 0 on 0D. Substituting usy into the functional gives

o= Jf(52) + () e
= [ (Vé1)’dedy+2as || (V1 -Ves)drdy
I, I,

vt [[ (Vouldoay,
D

The necessary condition for an extremum of I (usg) is

oI

— =0,
8a2

or

2// (Vo - V) dx dy + zaz/ Vo) daz dy = 0.
D D
Therefore,

S (Vo1 - V) da dy
JI IV de dy
This as minimizes the functional and the approximate solution is obtained.

However, this procedure can be generalized by seeking an approximate
solution in the form

Uy = Zai¢i (. =1)
i=1

so that ¢1 = fand ¢, =0(i =2,3,...,n) on dD.
The coefficients a; can be obtained by solving the system (14.7.7) with
i=2,3,...n

Ezample 14.7.2. A uniform elastic beam of length [ carrying a uniform load
W per unit length is freely hinged at * = 0 and = = [. Find the approximate
solution of the boundary-value problem
EI{") (z) =W,
y=y' =0 at =0 and z=1I,
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where y = y (z) is the displacement function.
This problem is equivalent to finding a function y () that minimizes
the energy functional

l
I(y) = / (Wy - E2[y”2> da.
0

We seek an approximate solution

yn (x) = Zn: a, sin (?)
r=1

which satisfies the boundary conditions.
Substitution of this solution into the energy functional gives

n 1 l,4_4
EI
E / Wa, sin (@) dr — —/ %a% sin? (@) dz
— /o l 2 Jo 1 l
Wl ~a, EItt~ 4
=l
=1 =1

I (yn)

The necessary conditions for extremum are

ol oWl EIx*
B LSy e — 1,2,
0 Oa, rT a3 ot " ’ "

which give a, as

AWi4
ar:m, 7’21,2,...,77,.

Thus, the approximate function y () is

4 n
yn(fﬂ):%Z%Sln(?)

r=1

The maximum deflection at z =1/2 is

B AW 1 1 n 1
Ymax =I5 BT B 5 )
In this case, the first term of the series solution gives a reasonably good

approximate solution as

AW . 7z
v (2) ~ s sin (T) :
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Example 14.7.53. Apply the Rayleigh—Ritz method to investigate the free
vibration of a fixed elastic wedge of constant thickness governed by the
energy functional

I(y) = / (0z®y™ —way?) dr,  y(1) =y" (1) =0,

where the free vibration is described by the function u (z,t) = ety (z), w
is the frequency.
We seek an approximate solution in the form

@) =Y a2 = Yoo 17

which satisfies the given boundary conditions.
We take only the first two terms so that yo (z) = a1y1 +a2y2 = (z — 1)2
(a1 + agx). Substituting yo into the functional we obtain

1
I, =1(y2) = / [aaﬁ?’ (6asa + 2a; — 4az)® — wx (z — 1)* (aq + (1237)2} dx
0

24 2 2 2
=a {(al — 2a2)° + = (a1 — 2a2) as + GaE} - % [al 12 GQ} .

6 21 56

The necessary conditions for an extremum are

oI, — 94, (a_gio)+§a2<2a—i)=07

day 21
=t (2 )+ B (20— 55) =

For nontrivial solutions, the determinant of this algebraic system must be
zero, that is,
1
a=g5 5 (2a—3) .

w w

or

w w w2
) g)- o) o
5(0‘ 30)(“ 56 @) =0
This represents the frequency equation of the vibration which has two roots

w1 and wo. The smaller of these two frequencies gives an approximate value
of the fundamental frequency of the vibration of the wedge.

Example 14.7.4. An elastic beam of length [, density p, cross-sectional area
A, and modulus of elasticity E has its end z = 0 fixed and the other end
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connected to a rigid support through a linear elastic spring with spring
constant k. Apply the Rayleigh—Ritz method to investigate the harmonic
axial motion of the beam.

The kinetic energy and the potential energy associated with the axial
motion of the beam are

A EA k
p Upde, V= [ Z-UZde+ U (L),
0 0

T =

where U (z,t) is the displacement function.

Since the axial motion is simple harmonic, U (z,t) = u (z) ", where
w is the frequency of vibration. Consequently, the expressions for 7" and V'
can be written in terms of u (x). We then apply the Hamilton variational
principle

to l
u):é[/ / 1(pAw2u2—EAui)dac—ku2(l)1 dt = 0.
4 Jo 2 2

The Euler-Lagrange equation for the variational principle is

wt

d

(EA >+pAw u =0, 0<z <l
dx

A—+kuf0 at x =1.
dx

In terms of nondimensional variables (z*,u*) = (1/1) (z,u) and parame-
ters A = (w?pl?/E) and a = (kl/EA), this system becomes, dropping the
asterisks,

Ugze + Au = 0, 0<z<l,

Uy +au =0, at x=1.
The associated functional for the system is

I(u):%/o (Au? —u )dx—% u? (1).

According to the Rayleigh—Ritz method, we seek approximate solution with
a =1 in the form

ug () = ayx + asz?

so that I (ug) is minimum.
We substitute ug () into the functional to obtain

1 /! 5 1
I, =1 (ug) = 5/ [/\ (alat + a2m2) — (a1 + 2a2x)2} do — 3 (a1 + a2)2 :
0
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The necessary conditions for extremum of the functional are

0l A A
O—aal—a/1<3_2)+ax2<4_2),
0L (A AT
O—aag—“1<4 2)+“2<5 3)-

For nontrivial solutions, the determinant of system must be zero, that is,

w|>

-2 2-2

>

2 -}
or
3M\% — 128X 4 480 = 0.
This quadratic equation gives two solutions:
A1 = 4.155, A2 = 38.512.

The corresponding values of the frequency are given by

E\? E\?
wy = 2.038 (plQ) , wo = 6.206 (plQ) .

The exact solution is determined by the transcendental equation
VA + tan VA = 0.

The first two roots of this equation can be obtained graphically as

E % E 2
wo1 ~ 2.0288 (2) , woo ~ 4.9132 <2> .
pl pl

14.8 The Galerkin Approximation Method

As an extension of the Rayleigh—Ritz method, Galerkin formulated an in-
genious approximation method which may be applied to a problem for
which no simple variational principle exists. The differential operator A in
equation (14.7.1) need not be linear for the solution of this equation. In
order to solve the boundary-value problem (14.7.1)-(14.7.2), we construct
an approximate solution v (x) in the form

Up (X) = up (x) + Z a;¢; (%), (14.8.1)
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where the ¢; (x) are known functions, g is introduced to satisfy the bound-
ary conditions, and the coefficients a; are to be determined. Substituting
(14.8.1) into (14.7.1) gives a non-zero residual Ry,

R, (a1,a2,...,an,2,y) = A(u, (up) +Zal . (14.8.2)

In this method the unknown coeflicients a; are determined by solving the
following system of equations

(Rn, 9;) =0, i=12,...,N. (14.8.3)

Since A is linear, this can be written as
S ai (A(6:),b5) = — (Auo, b;) (14.8.4)
i=1

which determines the a;s. Substitution of the a;-s obtained from the solution
of (14.8.4) into (14.8.1) gives the required approximate solution w,,.

We find an interesting connection between the Galerkin solution and
the Fourier representation of the function u. We seek a Galerkin solution
in the form

x) = Zai ¢i (%), (14.8.5)

with a special restriction on the operator A which satisfies the condition

0, i#j
(Agi 0y =4 (14.8.6)
, 1=17.

Thus, the application of the Galerkin method to (14.7.1) gives

> (A = (£, (14.8.7)

=1

which is, by (14.8.6),
a; = (f,95), (14.8.8)

so the Galerkin solution (14.8.5) becomes

= (fr o) i (x). (14.8.9)
=1

Evidently, the Galerkin solution (14.8.5) is just the finite Fourier series
solution.
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Finally, we shall cite an example to show the equivalence of the Galerkin
and Rayleigh—Ritz methods. We consider the Poisson equation

Uy +Uyy = f(z,y) in DCR? (14.8.10)

with a homogeneous boundary condition v = 0 on dD. The solution of this
equation is equivalent to finding the minimum of the functional

= //D (u? + ul + 2fu) dx dy. (14.8.11)

According to the Rayleigh—Ritz method, we seek a trial solution in the
form

Un =Y a; ¢i (,y), (14.8.12)
=1

where the trial functions ¢; are chosen so that they satisfy the given bound-
ary condition on 9D.

We substitute the Rayleigh-Ritz solution w, into I (u) and then use
I (uy) /Oar =0, for k=1, 2, ..., n to obtain

6un 8¢k 8un 8¢k B
// («%c oz T oy oy +f¢k> drdy=0. (14.8.13)

Application of Greens theorem with the homogeneous boundary condition
leads to

// *up, — f) ¢ da dy = 0, (14.8.14)
or
(Rn,¢%) =0, Ry =Vu,—f. (14.8.15)

This is the Galerkin equation for the undetermined coefficients ag. This
establishes the equivalence of the two methods.

FEzample 14.8.1. Use the Galerkin method to find an approximate solution
of the Poisson equation

VU = Upy +uyy = —1 in D={(z,y):|z|<a,lyl <b}
with the boundary conditions
u=0 on ID=A{(z,y):z= +a, y= +b}.

We seek a trial solution in the form
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N N
N@Y) = DD tmn bmn (2,9),
m,n=13,5,...

where

B mmnT nﬂ'y)
Gmn (,y) = cos ( » ) cos (—% .
In this case A = V2 and the residual Ry is

RN:AUN+1:V2UN+1

| (B )

m=1n=1

+ 1.

According to the Galerkin method

0=(Rn,dn) = / / RNCOS< ) cos (l%)d dy

abr? (k2 12 16ab (k40721
T4 (a2+b) = g (1)

or

<8ab> 2 (_1)%(k+l)71
Al = 5

2 (02k2 + a212)
Thus, the solution of the problem is

8ab o %(m—M) ! Omn (T
v = () 3 3 ST el

m,n=13,5,.

In particular, the solution for uy (z,y) can be derived for the square
domain D = {(z,y) : |z| < 1, |y| < 1}. In the limit N — oo, these solutions
are in perfect agreement with those obtained by the double Fourier series.

FEzample 14.8.2. Solve the problem in Example 14.8.1 by using algebraic
polynomials as trial functions.
We seek an appropriate solution in the form

N (z,y) = (x2 — a2) (y2 - b2) (a1 + asx? + asy?® + asxtyt + .. ) .

Obviously, this satisfies the boundary conditions. In the first approximation,
the solution assumes the form

uy (z,y) = a1y = a1 (¢ —a?) (y* — V7)),
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where the coefficient a; is determined by the Galerkin integral

/ / u1+1 ¢1dxdy—0

/2 /bb 241 (3% — %) + 2a1 (22 — a2) + 1] (2? — a?) (4 — b?) da dy = 0.

A simple evaluation gives

1

ap =~ (a®+b°) ",

AR

and hence, the solution is

up (x,y) = (a2 + bz)_l (x2 - a2) (y2 — b2) )

NG

14.9 The Kantorovich Method

In 1932, Kantorovich gave an interesting generalization of the Rayleigh—
Ritz method which leads from the solution of a partial differential equation
to the solution of a system of algebraic equations in terms of unknown
coefficients. The essence of the Kantorovich method is to reduce the problem
of the solution of partial differential equations to the solution of ordinary
differential equations in terms of undetermined functions.

Consider the boundary-value problem governed by (14.7.1)—(14.7.2). It
has been shown in Section 14.7 that the solution of the problem is equivalent
to finding the minimum of the quadratic functional I (u) given by (14.7.3).

When the Rayleigh-Ritz method is applied to this problem, we seek
an approximate solution in the form (14.7.6) where the coefficients a;, are
constants. We then determine ay, so as to minimize I (uy,).

In the Kantorovich method, we assume that ay in (14.7.6) are no longer
constants but unknown functions of one of the independent variables x of
x so that the Kantorovich solution has the form

un (%) =Y ax () dx (%), (14.9.1)
k=1

where the products ay () ¢y, (x) satisfy the same boundary conditions as
u. Thus, the problem leads to minimizing the functional

I(un (x) =1 (2 ar () <x>> . (149.2)
k=1
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Since ¢y (x) are known functions, we can perform integration with
respect to all independent variables except x and obtain a functional
I(ay(z),az2(x),..., a,(x)) depending on n unknown functions ay () of
one independent variable x. These functions must be so determined that
they minimize the functional I (ay,as,...,a,). Finally, under certain con-
ditions, the solution w,, (x) converges to the exact solution u (x) as n — oo.

In order to describe the method more precisely, we consider the following
example in two dimensions:

V2u=f(z,y) in D, (14.9.3)
u(z,y) =0 on 0D, (14.9.4)

where D is a closed domain bounded by the curves y = «a (z), y = 0 (x)
and two vertical lines x = a and x = b.

The solution of the problem is equivalent to finding the minimum of the
functional

= //D (u2 + uZ + 2fu) dz dy. (14.9.5)

We seek the solution in the form
Z ar () dr (x,y) (14.9.6)

which satisfies the given boundary condition, where ¢y (x,y) are known
trial functions, and ay () are unknown functions to be determined so that
they minimize I (u,). Substitution of u, in the functional I (u) gives

duy, du, \*
o= ]| (Ge) + () v 2re]
s@) [ 79 2
[, Ll(é‘;’“ak—m)]

n

Z a¢k

k=

+2fZak¢k dy (14.9.7)
k=1

b
2/ F (z,ay,a},) dz, (14.9.8)

where the integrand in (14.9.7) is a known function of y and the integration
with respect to y is assumed to have been performed so that the result can
be denoted by F'(z,ak,a},). Thus, the problem is reduced to determining
the functions ay so that they minimize I (u,). Hence, ay (z) can be found
by solving the following system of linear Euler equations:
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oF d (8}7‘

Dan 3a,> =0, k=1,203,...,n (14.9.9)
k

8ak %

This system of ordinary differential equations for the functions ay is to be
solved with the boundary conditions aj (a) = ax (b)) =0, k =1, 2, ..., n.
Consequently, the required solution w,, (x,y) is determined.

Ezample 14.9.1. Find a solution of the torsion problem governed by the

Poisson equation V2u = —2 in the rectangle D = {(z,y): —a < x < a,

—b < y < b} with the boundary condition v = 0 on D = {z = +a,y = +b}.
In the first approximation, we seek a solution in the form

u (2,9) = (y* = b?) a1 ()

which satisfies the boundary condition on y = +b. We next determine
ay (x) so that ay (x) = a1 (—a) = 0.
The functional associated with the problem is

I(u) ://D (u2 +ul — 4u) dz dy.

Substituting u; into this functional yields
a b 5
I(up) = / dm/ [(y2 —a®) a? +4y*ai — 4 (y* — V) al} dy
—a -b

“ 11 / 1
= / [12 b’ a® + g ba? + 36 b?’al] dex.

—a
The Euler equation for the functional is

N
1 op2 71 gp2

This is a linear ordinary differential equation for a; with constant coeffi-
cients, and has the general solution

1
ay () = Acoshkx + Bsinh kx — 1, k:b\/g’

where the constants A and B are determined by the boundary conditions
a1 (a) = a1 (—a) = 0 so that B =0 and

1
coshka’

Thus, an approximate solution is

uy (z,y) = (42 — b?) (COSh ke 1> .

cosh ka
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Finally, the torsional moment is given by

—2ua//udxdy~2uoz// urdx dy
¢ (cosh kx
=2 d —b%)d
H/a<coshka > z[b(y )y

= ?uabga {1 _ L tanh (ak)} .

ka

Example 14.9.2. Solve the Poisson equation V2u = —1 in a triangular do-
main D bounded by z =a and y = + (x/\/g) with w =0 on 9D.
The associated functional for the Poisson equation is

:// (ui+u§—2u)dmdy.
D

We seek the Kantorovich solution in the first approximation

wea)~ (1= 5 ) o)

so that u; (a) = 0.
Substituting the solution into I (u) gives

o= Lol {6 D)2

2 2 _ 2_‘%'72
+dyTui () =2y ) ui|dy

8 @ '
= 22%u? + 102 u v} + 3023u? + 1523u ) dz.
135v/3 Jo ( ! i ! !

The Euler equation for this functional is
4 (z*uf + 5auf — 5uy) = 15.

This is a nonhomogeneous ordinary differential equation of order two. We
seek a solution of the corresponding homogeneous equation in the form z”
where r is determined by the equation (r — 1) (r 4+ 5) = 0. The particular

integral of the equation is u; = —%. Hence, the general solution is
5 3
up () = Az + Bz v

where the constants A and B are to be determined by the boundary con-
ditions. For the bounded solution, B = 0. The condition u; (a) = 0 implies
A = (3/4a). Therefore, the final solution is

o =351 (- 5).
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14.10 The Finite Element Method

Many problems in mathematics, science and engineering are not simple
and cannot be solved by exact closed-form analytical formulas. It is often
necessary to obtain approximate numerical or asymptotic solutions rather
than exact solutions. Many numerical methods that have evolved over the
years reduce algebraic or differential equations to discrete form which can
be solved easily by computer. However, if the numerical method is not care-
fully chosen, the numerically computed solution may not be anywhere close
to the true solution. Another problem is that the computation for a difficult
problem may take so long that it is impractical for a computer to carry out.
The most commonly used numerical methods are finite differences that give
pointwise approximations of the governing equations. These methods can
be used successfully to solve many fairly difficult problems, but their major
weakness is that they are not suitable for problems with irregular geome-
tries, curved boundaries or unusual boundary conditions. For example, the
finite difference methods are not particularly effective for a circular domain
because a circle cannot be accurately partitioned into rectangles. However,
there are other numerical methods including the finite element method and
the boundary element method.

Unlike finite difference methods, the finite element method can be used
effectively to determine fairly accurate approximate solutions to a wide
variety of governing equations defined over irregular regions. The entire so-
lution domain can be modeled analytically or approximated by replacing it
with small, interconnected discrete finite elements (hence the name finite
element). The solution is then approximated by extremely simple functions
(linear functions) on these small elements such as triangles. These small ele-
ments are collected together and requirements of continuity and equilibrium
are satisfied between neighboring elements.

In a nutshell, the basic idea of the finite element method (FEM) con-
sists of decomposing a given domain into a set of finite elements of arbitrary
shape and size. This decomposition is usually called a mesh or a grid with
the restriction that elements cannot overlap nor leave any part of the do-
main uncovered. For each element, a certain number of points is introduced
that can be located on the edges of the elements or inside. These points are
called nodes that are usually vertices of triangles as shown in Figure 14.10.1.
Finally, these nodes are used to approximate a function under consideration
over the whole domain by interpolation in the finite elements.

Historically, the finite element method was developed originally to study
stress fields in complicated aircraft structures in the early 1960s. Subse-
quently, it has been extended and widely applied to find approximate solu-
tions to a wide variety of problems in mathematics, science, and engineering.
It was Richard Courant (1888-1972) who first introduced piecewise contin-
uous functions defined over triangular domains in 1943; he then used these
triangular elements combined with the principle of minimum potential en-
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ergy to study the St. Venant torsion problem in continuum mechanics. He
also described element properties and finite element equations based on a
variational principle. In 1965, the finite element method received an even
broader interpretation when Zienkiewicz and Cheung (1965) suggested that
it is applicable to all field problems that can be cast in variational form.
During the late 1960s and early 1970s, considerable attention has been given
to errors, bounds and convergence criteria for finite element approximations
to solutions of various problems in continuum mechanics.

In order to develop the finite element method, we recall the celebrated
Euler-Lagrange equation (14.6.12) with u (a) = o and u (b) = 3. We divide
the interval a < x < b into n parts by the R, 41 set: a = x¢p < 21 < 22 <
... < x, = b. Each such subinterval is called an element. In general, the
length of the elements need not be equal, though for simplicity, we assume
that they are equal in length so that h = L (b—a). We set up = u(zy),
k=0,1,2,...,n so that ug (x0) = « and u, (x,) = §, while uy, ua, ...,
Unp—1 are unknown quantities. We next rewrite the functional (14.6.3) as

1 To Tn
I(u):/ F(z,u,u’)dx—F/ F(z,u,u’)dw—!—...—l—/ F(x,u,v) dz.

Zo Z1 Tn—1

(14.10.1)

We define a piecewise linear interpolating function L (z) of w; as the
function which is continuous on [a, b] and whose graph consists of straight
line segments joining the consecutive pairs of points (zx, ug), (Tgr1, Uk+1)
for k=0,1,2,..., (n—1), that is,

1
L(z)=ur+ 7 (k41 — ug) (x — zg) 2 <z < xRy, (14.10.2)

where k=0,1,2, ..., (n —1).
Substituting L for w and L’ for v’ in (14.10.1) and assuming that the
integrals can be computed exactly yields

In—l = In—l (Ul,UQ,...,Un_l). (14103)
We next find the minimum of I,,_; by solving the system of equations

aInfl
8uk

=0, k=12...,(n—1). (14.10.4)

The solution of this system (14.10.4) is then substituted into (14.10.2) to
obtain a continuous, piecewise linear approximation for the exact solution

Ezample 14.10.1. (The Dirichlet problem for the Poisson equation in a
plane).
We consider the problem
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—Au=f(z,y) inD, (14.10.5)
u=20 on the boundary 0D. (14.10.6)

The region D is first triangulated so that it is approximated by a region
D,, which is the union of a finite number of triangles as shown in Figures
14.10.1 (a) and 14.10.1 (b). We denote the interior vertices by Vi, Va, ...,
V-

We next choose n trial functions vy (x,y), v2 (z,y), ..., v, (z,y), one for
each interior vertex. Each trial function v, (z,y) is assumed to be equal to
1 at its vertices V,, and equal to zero at all other vertices as in shown in
Figure 14.10.1 (c).

Each linear trial function v, (z,y) = ax + by + ¢, where a, b, and ¢
are different for each trial function and for each triangle. This requirement
determines v,, (x,y) uniquely. Indeed, its graph is simply a pyramid of unit
height with its peak at V,,, and it is zero on all the triangles which do not
touch V,,,.

We next approximate the solution w (x,y) by a linear combination of
the v, (z,y) so that

Unp, ('I,y) = a1v1 (Iay) + agv2 (as,y) + ...t apv, (x,y) = Z AmUm, (x,y) ’
m=1
(14.10.7)

where the coefficients aq, as, ..., a, are to be determined.
We multiply the Poisson equation (14.10.5) by any function v (x,y)
which is zero on 0D and next use Green’s first identity to obtain

//D Vu-Vodzdy = //D fudxdy. (14.10.8)

We assume that (14.10.8) is valid only for the first n trial functions so
that v = vy, for k =1, 2, ..., n. With u(z,y) = u, (z,y) and v (x,y) =
vg (2, y), result (14.10.8) becomes

(a) (b) ()

n=1 n=7

Figure 14.10.1 (a), (b), and (c). Triangular elements.
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i:lam U/D (Vum-Vvk-)dxdy] Z//vak drdy. (14.10.9)

This is a system of n linear equations, where m = 1, 2, ..., n in the n
unknown coefficients a,,, and can be rewritten in the form

> amktm =fr,  k=1,2,...n, (14.10.10)

m=1

where

Ak = //D (Vi - Vi) dz dy, fr= //D fopdedy.  (14.10.11)

Consequently, the finite element method leads to finding a,,; and fi from
(14.10.11) and then solving (14.10.10). Finally, the approximate value of
the solution w (z,y) is then given by (14.10.7).

Several comments are in order. First, the trial functions vy, (z,y) depend
on the geometry of the problem and are completely known. Second, the
approximate solution u, (x,y) vanishes on the boundary dD,,. Third, at a
vertex V; = (x4, yi),

n
Un (T3, Yi) = avi (T3,4:) + - .+ anvp (T3, 4;) = Zarvr (i, yi) = a;
r=1

where

0, r#k

Uy (xkvyk) =
1, r=k.

Fourth, the coefficients a; are exactly the values of the approximate solution
at the vertices V; = (z;, y:).

FEzample 14.10.2. We consider the variational problem of finding the ex-
tremes of the functional

6
I(u) = / (v? 4+ u® — 2u — 2zu) do (14.10.12)
0

with the boundary conditions u (0) =1 and u (6) = 7.

We divide 0 < z < 6 into three equal parts of length h = 2 by ¢y = 0,
x1 =2, 9 = 4 and x5 = 6. We set u, = u(xy) so that up =« (0) = 1 and
uz = u (6) = 7, while u; and ug are unknown quantities. We have

F(z,u,u') = u? +u? — 2u — 2zu (14.10.13)

so that
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I:/:F(gc,u,u’)da:+/;F(:au,u’)dx—i—/46F(x,u,u’)dm. (14.10.14)
We take
uo—|—%(u1—uo)m, 0<x<?2
Lz)= ui+3(us—u)(z—2), 2<z <4, (14.10.15)
us + 3 (usg —uy) (x —4), 4<z <6,

so that its derivative is

(ur —ug), 0<a<2

(SIS

@) ={ tuy—w), 2<x<4 (14.10.16)

(SIS

T(us—u), 4<z<6.

Substituting (14.10.15)—(14.10.16) into (14.10.14) and using (14.10.13) we
get

:/02 [(mgw)2+{uo+;(ul—uo)x}Q—Q{UO+;(u1—UO)$}

2o o+ 30— o}

+/24 _(UQ;m)Q—&-{ul—I—;(Uz—ul)(x_Q)}Q

9 {ul + % (s — uy) (z — 2)} P {ul + % (1 — uy) (x—Z)de

+/46 -(u32u1)2+{u2+;(wul)(w4)}2

s L a2 s e ) o

Using the known values of ug and uz and integrating we obtain (n = 3)

7 1 37 67 101
12:g(uf‘i‘ug)_§U1u2_§u1_?u2_7.

Consequently, equation (14.10.4) gives two equations

oI, 14 1 37
du; 3 3 3
oI, 1 14 67
dus 3 Ty 3
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Thus, the solutions for u; and us are u; = 3 and ug = 5.
Putting these values into (14.10.15) leads to the approximate solution

L(z)=1+=z, 0<z<6. (14.10.17)

In this problem, the Euler-Lagrange equation for (14.10.12) is given by

v —u=—(1+uz). (14.10.18)

Solving this equation with « (0) = 1 and « (6) = 7 yields the exact solution
u(z)=1+uwz.

In this example, the exact and approximate solutions are identical due
to the simplicity of the problem. In general, these solutions will be different.

We close this section by adding some comments on another numerical
technique known as the boundary element method (boundary integral equa-
tion method). This method was widely used in early research in solid me-
chanics, fluid mechanics, potential theory and electromagnetic theory. How-
ever, the major breakthrough in the boundary integral equation method
came in 1963 when two classic papers were published by Jaswon (1963) and
Symm (1963). The boundary element method is based on the mathemati-
cal aspect of finding the Green’s function solution of differential equations
with prescribed boundary conditions. It also uses Green’s theorem to re-
duce a volume problem to a surface problem, and a surface problem to a
line problem. This technique is not only very useful but also very accurate
for linear problems, especially for three dimensional problems with rapidly
changing variables in fracture and contact problems in solid mechanics.
However, this method is computationally less efficient than the finite ele-
ment method, and is not widely used in industry. It is fairly popular for
finding numerical solutions of acoustic problems. Since the early 1970s the
boundary element method has continued to develop at a fast pace and has
been extended to include a wide variety of linear and nonlinear problems
in continuum mechanics.

14.11 Exercises

1. Obtain the explicit finite difference solution of the problem

Upp — AUy = 0, <<, t >0,
w(0,t) =u(l,t)=0, t>0,
u (z,0) = sin 27z, ug (2,0) =0, 0<z<l.

Compare the numerical solution with the analytical solution
u (z,t) = cosdntsin 2z

at several points.
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2. (a) Calculate an explicit finite difference solution of the wave equation
Uger — Upr = 0, O<z<l, t >0,
satisfying the boundary conditions
w(0,t) =u(l,t) =0, t>0,
and the initial conditions
u(ac,()):ésinmn, ug (z,0) = 0, 0<z<L
Show that the exact solution of the problem is
u(x,t) = % cos Tt sin .

Compare the two solutions at several points.
(b) Solve the wave equation in (a) with the same boundary data and
the initial data

u(z,0) = sin 7z, ut (z,0) =0, 0<z<l1.

3. Use the Lax—Wendroff method to find a numerical solution of the prob-
lem

Uy +up = 0, x>0, t>0,
u(xz,0) =2+ x, x>0,
w(0,t) =2 —t, t> 0.

Show that the exact solution of the problem is
u(z,t) =2+ (x—1).
Compare the two solutions at various points.
4. Show that the finite difference approximation to the equation
aus + bu, = f (z,1)
is

1 eb
Uij+l ~ 5 (Wig1,j + Ui—1,5) + (2(1) (Wit1,5 — wi—15) — fi; =0,

where a, b are constants and € = k/h.
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5. Obtain a finite difference solution of the heat conduction problem
Ut = K Upy, O<ax<l, t>0,
with the boundary conditions
uw(0,t) =u(l,t) =0, t>0,

and the initial condition

4
u(a:,O)sz(l—m), 0<z<l.

6. (a) Find an explicit finite difference solution of the parabolic system

Up = Ugg, O<ax<l, t>0,
u(0,t) = u(l,t) =0, t>0,
w(0,t) =sinzr on 0<x <1

Compare the numerical results with the analytical solution
u(z,t) = e~ Tsinrz,

at t = 0.5 and ¢t = 0.05.
(b) Prove that the Richardson finite difference scheme for problem 6(a)
is

Ui jy1 = Ui j—1 + 26062 U
Hence, show that the exact solution of this equation is
Ui 5 = (Aloz{ + A2a§) sin whi,
where a; and «y are the roots of the quadratic equation
2% + 8ex sin? (th/2) — 1 = 0.

7. Using four internal grid points, find the explicit finite difference solution
of the Dirichlet problem

VU = gy + uyy =0, 0<z<l, 0<y<l,
u(zr,0) =2 (1l —1), u(r,1)=0 on 0<x<1,
u(0,y) =u(l,y)=0, on 0<y<L

Compare the numerical solution with the exact analytical solution

2 sinnrz sinhnm (1 — y)
(2n + 1)3 sinh nmw

NE

4
u(z,y) = —
™

0

).

n

wlm |l

at the point (z,y) = (%’
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Solve the Dirichlet problem by the explicit finite difference method
Ugy + Uyy = 0, 0<x<l, 0<y<l,
u(z,0) =sinmx, wu(x,1)=0 on 0<z<1,
u(z,y) =0, for =0, =1 and 0<y<1.

Using a square grid system with h = %7 find the finite difference solution
of the Laplace equation on the quarter-disk given by

Uy + Uyy = 0, x2—|—y2<1, y >0,
u(z,0) =0, —-l<z<l,
u(z,y) = 102, 2?2 +y?=1, y>0.

Find a finite difference solution of the wave problem
utt—umzo, 0<CL'<].7 t>0,
u(0,t) =u(l,t) =0, t>0,

1
u(x,O)zim(l—x), up (£,0) =0, 0<az<1.

Compare the numerical results with the exact analytical solution
2 o= 1
u(zx,t) = — — {1 — (=1)"} cos wrtsin mrz,
.0 = 530 5 (- (V)

at various points.
Obtain a finite difference solution of the problem

uttZCQum, O<z<l, t>0,
u (0,t) = sinmet, u(l,t)=0, t>0,
u(x,0) = uy (x,0) =0, 0<z<l.
Show that the transformation v = logu transforms the nonlinear system
V= Vg +02, 0<z <1, t>0,
vg (0,8) =1, v(1,t)=0, t>0,
v(z,0) =0, 0<z <1

into the linear system

Ut = Ugy, O<ax<l, t>0,
ug (0,t) =w(0,8), wu(z,1)=1, t>0,
u(x,0) =1, 0<z<1.

Solve the linear system by the explicit finite difference method with the
derivative boundary condition approximated by the central difference
formula.
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13. Solve the following parabolic system by the Crank—Nicolson method

Ut = Ugy, O<z<l t>0,
uw(0,t) =u(l,t) =0, t>0,

with the initial condition

(a) u(z,0) =1, 0<z<1,
(b) u(x,0) = sinmz, 0<z<L1
(¢) u(z,0) = sinmz, 0<z<1

with 0 <t < 0.2 and in formula (14.5.2) k = 1, k = h2.

14. Use the Crank—Nicolson implicit method with the central difference
formula for the boundary conditions to find a numerical solution of the
differential system

U = Ugy, O<ax<l, t>0,
ug (0,t) = uy (1,t) = —u, t>0,
u(z,0) =1, 0<z<L

15. Find a numerical solution of the wave equation
U = gy, O<z<l, t>0,

with the boundary and initial conditions

u:%ugg at =0 and z=1, t>0,

u(z,0) =0, ut(x,O):asin(y) 0<z<lI.

16. Determine the function representing a curve which makes the following
functional extremum:

/2 T
T R R L TR T CY
(c) I(y(x)) = /w1 % (1+ ylz)% dzx.

0
17. In the problem of tautochroneous motion, find the equation of the curve
joining the origin O and a point A in the vertical (x,y)-plane so that a
particle sliding freely from A to O under the action of gravity reaches
the origin O in the shortest time, friction and resistance of the medium
being neglected.
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19.

20.
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In the problem of minimum surface of revolution, determine a curve
with given boundary points (zo,yo) and (x1,y1) such that rotation of
the curve about the x-axis generates a surface of revolution of minimum
area.

Show that the Euler equation of the variational principle

oI [u (z,y)] :5// F(x,y,u,p,q,l,m,n)dx dy =0
D
is

0 0 02 0? 02
Fa-2rp -+ % Fo+ L=
Yoot oy q+8x2 l+8x8y m+3y2 n=0

where
P =1Uz, G=Uy, I = ugq, m=Ugy, N = Uyy.

Prove that the Euler-Lagrange equation for the functional

I= // F(J;,y,Z,u,p,q,r,l,m,n,a,b,c)da? dy dz
R

is

B o . o o o2
r-2p 95 % n+ g,
22" oy T e T a2t T g
o2 o2 o2 o2
7, A F. =0,
Totnt grag e T et T gsante =

where (p7 q, T) = (um Uy, uz)7 (l, m, n) = (uawa Uyy, uzz)a and (a, b, C) =
(uxy; Uyz, uz:c)-
In each of the following cases apply the variational principle or its sim-

ple extension with appropriate boundary conditions to derive the cor-
responding equations:

) F=u2 +ul +2u?,

) F =5 [uf —a(u} +up) — ?],
F = % (utux + au ﬁum)
) F = % (uf a?u? )

(a
(b
()
(d
(e

) F=p)u?+ L (q(@)e?) = [r(2) + s (2)]u?,

where p, g, r, and s are given functions of z, and «, § are constants.
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22. Derive the Schrédinger equation from the variational principle

5///{ (42 + 42 + 42) + (V — E) 92| da dy dz = 0,

where h = 27h is the Planck constant, m is the mass of a particle moving
under the action of a force field described by the potential V (x,y, 2)
and F is the total energy of the particle.

23. Derive the Poisson equation V2u = F (x,y) from the variational prin-
ciple with the functional

u) = // [u? + ui + 2uF (z,y)] dz dy,
D

where v = u (z,y) is given on the boundary 9D of D.

24. Derive the equation of motion of a vibrating string of length [ under
the action of an external force F' (z,t) from the variational principle

/:/ [( pu? —T*u 2>+qu(x t)}dmdt:O,

where p is the line density and T* is the constant tension of the string.

25. The kinetic and potential energies associated with the transverse vibra-
tion of a thin elastic plate of constant thickness h are

1
:,p// W?dx dy,
2 D

1
V= 3 ,uo/ {(VU)Q —2(1 = 0) (ugatiyy — uiy)} dz dy,
D

where p is the surface density and uo = 2h°E/3 (1 — 02).

Use the variational principle

6/tj2//D[(T—V)+fu]dxdydt:0

to derive the equation of motion of the plate
pu + ,ro4u = f (l‘, Y, t) )

where f is the transverse force per unit area acting on the plate.

26. The kinetic and potential energies associated with the wave motion in
elastic solids are
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28.
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1
T:Q///p(u?—i-vf—!—w?)dzdydz
D
1
Vzi/// [)\(uz+vy+wz)2+2u(ui+v§+w§)
D

o {(Ua: + uy)2 + (wy + UZ)Z + (us + wx)Q}] dx dy dz.

Use the variational principle

6/:///[)(T—V)dxdydz:0

to derive the equation of wave motion in an elastic medium
(A + ) grad divu + ' Vu = puy,
where u = (u,v,w) is the displacement vector.

From the variational principle

n
5//dedt:0 with L:—p/ {¢t+;(v¢)2+gz}dz
D —h

derive the basic equations of water waves
V24 =0, —h(z,y) <z <n(x,yt), t>0,
m+Veo-Vn—¢, =0, on z=n,
¢Z+%(V¢)2+gz:0, on z=omn,
¢, =0, on z=—h,

where ¢ (z,y,z,t) is the velocity potential, and 7 (z,y,t) is the free
surface displacement function in a fluid of depth h.
Derive the Boussinesq equation for water waves
2 Loy
Ut — C Ugy — P Ugztt = 3 (’U, )mm

2

from the variational principle

6//Ld:cdt=0,

where L = 3 ¢? — %02 2 + %u 2, — %d)i and ¢ is the potential for
u(u = ¢g).

Determine an approximate solution of the problem of finding an ex-
tremum of the functional

1(y(x) = / (47— —20g) de,  y(0) =y (1) =0.
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30.

31.

32.

33.

34.

35.
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Find an approximate solution of the torsion problem of a cylinder with
an elliptic base; the domain of integration D is the interior of the ellipse
with the major and minor axes 2a and 2b respectively. The associated
functional is

It = [ [(g“_y)w <Z+x)u

Use the Rayleigh-Ritz method to find an approximate solution of the
problem

dz dy.

Viu =0, 0<z<l1l, O0<y<l,
u(0,y) =0=u(l,y),
u(zr,0) =2 (1l —x).
Find an approximate solution of the boundary-value problem
Viu=0, >0 y>0, T+ 2y <2,
u(0,y) =0, wu(x,0)=2z(2—2x),
u(2—2y,y) =0.

In the torsion problem in elasticity, the Prandtl stress function
U(x,y) = (z,y) — % (2% + y?) satisfies the boundary value problem
V¥ =-2 in D

¥ =0 on OD.

Use the Galerkin method to find an approximate solution of the problem
in a rectangular domain D = {(z,y) : —a < z < a,—b < y < b}.

Apply the Galerkin approximation method to find the first eigenvalue
of the problem of a circular membrane of radius a governed by the
equation
d®>v 1 du
Viu=—+-—=XM in 0<r<a
dr? + r dr
u=0, on r=a.

Use the Rayleigh—Ritz method to find the solution in the first approxi-
mation of the problem of deformation of an elastic plate (—a < z < a,
—a <y <a) by a parabolic distribution of tensile forces over its op-
posite sides at * = +a. The problem is governed by the differential
system

2
V4u:a—g in |z|<a and |yl <a,

ou
(u, 3x> =(0,0) on |z|=a,

ou
<u, 8y> —(0,0) on lyl=a,
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37.
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where U = ug +u = %ayQ (1 — éyQ) +u, and VU = 0.

Show that the Kantorovich solution of the torsion problem in exercise
33 is

1 cosh kx 1 /5
12 - b2 2 1
1(z,9) 2 ( y ) < coshk’a) ’

(a) If the functional I in (14.6.3) depends on two functions u and v,
that is,

b
I(u,v) = / F(z,u,v,u',v") dz,
a
show that there are two Euler—Lagrange equations for this functional

OF d (OF\ q 9F _d [(oFN _,
ou  dr \ouw ) 7 an v dx \ov' )

(b) Generalize the above result for the functional

um—[mewm,

where u = (uy,u,...,u,), u; € C?([a,b]), and u; (a) = a; and u; (b) =
bii=1,2,..., n

Show that the Euler-Lagrange equation for the functional
Iu(z,y)] = //D (14w 4+ uy)? dady
is
(1 + ui) Ugy — 2Ug Uy Ugy + (1 + ui) Uyy = 0.

Show that the Euler-Lagrange equation for the functional

I(u) = // F(xayauvuxvuyvuwacvumyvuyy) dxdy
D

is

oF 9 o o
S = o o) = 5 (B + s (R + 5 ()
82

+87y2 (Fuyy) - 0
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40.

41.

42.

43.
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Derive the Euler-Lagrange equation for the functional

b
Imm:/Fm%wm
where

(a) F(z,y,y) =u(z,y)1+y?

1
2\ 3
() F(z.9,9) = 7 (52)
with y (a) = y1 and y (b) = y2 < y1, (Brachistochrone problem).

2
(C) F(l‘,y,y/> = ?/2 (1 + y/2) )
(d) F(z,y,9) = (zy® —y? + 3ayy).

Show that there are an infinite number of continuous functions with
piecewise continuous first derivatives that minimize the functional

Iwun=4y0u+w%m

with y (0) =1 and y (2) = 0.

The torsion of a prismatic rod of rectangular cross section of length 2a
and width 2b is governed by

Viu=2 inR={(v,y): —a<z<a, -b<y<b}
u=0 ondR.

(a) Find an approximate solution w; (z,y). Hence, calculate the tor-
sional moment M for a # b and for a = b.

(b) Find the exact classical solution for u (x,y) and the torsional mo-
ment M.

Find an approximate solution of the biharmonic problem
Viu =0, R={(z,y):—a<z<a, -b<y<b}

with the boundary conditions

where c is a constant.
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45.
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Show that the Euler-Lagrange equation (14.6.12) can be written in the

form
d JOF\  OF

Show that the extremals of the functional

b
Iy (x)] = / [p(z)y”? —q(x)y*] da

subject to the constraint

b
Ty@) = [ r@ide=1.

are solutions of the Sturm—Liouville equation

% [p(w‘) ;lz] + g (z) + Ar(2)]y = 0.

Consider the finite element method for the wave equation

Upp — Ugy = 0, 0<z<ll, t>0,
w(0) =wu(l) =0,

with given initial conditions.

(a) Show that an appropriate requirement is that

l n 1
" a’l}i (91)j -
E A, (t)/o v; (x) v (x) dz + i:E 1 A; (t) Ny i dx =0,

where j =1, 2, ..., n and that the approximate solution is given by

n

Un () = Ay (E) 01 () + ..+ A (v (8) = D Ay (£) v ().

i=1

(b) Show that the finite element method leads to a system of ordinary
differential equations
deAJrCA(t)*O A0)=D
dt? - B
where B and C are n X n matrices, A (t) is a n-vector function and D
is an n-vector.
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Tables of Integral Transforms

In this chapter we provide a set of short tables of integral transforms of the
functions that are either cited in the text or are in most common use in
mathematical, physical, and engineering applications. For exhaustive lists of
integral transforms, the reader is referred to Erdélyi et al. (1954), Campbell
and Foster (1948), Ditkin and Prudnikov (1965), Doetsch (1970), Marichev
(1983), Debnath (1995), and Oberhettinger (1972).

15.1 Fourier Transforms

/(@) P = [ exp(-iko) (@) da
1| exp(—alz]), a>0 (V2)a(@+r)™
ol & exp(—alz]), a>0 (ﬁ) (—2aik) (a® + k2)
3| exp (—az?), a>0 5o eXD (—%)
4 (:v2+a2)71, a>0 EM
5| @ (22 +a?) " V5 (5) exp (—alk])
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(oo}
f (@) F() == [ exp (i) £ () do
¢, a<zx<b ic 1 ( —ibk _ _—iak
6 {0, outside. Var k (c )
7| || exp (—a|z|), a>0 \/% (a? — k?) (a® + kz)_2
§| sinar VE H(a—[K)
9| exp{—z(a —iw)} H () ezl e
_1
10| (a*> —2?) 2 H (a— |z]) V5 Jo (ak)
sin [b(m2+a2)%] 5 5
11 et V% Jo (avb? — k%) H (b— |k|)
cos(bm) I
12) = H (a— |z|) V'3 Jo (aVb? + k?)
13| e—o= H(x), a>0 \/%(aflk) (a2+k2)*1
_1 173
14 ﬁexp(—akﬂ), a>0| (a®+k?) 2 [a+(a2+k2)2}
15 5(n) (.f(,‘—Cl), n:O7172a"' \/%(Zk)” exp (_Zak)
16| exp (iax) V2o (k—a)
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(@) F (k)= /2 /0 " sin (k) f (2) da

1 exp (—az), a>0 V2R (@ 82)

o zexp (—az), a>0 \/E(Mf) (a2 +42)"

312271, 0<a<l \/gk‘af(a) sin (%)

4 % ﬁ, k>0

5 20 lem0, o> 1, 2 [ (a)r~“sin (af), where
a>0 r=(a®+k)%, 0 =tan ' (&)

6|z e ™", a>0 2 tan' (£), k>0

7| wexp (—a%a?) 2792 (&) exp (~ 4 )

8| erfc (ax) \/%% [1 — exp (—%)]

9| & (a® +22)"" Texp(—ak), a>0

10 | z (a2 + 22) A () exp(-ak), (a>0)
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f(x)

11| H(a—z), a>0 \/g%(lfcosak)
\/gsin "), 0<k<a
12| 271 Jy (ax)
\/g, a<k<oo
13 x(a2+x2)_1Jo(bJ:), V5 e *Iy(ab), a<k<oo
a>0,b>0
1] Jo (av/7), @ >0 V2 deos(57)
15 IQ—aQ)V_%H(a:—a), 2V 73 (%)”F(V—i—%)J (ak)
vl <3
16| 2t (x2+a2)71(]y(a$), V5 a”Vexp(—ak) I, (ab),
1/>f%, a,b>0 a<k<oo
2_p2\v"2
17| 27" Jyq1 (az), v>—3 gvk(zawkl[z(y_: )H(a—k)
18| erfc (az) \/%% [1 — exp( : )}
1927 0<Rea<?2 \/gf(l @)k~ cos (%)
20 (axme)aféH(afx), V2 (a+3) (%) sin (%) J, (%

1
o > 3
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15.3 Fourier Cosine Transforms

f(2) F. (k) = @ /O " cos (k) f (2) do

1| exp(—az), a>0 (2)a(a+r)"

2| zexp(—az), a>0 (ﬁ) (a2~ &?) (a® + &%)

3| exp (—ae?) L5 exp (4

4| H(a—a) V2 (st

5[z, O0O<a<l1 2 I (a) k= cos (%)

6 cos (az?), a>0 o [eos (52) +sin ()]

7| sin (az?), a>0 o [eos (52) —sin ()]

8 (a2—22)""2 H(a—z), v>—L1 |25 (v+1) ()" J, (ak)

9| (a2 +22)"" Jo(bx), a,b>0 VE a~texp (—ak) I (ab),
b<k<oo

10| 27, (az), v > —1 (=) Hai)

2"7%(1”1"(1/—&-%)
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f (@) Fo(k) = /2 /O " cos (k) f (2) do

1
2

11 (x2+a2)_%exp [—b(mQ—l—aQ)'} K, [a (k2+b2)%} ,a>0,b6>0

120 2v"te= @ 1 >0,a>0 \/g]"(y) r~¥ cosnf, where
r=(a®+k?)%, 0 =tan"' (%)

13

8o

e Tsinx \/% tan™—! (k%)

Nl
)

14| sin [a (b2 — .732) H((b- I)] \/f (ab) (‘IZ + kz)_%

x i [b(a?+12) ]

(1-2)
15| (s

S

kexp (—k)

o—

16| 27%, O0<a<l —’}(a; sec (Z2)

S

1 —ax [ 2a?
17 (E + CL‘) e s a > 0 \/; m
_efak'
18|10g (1+ %), a>0 Var =)
2, 2 (e—bkie—ak)
19/ 10g (525 ), a.b>0 Var e ™)

20 a(m2+a2)_1, a>0 Z exp(—ak), k>0
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£ ) F(s) = / " exp (—st) £ (1) di
1| 7 1 ST (5) = S5m0 (0)
r=0
2 | [ ru-ng@ar F(©)7(s)
3 [tf(t) (—1)" L7 (s)

4 | f(t—a)H(t—a)

5| t" (n=0,1,2,3,...) AT

6| et =

7| tne—at (Z(_Z;rnlgl

8ltr  (a>-1) Llatl)

9| e cos bt ﬁ
10| e sin bt m
1| 2 5
12| 2/ WV
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£ 0 T = [ emi-snf o
13| t71/2exp (—2) VZ exp
14] 173/ exp (— 9) /T exp
15| < (1 + 2at) —
16 ﬁ(ebt—e“t) Vs—a—+s—b
17| exp (a2t) erf (av/) -
18| exp (a*t) erfc (av/t) ﬁ(¢15+a)
19| & + aexp (a?t) erf (av/) s
20| = — aexp (a’t) erfe (av?) Tita
21 ex\%iat)erf( (b—a)t) —
22 %em [exp(f)\z)erfc (gfm) (5 — iw) T exp (—2,/%)

+ exp (A2) erfc (¢ + Viwt)]

where ¢ = 2/2Vvt, A= 1/%‘“

2

W

3 |exp (—ab) erfe (b;\Q/‘ft)

b+2at }

+ exp (ab) erfc ( N

exp {—b (S + ag)%}
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£ ) F(s) = / " exp (—st) £ (1) dt
24| Jo (at) (s + a2)_%
25| Iy (at) (s* — a2)’%

26

t*~Lexp (—at), a>0

27| t=1J, (at) vla¥ (Vs +a+s)
Rev > f%

28| Jo (a\/f) %exp (—%)

2] (2" 0753, (oD e o (),

30

31 \/%exp(fj—i) %exp(fa s), a>0
32| exp (7“1{2) VT oxp (22 ) erfe (£),

33

34
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_ oo
70 7= [ e (st 1 0
0
ma+B— m m! s@ P
| 5180 () e
m=20,1,2,...

36| wgy () o ) (7 +a?) ),
Rev > —1
—c exp(—av/s+b
37| ze¢ {exp (—avb—c) 7(:;(@ %(erb))
xerfc{ﬁ— (b—c)t
— exp (a b— c)
xerfc{% + (b—c)tH
38| ze ¢t [exp (—avb—c) 7“;)((_81\6/;?)
xerfc {%t —tvb—c
—exp (a b— c)
xerfc{%th bfc}]

39

exp(—a\/ s+b)
(s+b)3/2

40

e~ bt {(t + %az) erfc (ﬁ)

2 2
% ow (-5)

exp(fa\/ s+b)
(s+b)*
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£ ) orSer o (k) = /O oy (k) £ () dr
1| H(a—7r) 0 | 3J1(ak)
2| exp (—ar) 0 |a(a2+k?)?
3 L exp (—ar) 0 | (a2+k2)2
4 (e =r*) H(a—r) 0 | 42, (ak) — 2% J (ak)
5 a(a? +12) "7 0 | exp(—ak)
6| L cos (ar) 0 | (K —a?) 7 H(k-a)
7| L sin (ar) 0 | (a>— k)T H(a—k)
8| & (1— cos ar) 0 |cosh™ (%) H (a—k)
9| L J1 (ar) 0 |1H(a—k), a>0
10 | Yo (ar) 0 [(2)(a2—k)""
11| Ko (ar) 0 | (a®+82)""
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- oo
fr) order | fn (k) = / rJp (kr) f(r)dr
n 0
12| &) 0 |1
_1 _1 1
13 (T2 +b2) 2 0 (k2 +a2) 2 exp{—b (k:2 +a2)2}
X exp {—a (r2 + bz)f}
_1
14| (r? +a?) 2 0 1 exp (—ak)
15| exp (—ar) 1 | k(a®+ kg)_3/2
16 sin ar 1 aH(k—u,)1
r k(k2—a2)2

17| L — 1 111 _a

7| + exp(—ar) ; { (k2+a2);]

1
18 T% exp (—ar) 1 % {(sz + a2) z - a}
19| r" H (a — ) > =1 | +a" oy (ak)
n _ _ 1 gntl [‘(nJr%) ak™

20| r™ exp (—ar), (Rea >0) | > —1 VeI I
21| r™ exp (—arQ) > —1 (2;‘;:“ exp (—%)
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oo
fr) order | f (k) = / rJp (kr) f(r)dr
n 0
a—1 2a F[%(a«kn«kl)}
22\ r > —1 fatl F[%(l—a—o—n)]
23| " (a® — r2)m7n71 > —1 |2 "L [ (m —n)a™k""™J,, (ak)
x H (a—r)
24| r™ exp (—r?/a?) > -1 72'2’;?;87:; r(l+2+12)
X 1F1 (1 + % + %; n + 1; —ia2k2)
25 L o1 (ar) >—1|k"a "V H (a—k),a>0
26| " (a®> —r3)" H(a—7), | > =1 [2ma"[ (m+1) (%)mH
m>—1 X Jn+m+l (ak:)
L (5" 0<k<a
27| L J, (ar) >1
ﬁ (%)n, a<k<oo
,r,n .\ T a”L777L
28| iz, @ > 0 > -1 (8)" rmrn Knom (ak)
29| exp (—p?r?) J, (ar) > —1 (2])2)_1 exp (—‘Ii;fz) I, (2“—;)
) [(k2+‘12)%—a] n
30 P exp (—Cl'f') > —1 W
31 2 > 1| (k)" Kolek)

(T2 +a? )7L+1

I'(n+1)
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~ 0
fr) order | fn (k) = / rJp (kr) f(r)dr
n 0
32 mH(a—T) <1 ﬁ (%)nf(%—n) (sinak)
33| f (ar) n % fn (%)
34| r~texp (—ar2) 1 % {1 — exp (—g)}
35| r~!sin (arz) , a>0 1 %sin (%)
36| r—!cos (arQ) , a>0 1 1 —cos (%)
37| exp (—ar), a>0 > —1 (a(:gﬁ) (a+\/§2+k2)n
38| exp (—ar?) Jo (br) 0 5 exp (f k24;b2> Iy (%)
30| T 0 | V3 Jy(ak), a>0
e > 1| /E a3 Jupa(ak),  a>0
41| r~2sinr 0 |sin”'($), (k>1)
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15.6 Finite Hankel Transforms
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f( order | f (k;) = / rJn (rk;) f(r)dr
n 0
1| ¢, where c is a constant 0 (%LC) J1 (ak;)
2 (a2 — 7‘2) 0 %Jl (ak;)
_1 1

3| (a* —r?) 2 0 k" sin (ak;)

Jo(ar) _ ak; )
4 Fotea 0 (e 1 (aki)
5 1 1|k {1 — Jo (aki)}

_ -1 1—cos ak;
6l r—1 (a2 _ r2) 2 1 ( — )

n ant?t
7 r > —1 TiJnJ"l (Clk'i)

Jy (ar) ak;
8 J, (aa) > -1 (aZ—k?) ‘]1// (akl)

—-n _% s ak; 2
9 =" (a® —1?) > -1 5 {J3 ()}

—(n+1 i-n _
10 | ™ (a2 — 7“2) (n+3) < % F\(/% 2n) k' Lsin (ak;)
n—1 - n b
1] 71 (a2 = 92)" 2 >3+ d) (2) a2 ()
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1.6 Exercises

11.

12.

23.

® N o o

. (a) Linear, nonhomogeneous, second-order; (b) quasi-linear, first-order;

(c) nonlinear, first-order; (d) linear, homogeneous, fourth-order; (e) lin-
ear, nonhomogeneous, second-order; (f) quasi-linear, third-order; (g)

nonlinear, second-order; and (h) nonlinear, homogeneous.

u(z,y) = f(z)cosy + g (z)siny
u(z,y) = f(z)e™ +g(y)

u(z,y) =f(z+y)+gQBr+y).
u(z,y)=f(y+z)+gy—=)

Ug = Vy = Ugg = Uy, Vo = —Uy = Uyg = —Uyy.

Thus, Uzg + Uyy = 0. Similarly, vy, + vy, = 0.
Since u (x,y) is a homogeneous function of degree n, u = ™ f (%)
ug =na"f (4) —a" Py f(¥), and u, = 2" (L),
Thus, zuy +yuy =na"f (£) =nu.
uy = —3 exp (—%) f (az — by)
- d(ax—by)
+€Xp( 3) (az— by)f axr — by) T dr
— exp(—§) £+ aexp (~F) ' (az ~ )

uy = (=b)exp (—%) f' (ax — by) . Thus, bu, + auy, +u =0.
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24. V" (t) +20 V' (t) + K22V (t) = 0.

25. Differentiating with respect to r and ¢ partially gives
V" (r) +n2V (r) = 0.

2.8 Exercises

2. (a) zp—yg=1z—y, (d) yp —zq = y* — 2>
3. (&) u=f(y), (b) u = f (br — ay), (c)u=f(ye™),
(d)u:f(y—tan_lx), (e)u:f(g”zw;yz)7

(f) Hint: -9z = @ — du _ d@wtw) _ dlwty) o gy — (y 4 y)d (u+y) =

y+u 7 T—y r+u
2 2 d(u+=x d
(u+y)” —a* =c. (qux) yy:“yﬂ:c%
2
(852, et =) =0
( ) dr __ dy __ du _ d(u—y)
g y2 = —zy  zu—2zy  z(u—y)’

From the second and the fourth, (u — y)y = ¢; and 2% + 3% = c,.
Hence, (u—y)y=f (x2 + y2). Thus, u =y +y L f (x2 + y2).
(h) u +logz = f (xy), (i) f (2?2 +u? 3+ ud) =0.

4. u(z,y) = f ([L’2 +y’1). Verify by differentiation that u satisfies the
original equation.

5. (a) w=sin(z— 3y), (b) u=exp (2% —y?),

(c) u:xy—f—f(%), u:xy—i—?—(%)g, (d) u:sin(y—%ﬁ),

32 +exp [— (22 — y?)] for x>y,

(e) u=
%wQ—I—eXp [— (yQ—xQ)] for z<uy.

(f) Hint: y = 122 4+ (4, u=C%z+ Cy,

uma(y- 3P - de?) um(y- 32 e (y - 3.

(g) £=Cy and “T'H =Cy, (O :1—&-%. Thus, u:y—i-%z—l,

y # 0.

(h) Hint: z+y=Cy, %:u2iu0f’ u? 4+ C% = Cyexp (—2y).
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From the Cauchy data, it follows that 1 + C? = Cy, and hence,
= [{1 + (z + y)2} e — (z+ y)ﬂ :

(1) dx - %=1, % (%) = % which implies that z = Cy exp (%)

Q“fd

utl — Cy. Hence, f(“t, zexp (—Y)) =0.

€T

Initial data imply z = Cy and % = (5. Hence Cy = C7 + C%
tl — pexp (—2) 4+ Lexp (£). Thus, u =2 exp (—%) +exp (%) — 1.
= —log (Au) and

5 daz _ dy
(.])\/g—u

hence, A =1 and u = exp (—y). The first and the third yield

1 =2z — B. At (20,0), 79 > 0, B =2,/79 — 1. Hence,
“1=2 (f — 1/:co) +1= i The solution along the characteristic is
u=exp(—y) oru™t =2 (V- /10) + 1.

(k) 2% = expd({y) = du =logu+ A
and hence, A = =, o > 0. The second and third yield u = exp (—y).
Or, eliminating u gives y = (xal — x_l).
. u? — 2ut + 22 = 0, and hence, u:tim.
u(z,y) = exp (ﬁ)
(@) u=f(Y 2) (b) Hint: uy = = (1,
‘i(f:yyz) = Z(gfry) gives u = =2 = (}. Hence, u=f (Tm_yy, T?’)
€ ¢=(+y+z)=Ch
Hing: (£) = (8) _ (8) _ S+9E _ diogtos)

¢ = axyz = Cy, and hence, u = f(z+y+ 2, xyz) is the general
solution.

(d) Hint: xdr +ydy =0, 22 +y? = C;

zdz=—(2* +y°)ydy = —Crydy, 2>+ (2°+¢*)y> = Cy,

w=f (22 +y2 2+ (2 +y2) 1?).

—1 -1 —1
dz _ y _~dy _ dz __ d(log zyz) _ 2 2 2
(e) 2952_2920 = 22 — ;z_xg = 0 U= f(l‘ +y +=z ,.CEyZ).
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9.

11.

12.

13.
14.

15.

Answers and Hints to Selected Exercises

(a) Hint: y — & = C1, u = 2y — & + Ca, ¢(u—wy+%5, y—%z):O-
‘TS .’,Cz $3 xz 2
“:wy—§+f(y—7>7 u:xy—ng(y—?).
(b) u:xy—%w?’—i—y—”—;—i—%.
=0 (r—y) = o W Y —y) - 2 —y) =

uz%—i—(m—y), y > 0.

(2w—2y+y2)

2
(@) =% +7s+s, y=7+2s5, u=T+s5= 5—T)

(b) x:§+73+s2, Yy=7+2s, u=71+s,
(y — 3)2 = 2z — 52, which is a set of parabolas.
c) x=3(r+s 2, Yy=u=T7T++S.
2
Hint: The initial curve is a characteristic, and hence, no solution exists.
1
() u = exp (21, () w=sin | (Z521) 7.
1
Gu=2(3) + Hog (). (0 u=da?— k2t daty+ .

f) Hint: &€ = & = Ay — 2 = ¢ and (1+u)e™® = o,

x

(
(
(I+u)e®=f(y—2z),1+u=expBz—y+1)[1 +sin(y — 2z — 1)].
(

=cy,ue * = f(y—2x),

(h) % = g = 2o (y—2)° = o, and we™ = o5, ue ™ =

(i) %’3 = dTy =44 y—x=c,and ue ™V = co, flue ¥, u—2x) =0,

u ?

ued =g(u—x), u= 22 40 — 4 5= A(2Y — 1) is the family of

2ev—1° dy

characteristics.

(j) & = % =N y—z=c,and Ltz =0, L +2=f(y—2),
flo)=— (), u(y) = Sy

Suy = u? + 2% + 9% Hint: feErysyrucu dm+ygy+“d“, 22+ +u? =c,

%y = —d—u" gives uy = ca.

22+ y? +u? = f (uy), and hence, 3u? = f (u2)
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16. (a) z(s,7) =7, y(s,7) = %2 +ars+s, u(s,7) =71+ as.

r=x, s=(14azx)" (y — 32?) a, and hence,

u(a,y) =z +as=(1+az) " {z+a(y+ia?)}, singular at o = — 2

a’

D)y=%+f(lu—z), 2y=u>+(u—-=), u(0,y) =7

ot dletytu)  dly—w) _ d(u—z)
a) Hint: 2(ztytu) = —(y—u) = —(u—2)

17.
z+y+u)(y—w?=ciand (z+y+u)(u—1)°%=co

Hence, zy = a.

2
+a) . .
b =t Sod5 = ) g 1 1 2007 4
and, thus, z% — u* — 2u’zy = b.
(c) IdTIy =L = U (exact equation). u = f (22 — 22y — ¢?).
2

(d) f(2® =92 u—359° (2* —9?)) = 0.
(e) f(x* +y*+ 22, ax + by + cz) = 0.
18. Hint: 92 = 9 — & and hence, £ =¢, £ =d.
22 +y? =a? and z = tan~! (¥) give (2 4+ d?) 22 = a?
and z = btan~! ().
c=(2)cosf, d= (2)sin0, and z = btan~* (tan ) = bf.

Thus, the curves are zb60 = az cosf and y b0 = az sinf.

19. F{$+y+u, ($—2y)2+3u2} — 0. Hint: (dac 2dy) 73(?:2?!)

(x—29)° +3u% = (z+y+u)’

20. F (332 + vy, yu) =0, (w2 +y)4 = Yyu.

dz _ (de+dy+dz)
—(z+y+z) 8z

21. Hint: x —y 4+ z = ¢y, , and hence,
822+ (z4y+2)° =co F{(x—y—i—z), 8z2+(x+y+z)2} =0.
Aty =2a20r (z—y+2)7+ (@+y+2)7° 4822 =242
22. F (2 4+ y*+ 22, y* — 2yz — 2%) = 0.
(a) y? — 2yz — 22 = 0, two planes y = (1—1—[)
(b) 2 + 2yz + 222 = 0, a quadric cone with vertex at the origin.

(c) 2% — 2yz + 2y% = 0, a quadric cone with vertex at the origin.
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23. Use the Hint of 17(c).
%"f—x—ky, %—z Y, %zZm.
(dt) =21 +c Whenz=0=y, % =22
V2u=1Inz+ 2% - 2zy + 2.
24. (a) a=f(z+ 3y).
(b) x=at+c, y=0b, u=coe?, co2=f(c1),
u(z,y) = f(z— %y)exp (¢).
() u=r () 1-y)"
d) e=14ast+s, y=t; u=y+ia(ay+1)"" (22 -y?).
26. (a) Hint: (f')* =1—(¢")° =A% f'(z) = A and ¢/ (y) = VI = X2,
f(z) =Xz +c and g(y) = yvV/1— A2 +cp.
Hence, u (z,y) = Az +yvV1— )2 +ec.
(b) Hint: (f')°+(¢)* = f (2)+g (v) or (f)* = f(2) =g (v)—(¢)* = X
Hence, (f')° = f(z)+ A and "=Vgy) - A

u

Putting x = Asinf, we obtain

fx) =i sin™! (%) + 222 =22 4 ¢y,

u(z,y) = $A%sin™" (£) + ZVAZ — 22 — A2y + (c1 + ¢2).

(d) Hint: 22 (f)* = A2 and 1 — 12 (¢')> = \2.

Or, f(r)=Alnz+4+c; and g(y)=V1—-AIny+co.
27. (a) Hint: v =Inu  gives v, =1 -u,, and vy, = 1.4,

2 (22" 442 ()" = 1

Or, 2?v]+y’vl =1 gives 22 () +y?(g)? = 1.



28.

29.

30.

31.

2.8 Exercises
P @) = 1- 9 (¢) = X
Or, f(r)=Anz+4+c; and g(y)=+v1—-A2 (Iny)+co.
Thus, v (7,y) =Alnz++v1 -2 (Iny) +1Inc, (c; +co =Inc).
u(z,y) = ca yVI=>%,
(b) Hint: v = u? and v (z,y) = f (x) + g (y) may not work.

703

Try u =u(s), s = Az y,sothat u, = v’ (y)-(Ay) and wu, =o' (s)-(Az).

Consequently, 2)\% (L d“) =1.0r, Llduv_ % 1
u(

Hence, u (s) = c; exp (/\\/5>

Hint: v, = % L vy = 2 % This gives 2* (f )2 +y? (g’)2 =1.
Or, 2*(f)?=1-y%(¢9)" = X%
Or, z*(f)?=X2 and »2(¢)° =1- %

Hence, f(z) = —2 4 ¢ and g (y) = V1I— A2 Iny + c»
u(z,y)=(-2+vV1I-XIny+c

2

Hint: v, = %=, v, =22 %
) 2

Or, (ﬁ) zl—y—g(g’) = \2.

fr@)=Xzr, and g¢'(y)=vV1-Iy.

Or, f(z)=3224c, and g(y) =1°V1I—X +co.
v(m,y):%xz—i—%\/l—)\z+c:lnu.
u(x,y):cexp(%ﬁ—i—%\/l—)\z), c1+cy=1ne.
e = u(x,0) = ce%‘rz, which gives ¢ =1 and A = 2.

() Hint: { =z —y,n=y; wu(z,y)=e"f(z—y),

b)E=z,n=y—% ue=n+L2 u=en+ 1+ f(n).

U(x,y):w*%z““rf(y*%)-

(c) € =yexp (—a2), n =y, and e[ (§) =n, e[ (ye =) =y,
(d) 48 = 2 = e, {=ye’, n=y.

Thus, (1+wu) f (&) = % Or, (14+u) f(ye®) = y—l'

(¢) u(z,y) = avexp (Bz — §y).

)
+é:1 and v = f (z) + g (y).

x,y) = c1exp (%)
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6x+3ct?+5ct>
32. (a) v(z,t) = x + ct, u(z,t)z%
6x+3ct?+4ct®
(b) v(z,t) =x + ct, u(x,t)z%
33. (a) v (Qj’t) — em+at’ u— %eat = ¢, and

u—%eat:f(x—ut—kée“t—a%e“t).

Q=

)}

a a a

6x—3ct?+4ct®
(b) v=1a — ct, U(Jiat):W'

w(a,t) =1+t @ —ut)+ (2 +L - L)e + (L~

34. %:d—y:d—“ t+Inz=¢, and zu=cs. g(zu,t+1Inz)=0.

Or, u=Lih(t+Inz). wu(zt)=c'ln(ze),

Tz

where ¢ and h are arbitrary functions.

3.9 Exercises

11. Hint: Differentiate the first equation with respect to ¢ to obtain py +

podivu; = 0. Take gradient of the last equation to get Vp = — (po/c%) u.
We next combine these two equations to obtain p; = 2 V2p. Ap-
plication of V2 to p — pg = 3 (p — po) leads to VZp = ¢ V?p. Also
prt = ¢ pr = ¢4 Vip = 3 Vp.
Using u = V¢ in the first equation gives p; + poV2¢ = 0, and dif-
ferenting the last equation with respect to ¢ yields p; = — (po/c§) ¢us-
Combining these two equations produces the wave equation for ¢. Fi-
nally, we take gradient of the first and the last equations to obtain
Vi + poV?u=0and Vp = — (po/cg) u,; that leads to the wave equa-
tion for uy.

14. (a) Differentiate the first equation with respect to ¢t and the second
equation with respect to . Then eliminate V,; and V, to obtain the
desired telegraph equation.

. 2 2
() () Z=UV)=52V), &=k
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. 2
(i) 3@([ V):n%(I,V), n:%.
(i) (W +2k2 +/€2) (LV) = 2 (IV).

17. (a) The two-dimensional unsteady Euler equations are

du _ _19p dv _ _10p
dt p Ox’ dt p Oy’

d _ 9 _
where 7z = 5; +u-V = atJruaervay,anduf(u,v).

(b) For two-dimensional steady flow, the Euler equations are
Uy +V Uy = —%px, UVz +VVy = f%py.
Using j—i = ¢?, these equations become
Wity vty = ¢ (pa)p),  wvs+ 00y =~ (py/p).
Multiply the first equation by u and the second by v and add to obtain
u? Uy + uv (uy + vg) + v, = — (%) (upg + vpy).
Using the continuity equation (pu), + (pv), = 0, the right hand of this
equation becomes ¢? (u, + v, ). Hence is the desired equation.
(c) Using u = V¢ = (¢, ¢y), the result follows.
(d) Substitute p, and p, from 17(b) into the continuity equation
upy + vpy + p (uz + vy) = 0 to obtain
(02 — u2) Drz — 2UVPgy + (c - ) ¢yy = 0.
Also
du = Uy dz + uy dy = —Pppdr — duydy,
dv = vy dz + vy dy = —Qgydx — Pyydy.
Denoting D for the coefficient determinant of the above equations for
Daz, Doy and @y gives the solutions
bzz = _%’ bay = %, Pyy = %
D = 0 gives a quadratic equation for the slope of the characteristic C,
that is,
(02 = u2) (%)2 + 2uv (%) + (02 - 112) =0.

Thus, directions are real and distinct provided
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18.

20.

21.

Answers and Hints to Selected Exercises

quv? —4 (A —u?) (2 —v?) >0, or (u?+0?) >

b _ (2 ()

Dy =0gives — 2 = =) \qu

Substitute into the quadratic equation to obtain

(2 12) (42)" — 200 (32) + (2~ ?) = 0.
Note that when D; = Dy = D3 = D = 0, any one of the second order
¢ derivatives can be discontinuous.
(a) Hint: Use V x 2 = 22 ¥ x (u- Vu) u- Vw —wVu, where we have
used V-u=0and V-w = 0. Since V x V f = 0 for any scalar function
f, these lead to the vorticity equation in this simplified model.
(b) The rate of change of vorticity as we follow the fluid is given by the
term w - Vu.
(c)u=iu(z,y)+jv(x,y) and w = w (z,y) k and hence,
w-Vu=w(z,y) & [iu(z,y) +jv(z,y)] = 0. This gives the result.
We differentiate the first equation partially with respect to ¢ to find
E;; = ¢ curl H;. We then substitute H; from the second equation to ob-
tain By = —c? curl (curl E). Using the vector identity curl (curl E) =
grad (div E)—V2E with div E = 0 gives the desired equation. A similar
procedure shows that H satisfies the same equation.
When Hooke’s law is used to the rod of variable cross section, the
tension at point P is given by Tp = XA A (z) u,, where A is a constant. A
longitudinal vibration would displace each cross sectional element of the
rod along the z-axis of the rod. An element P(Q of length §z and mass
m = p A (x) ox will be displaced to P’'Q’ with length (0x + du) with the
same mass m. The acceleration of the element P'Q)’ is uy so that the
difference of the tensions at P’ and @’ must be equal to the product
muy. Hence, muy = Tor — Tpr = (% Tp/) oxr = % (MNA (2) ug) 0.

This gives the equation.
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4.6 Exercises
1. (a) « <0, hyperbolic;
ugy = 3 (5%")4 —3 (ﬁ) (ug —up),
x = 0, parabolic, the given equation is then in canonical form;
x > 0, elliptic and the canonical form is
Uaa +ugs = S ug + 5.
(b) y =0, parabolic; y # 0, elliptic, and hence,
Uaa +UGE = Uq + €.
(d) Parabolic everywhere and hence,
Upy = %ug + 17%65/’7.
(f) Elliptic everywhere for finite values of x and y, then
Uga T UGE = U — éua — %U5.
(g) Parabolic everywhere
o = ey s (€79) — ],
(h) B2 —4AC = y — 4x. Equation is hyperbolic if y > 4x, parabolic if
y = 4z and elliptic if y < 4x.
(i) y =0, parabolic; and y # 0, hyperbolic,

Ugy = 7(1"’5;1“7’) ug + uy + U

2. () u(z,y) = fy/z) +g(y/z)e?,
(ii) Hint: ¢ = ru and check the solution by substitution.
w(r,t) = (1/r) f(r+ct) + (1/r) g (r - ct);
(ili) A=4, B=12, C = 9. Hence, B> —4AC = 0. Parabolic at every
y _ 3

point in (z,y)-plane. ZT: =sory= %m—i—c = 2y—3x =1, { = 2y— 3z,

n = y. The canonical form is u,, —u =1 = u(&,n) = f(§) coshn +
g (&) sinhn—1. Or, u(z,y) = f (2y — 3z) coshy+g (2y — 3x) sinhy — 1.
(iv) Hyperbolic at all points in the (x,y)-plane. £ =y — 2z, n =y + «.

Thus, ug, +uy =& u(&n) =1 —1) + f(§)e s +g(6).
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u(@,y) =(@+y)(y—20 -1+ f(z+y)exp 2z —y) +g(y - 22)
(v) Hyperbolic. £ =y, 7 = y—3. fugy+uy = 0,u(&,n) = ¢ f (1)+9(€).
u(z,y) = 5 fuly —3z) + g (y).
(vijA=1,B=0,C =1, B2-4AC = —4 < 0. So, this equation
is elliptic. % = +i or % =4+i or {=xz+4+iy=c and
nN=T—1Y = Ca.
The general solution is u = ¢ (§) + ¢ (n) = ¢ (x + iy) + ¢ (x — iy).
(vii) u = ¢ (z + 2iy) + ¢ (z — 2iy).
(viii) B> — 4AC = 0. Equation is parabolic. The general solution is
given by (4.3.16), where A = (%) = —1 and hence, the general solution
becomes u = ¢ (y+ ) + y ¢ (y + x).
(xi) B2 —4AC = 25 > 0. Hyperbolic. The general solution is
w=0 (- 30) + (o~ be).
3. (a) = (y—2)+iv2z,n=(y—2) —iv2z, a=y—uz =2z
Una + Ugs = —2uaq — 2v2ug — 2u+ § exp (B/V2).
(b)E=y+a, n=y; upy=—3u
(©&=y—a n=y—42; ug =g (ue+uy) - gsin[(€—n)/3].
(d) E=y+iz,n=y—iz. Thus, a =y, B ==.
The given equation is already in canonical form.
e){=z,n=x—(y/2); ue = 18u¢+ 17Tu, —4.
f) ¢ =y+ (z/6), n=y; ug =6u—-6n°

g) £ =x, n=y; the given equation is already in canonical form.

(

(

(8)

(h) € =z, n=y; the given equation is already in canonical form.

(i) Hyperbolic in the (z,y) plane except the axesx =y = 0. £ = ay, n =
(y/z); y = Vén, x = \/E/n; %n:%(“r%\/?)un*iﬁ*ﬁ*%-
(j) Elliptic when y > 0; % = +i/y, a=2\y and B = —u;

Una + Ugs = @2ug. Parabolic when y = 0;  ugy + 2y, = 0.
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Hyperbolic when y < 0; ¢ =2 —2y/—-y, n=—2z—2/—y.
The canonical form is  ug, = & (€ +1)” (uy — ug).
(k) Parabolic, % = (xy)”'. Integrating gives 1y? =Inz+In¢, where

¢ is an integrating constant. Hence, = Lexp (332), n = .

Upy = x_4ey2u55 — 2z 2 exp (%92) Ugy + Upy + 227 % exp (%y2) ue;
ey = P exp () uge -+ g exp (397) ey — 7 exp (07) ue.
uyy = (y?x?) ey2u££+ (y°272) exp (59%) ue. Uy +(/0?) ug = 0.

(1) Elliptic if y > 0, & =2+ 2i\/y, n=x— 2i/y,
a=g5@E+n) =z B=5E-1=24  Uaa+uss= jup.
Hyperbolic y < 0, § = x + 2i/y, n = x — 2i\/y, & —n = 4i/y;
Ugy + % (%) = 0. The equations of the characteristic curves are
% = +iy/y that gives 2/y=+i(x—c), or y=F7(x — ),
where ¢ is an integrating constant. Two branches of parabolas with
positive or negative slopes.
- (Dulz,y) = f@+cey)tg(@—cy); (i) ul(z,y) = f(z+iy)+f (@ —iy);
(iii) Use z = = + iy. Hence, u (z,y) = (x —iy) f1 (x +iy) + f2 (v + iy)

+(z +iy) + f3 (z —iy) + fa (z — iy)

(iv) u(z,y) = f (y + z)+g (y + 22); (V) u(z,y) = f(y)+g(y — 2);
(vi) u(z,y) = (—y/128) (y —2) (y — 92) + f (y — 92) + g (y — @).

(i) wvey = —(1/16) v, (i) ve, = (84/625)v.

(ii) Use o = %y, B =—x3/2.

.x=rcosf, y=rsinb; r=+/22+y? O=tan"'(¥).
G gt e G =urfue (=)

= (2 ), = (2) + (2u ) ()
L=+ b G0 = (B — Huo+ E Gug) £

1 fé) 1 ! 1 9
+(Furot bun35) (<3) + (Buoo+ o 5) %
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2
_ =z 2zy y? v 2zy
= 73 Upr — 53 Ure + 73 Uge + 53 Ur + 3" Ug.

Similarly,
Uyy = i—iuwr (25) upp + & r4 ugg + ‘TQ 5 Uy — 25 .
Adding gives the result: V2 = gy + tyy = Uy + 2 up + Sugg = 0.
9. (c) Use Exercise 8.
10. (a) up = uely + Uyy = aug + cuy = (aa% —|—c%) u,
Uy = ey + UpNy = bue +du, = (b 2 —|—d6n>
Uzy = (Ug), = (aa% +ca%) (aa—g—&-ca—n)u
= (azugg + 2acugy, + czu,m).
gy = (), = (b5 +a2) (b +dg)u
= b2uge + 2bd ugy + d*uy,.
Ugy = (Uy), = (aa% + cé%) (b o 4 dan)
= abuge + (ad + bc) ugy + cd Uyy,.
Consequently,
0= Auzy + 2B uyy + Cuy,
= (Aa® 4+ 2Bab+ Cb?) uge+2[ac A + (ad + be) B + bd Cl ug,
+ (Ac® +2Bed + C d?) uyy,.
Choose arbitrary constants a, b, ¢ and d such that a = ¢ = 1 and such
that b and d are the two roots of the equation
CXN +2BA+ A =0, and

-B++VD
A= —F—

=b,d, D=DB?- AC.
Thus, the transformed equation with a = ¢ = 1 is given by
[A+ (b+d) B+ bdClug, =0.
Or,
(2) (AC - B?) ug, =0.
If B2 — AC > 0, the equation is hyperbolic, and the equation ugy = 0is

in the canonical form. The general solution of this canonical equation



11.

12.
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is u = ¢ (&) + v (n), where ¢ and ¢ are arbitrary functions and the
transformation becomes £ = x 4 by and n = = + dy, where b, d are real
and distinct.

If B2 — AC < 0, the equation is elliptic, and b and d are complex conju-
gate numbers (d = 5). With a = ¢ = 1, the transformation is given by
§=z+byandn=ax+by. Then v = 3 (£ +n) and 3 = - (£ — 1) can be
used to transform the equation into the canonical form uqq + ugg = 0.
If B2 — AC = 0, the equation is parabolic, here b = —g, a, ¢ and d are
arbitrary, but ¢ and d are not both zero. Choose a = ¢ =1, d = 0 so
that £ =z — gy and 7 = y are used to transform the equation into the
form w,,, = 0. The general solution is u = ¢ (§) +nv (1), where ¢ and ¢
are arbitrary functions, and b is the double root of CA\?> +2BA+ A = 0,
and £ = x + by.

Seek a trial solution u (z,y) = f(z +my) so that uz, = f", uyy =
m?f”. Substituting into the Laplace equation yields (m? + 1) f” = 0
which gives that either f” = 0 or m? + 1 = 0. Thus, m = +1. The
general solution is u (z,y) = F (z + iy) + G (x — iy). Identifying ¢ with

1 gives the d’Alembert solution

x+iy
u(z,y) = [f(z+iy>+f<x—z‘y)]+l./ 4 (a) da.

21 —iy

DN | =

(a) Hyperbolic. (¢,n) = 3 (y*/% +2/2), 3(6% —1?) uey = nuy — Euyy.

(b) Elliptic. g—g = tisech’s, ¢=y+itanhz, 1=y —itanhaz;
a=y, B=tanhz. Thus, uao+ugs = %u@

(d) Hyperbolic. £ =y +tanhz, n =y — tanhuz.

Ugy = [4 —(&- 17)2} - (n — &) (ug — uy) in the domain (n — €)? < 4.

(e) Parabolic. { =y — 3z, n =y;  upy = — % (ue + uy).

(f) Elliptic. o= % (y2 — x2), 8= %xQ. The canonical form is
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Uaa + ugp = 26 (a + 5)]_1 laua — (o +206) ugl.
(g) Elliptic. e« =sinz +y, [=, Uao +ugg = (sinf)u, —u.
(h) Parabolic. £ = z + cosy, n = y. Thus, u,, = (sin®7n cosn) ue.
13. The general solution is
wleg) =t [ et ooslatyer ) dat e (e ) 4 g o)

where f and g are arbitrary functions.

5.12 Exercises
L (a)u(z,t)=t, (b)u(z,t) =sinzcosct+ a?t + L3,
©
() u(w,t) =2t + 3 [log (1 + 22 + 2cat + *t?)

(z,t) = 23 + 32at? + xt, (d) u(w,t) = cosxcosct + (t/e),

S

+ log (1 + 2% — 2cat + 62t2)],
f) u(x,t) =2+ (1/c)sinzsinct.
a) u(xz,t) =3t + Lat?
) u(z,t) =5+ 2%t + 573 + (1/2c2) (et + e~ — 2¢7),
e) u(x,t) =sinzcosct + (e! — 1) (xt +z) —ztel,
) u(z,t) =a*+12 (14 c2) + (1/c) coszsinct.

0, 0<t<r—R

3. s(rt)=4 20t R<t<r+R

0, r+R<t<oo

4. u(z,t) = +sin(y +2) + 3sin(—y/3 +z) + y*/3 + zy.

5. u(z,t) = sinx cosat + xt, where a is a physical constant.

19. u(x,t) = f <y2—;rz—8) +g <y2_;2+16> - f(2).

22 u(z,t) =g (W‘) +f (WT”) —f(2).



28.

29.

30.

31
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The wave equation is

U — gy = q(x,t), =T/p.
Multiply the wave equation by u; and rewrite to obtain

4 (luf+1c*u2) —c 88 (ugug) = q (z,t) uy
Integrating this result gives the energy equation. In view of the fact
that us (0,t) = 0 = uy (I, ), the energy equation with no external forces
gives

4E = 0 = E (t) = constant.
This problem is identically the same as that of (5.5.1). In this case
f(x) =0=g(x), and U (t) = p(t). So the solution is given by (5.5.2)
and (5.5.3). Consequently,
U (t — %) ,  x<ct,

u(z,t) =
0, T > ct.

(a) When w # ck,

(w—kc)

u(x,t) = m sin (kx — wt) — 5o 07— czgzy Sin [k (z + ct)]

+% sin [k (z — ct)].

This solution represents three harmonic waves which propagate with
different amplitudes and with speeds -+ ¢ and the phase velocity (w/k).
(b) When w = ck,

u(z,t) = fsin(z—t) — tsin(z+1t)+ Ltcos(z —t).

This solution represents two harmonic waves with constant amplitude

and another harmonic wave whose amplitude grows linearly with time.

z+3t

(a) u(z,t) = L [cos (z — 3t) + cos (z + 3t)] + %/zf?;t sin (2a) dov
= cos x cos (3t) + & sin (2x) sin (6t).

(c) u(x,t) = cos(3x) cos (21t) + tx.

() u(w,t) = &% 4 27xt* 4 § [cos (z + 3t) — cos (z — 3t)]

+1 (2 + 3t) sin (z + 3t) — (¢ — 3t) sin (z — 31)].
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(f) u(z,t) = L [cos (z — 4t) + cos (z + 4t)]
+ie " [(z+1—4t) et — (z+1+4t)e ]
32. Verify that
u(z,t) = /tv (z,t;7)dr
0

satisfies the Cauchy problem.
¢ t
ut (z,t) = v (z,t;t) —|—/ ve (x, ;1) dr = / ve (x, t;7)dr
0 0
t t
ugt (z,t) = vt (2, ¢ t)+/ vee (x, 1) dT = p (2, t)+/ vy (T, 6 7) dT
0 0
¢
Ugy (T, 1) = / Vg (2,8 7) dT.
0
Thus,

t
U — CUgy = p(T,t) —|—/ (vtt c vm) dr =p(z,t).
0

t t
33. ut:’l}(l',t;t)-‘r/’l)t($7t;’7')d7'=p(.%',t)+/’Ut(l',t;T)dT
0 0

Upy = /tvm (z,t;7)dr.
Hence, '

Ut — KUz = p(x,t) + /t (vt — KVge)dT = p (2, 1).

34. According to the Duhamel principle ’

u(z,t) = /tv (z,t;7)dr
is the solution of the probfem where v (z,t; 7) satisfies

Vg = KUgq, 0<x<l, t>0,

v(0,6;7)=0=v(1,t;7),

v(x,7;7) = e Tsinmz, 0<z<1.
Using the separation of variables, the solution is given by
v(x,t) = X (z) T (t) so that

X"+ XX =0 and T’ +rXT =0.
The solution is

(x,t;7) Zan ®tsin A\,

when A\, = nm, n= 1,2,3,....



6.14 Exercises 715

Since v (xz,7;7) = 67 sin ez,

e Tsinmx = Zan ) exp (—n?m?kT) sin (mnz).

Equating the coefﬁc1ents gives

—T

e " =ay(r)exp (—7kT), an(1)=0,n=2,3,...

Consequently,
v(x,t;7) = exp [(71'2& - 1) T} exp (—772/€7f) sin x.

Thus,

t

u(z,t) = exp (—7T2/€t) sinmc/ exp [(772,‘{ - 1) T} dr

eft—exp(—ﬂ'sz) 0
(m2Kk—1)

= -sinmz.

36. (a) The solution is u (z,t) = 1 [e"®sin (2n%t 4+ na) + e "* sin (2n*t — nx)],
and u (x,t) — 0o as n — oo for certain values of x and t.
(b) uy (z,y) = L exp (—/n)sinnzsinhny is the solution. For y # 0,
Un (7,y) — 00 as n — o0. But (u,), (#,0) = exp (—y/n)sinnz — 0 as

n — oo.

6.14 Exercises

L (a) f(z2)=—-2+24 i {Ti? [1 + (—1)k+1} cos kx

k=1
L [h 4 (h+ ) (-1)’““} sin ij}
(c) f _s1nx+z 20077 gin ka
k=1
(e) f(x) = =mhm 11 4 Z 25;,?; (coskx — ksin kx)] .
k=1

(b) f(z) = Z (%) {1 —2(=1)" + cos ’“—“} sin k.
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() f(z) = i [2 (—nfHt 4 4 ((_1)k - 1)} sin kz.

k=1
o0
(c) f(x) = %2 + Z‘“;Pk cos kx
k=1
@ f@) =2+ > S[558 coskn,  k#3
k=1,2,4,...

k=2
) f(z) = ZH_]ZTQFWZ (*1)k+1 (6 — 671) sin (k7x).
k=1
5. (a) f@) = > L (355) (—1) sinh2r it
k=—o0
(b) f(z)= Z (1R sinh 7 e?k®
k=—o0
k(i kT
@) f(z)= Y (=D (&) e
k=—c
6. (a) f(z)=%+ Z [ﬁ {(—1)k - 1} cos kx + (_12)’:“ sinlm]
k=1
2 >0 2 z
7. (a) f(x) = % + 4(—1)k (H) cos (kT)
k=1
8. (a)sinw= Y AkD inka.
k=1,34,...
(b) cos?z = Z = (%) (1 — coskm) sin kx.
k=1,3,4,...

oo

d) sinxcosx = 2 (1=coskm ) oq kg,
T 4—k
k=1,34,...
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9. (a) % Z L™ cos k.
(c) / In (2cos %) dx = Z( 1)k+1 5122/61.
0 k=1

—x, —7T<x<0

w\=\

oo
42005 (2k— l)w o
™ 2k—1)2

k=1 r, O0<z<m.

10. (a) f(z,y) =18 i i (L) sinma sinny

m=1,3,... n=1,3,
o0
4 1 1
(¢) fx,y) =T +3 E §7T2( ) cosmx + = E 82 ) cosny
m=1 n=1
o0 o0 +
wB=n™t
+ E — 37— COS X COS NY.

m=1 n=1

oo
2 7n+1 .
E sinma siny.

m=1

oo o0
mmc nmy
E g mnsm sm (T)’

m=1 n=1

=

where

dmn / / xy sin (m7x) sin (n2 ) dz dy
sinmrz  zcosmmz]’ nmy
=2 o ysin (—) dy
0 mam mm 0 2

-2 [ (- 2 ()

() f (@)= (28) 30 3" (2m — 1) 20— 1] sin [ E220z]

. (2n—1)m
s [ntn]

(Double Fourier sine series).

) f(z,y) = (%) Z#sinﬂmx

m=1
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P23 S [ | sin (m) cos (73).

m=1n=1

(J) = % Z = 1)’"“ sin mx + Z 28( 12”;“ sin max cos ny.
m=1 m=1n=1
k) f(z,y) = % (%) lz = cosma + Z " cos ny]
m=1 n=1

oo oo
m+n
16 E E COS MT COS NY.
m=1n=1

20. (a) by, =0, bopi1 = W-
Jlo)=a(m—w) =5 (e + e 4 sgge ),

s

(b) Put x = § and x = 7§ to find the sum of the series.

21. (a) b, = %/ f(z)sinnzde = (725 ) sin (%) , n=0,1,2,....
0

bgn =0 and b2n+1 = %, n = O7 1,2, faae
(b) Put x = 7.

22. (a) f(z) = > bpsin (222),
n=1

by —(21/0asm(”2”“)dx—£r(1—cosmr)
A for odd n,
0, for even n.
f )~ 3 [sin (5F) + 5 sin (%3%) + 5 sin (33%) + . ]

f (@)~ fag+ Y ancos ("2), g =2,

= 2= ()" - 1)

S
3
Il
S
o\
&
o
o
3
—
3
:1
8
SN—
jsW
=2
I

=0, for even n, and for odd n.

— =
n2n2o
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23. (a) aozé/ rdr =0,

a
anp = %/ xcos("”) dx = [— sm(””) + 5 COS (””)}a

= 5 (cosnm — cos (—nm)) =0

a
by, :%/ msm("”)dw
0

= “Zcos (2I2) + £ sin ("”)‘_a

= Z% cosnm + =2 cos (—nm) = (—1)"T (22).

2 2
(c) ap :io (x)da::ﬁ/ de =1

2m

2
a, =1+ f(x)cosnaxdx:%/ cosnrzdr =0 for all n.
0 ™

2m 2m
b, =1 f (z)sinnx dx = / sin nx dx
0 T

3 =

0, niseven

-2 pis odd.

nm’

24. f(z)= (% + cosz)+ 2 (—1)(4;;75016)2711

n=1

26. Hint: An argument similar to that used in Section 6.5 can be employed
to prove this general Parseval relation. More precisely, use (6.5.10) for

(f 4+ g) to obtain
L G40 = Haotao? + 3 [ tan)? + (60

—T

Subtracting the later equality from the former gives

" F@)g (@) do = 920+ 3 (anan + bef).

k=1
27. (a) f(x) = %/ Lcosazsinaada, (b) f(z)= %/ Wc{a
0 0
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1 4 . 1 me—ik:{) a 1 ™ )
33. = —“@xd - il —zkxd
hTop ) re o QW[ —ik +z’k/_7re x]
_ i ﬂ.e—ikﬂ' N ﬂ.eikﬂ N e—ikﬂ
2w | —ik (—ik) k2
. (eik“ —|—e‘ik”) _icoskm (71),6 i
27 (—ik) -k k
1 s
co = o » rdr = 0.

35. (a) f(x) = Z et

k=—o00
1 . 1 T —ikx
cp = E(ak—zbk) =5 _Trf(x)e k2 g,
1 4 ) ]
- [ez(a—k)r +e—1(a+k)m:| dl‘,
A J_ .

= dmi (; —k) {ei(afk)z}; N W1+k) [eﬂ.(amz};

1
in(a—k
sin (a )7T-|—a

+ksm(a—|—k)7r]

_ L
C2m la—k
This is a real quantity and hence, by =0 for k=1, 2, 3, ..., and

2(=1)" asin (ra)

= , k=0,1,2,....
" m(a? — k?)
Thus,
(az) = 2a sin amw 1 cosT n cos2x
cos (ax) = - 52 12 Tqrr_oz )

Since cos ax is even, the above series is continuous, even at = +n.

(b) Putting 7 for « and treating a = x is a variable

; 2z 1 n 1 n 1 n
cotmr = — [ —
T \ 222 22 -12 g2 22

or,

. 1 27 1
cotmr — — = —— —.
T ™ (n? —22)
n=1
(c) Since the convergence is uniform in any interval of the z-axis that
does not contain any integers, term-by-term integration in 0 < a < x <
1, gives



36.
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* 1 sinx sina
7r/ (coswt—)dtzln( )—ln< >
a mt Ta

T
oo
e
n2 — g2
n=1

In the limit as a — 0, we find

or
oo
. z?
smmc:mcH 1—— .
n2
n=1

This is the product representation of sin wzx.

721

(d) Putting * = %, we obtain the Wallis formula for T as an infinite

27 2

product
T 22446068
2 lopn-1)@2n+1) 1 3 3 5 5 77

1 27 1 27
ap = f/ e’ coskx dx, b = 7/ e” sin kx dx.
0 ™ Jo

Evaluating these integrals gives

1 1 .
5 +Zl(k2+l)(coskx—ksmkx)] .

(b) In this case, f(—x) = —f(z) and f(x) is odd, and periodic of

period 2.
Hence, ax = 0, and by, is given by

) /2 ) T
b, = 7/ sinkx dxz — 7/ sinkx dx.
0 ™

s

™

2

Thus,
f(x) (s 2 +1 in 6 —I—l in 10z +
)= —|sin2x+ —sinbxr+ —sinl0zx+ ... |.
T 3 5

(¢) f (z) is periodic with period 1. Hence,
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1 1
ay = 2/ f(x) cos (2wkx) dx, b = 2/ f (z) sin (27kx) dz,
0 0

f(x)Nl_lZsin(Qﬂ'kx)’ e 4k,

f(x) =0 for all = k, and the corresponding infinite series does not
represent the value 0 of f (x) for x =0, +1, +2, .... Thus,

[ () + 7o) = 5

DN =

37. (a) This represents a square wave function.

! 1
de= | de=1
[ t@ae= [ar=t
!
/ f(x)cos (77];:33) dx
-1
!
:/ cos(m)dm:(), k # 0.
0 l
! 1
bkzi/lf(a:)sin(ﬂ;x)das:/o sin(ﬂ;aj>daj

0, kis even,

ag =

o~ = o~ =

ar =

Il
~/~

7le> (1 —cosmk) =

%C, k is odd.

Flo) =1 @) [Sin (?) +%sin (?”Tlx> +%sm <57Tlx) +}

21\ <= sin [(2k — 1) (Z2)]
*(w)E: -1

k=1

+

N~ N

At x =0, +nl, f is not continuous, all terms in the above series after
the first vanish and the sum is ({/2). The graphs of the partial sums

s (2) = % + (?) {sm (?) T ﬁsm{(?n— 1) (7)}]

can be drawn. These graphs show how the Fourier series converges at
the points of continuity of f (x), s, (z) — f (z) as n — oco. However,
at points of discontinuity at + = 0 and = +1, s, () does not con-
verge to the mean value. Just beyond the discontinuities at x = 0 and
x = +1, the partial sums, s, (z) overshoot the value |I|. This behavior
of the Fourier series at points of discontinuity is known as the Gibbs
phenomenon.
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2
(b) ap=1, ar= (ﬂkl>2 (coskm—1), bp=0, k=12
l 41 T 1 3rx
J@)=35- (ﬂ> {( T+ e (z)
1 5
+? COSs T —+ ...
l 41 & 1 T
=—-—\|—= cosq (2k—1) — ¢ .
2 (7r2>; (2k — 1) {( ) l }
I 41 & T
() f(z)=< <) ———cos |(2k—1) —].
2 2 Pt (2k —1)? { l }
d f(z)= —0 [ak cos (mkx) + by sin (rkx
2
=1
I 9 (71)1@ —#, k is even,
a0:§7 ap = 2I€2 ) bk:
i (& — =), kis odd.

38. (a) We have

1
s kx sin =
cos xbanx

Summing from k =1 to k = n gives

n

1 - 1 , 1 _
(51112:0);(3081@9: 5 Z {sm <k+2>xsm<

k=1

Dividing this result by sin a: and addlng
result.

(b) sp(x) = % + Z (ay cos kx + by sinkx)
k=1
(ay cos kx + by sin kx)

f(t) coskt dt] cos kx

—T

f(t)sinkt dt] sinkr = —

—T

Thus,

1 ™
-

17]. +1 o1
5 [sin|\n+g)e—singe

to both sides gives the

where

f(t)cosk (t — x) dt.
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1
% =9 | f( )dt and hence,
Sn (z) = % + Z (ay, cos kx + by sin kx)
k=1
1 ™
— t)dt k(t—x)dt
- f@®)dt+ — Z Ycosk (t — x)

1
2+;cosk;(t—x)] dt

-2/ sw

l/ﬂ JEe e Gl ) K Ch) PP

T J) _n 2sin § (t — x)

which is, from ¢t — x = ¢,
1 [m= sin (n—i—%)f
_ - —~  2/>4
77/77%1, flz+g) 2sin%£ d

since the integrand has a period of 27, we can replace the interval—7—z,
7 —x by any interval of length 27, that is, (—m, 7). This gives the result.

7.9 Exercises

1. (a) u(x,t) = Z (ni)s [1 - (=1)"] cos (nmct) sin (n7x).

(b) u(x,t) = 3cosctsinz.

2. (a) u(z,t) = Z % sin (nct) sin (nx).
n=1,3,4,..

Zan n sm ) where a,, = / f(z Sm ) dx, and
e~ /2 (coshat + £ sinhat), for o® >0
T, (t) = { e~at/2 (1+4), for a=0

e—at/2 (cos Bt+ ggsinpt), for a? <0,

1 1
a=t[-a(p+25)], p=1a(+2EE) -]

N—
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!
6. u(z,t)= ZanTn (t)sin (252, ap = %/ g (x) sin ¥ dz, and
0

—at /(a2 —
2e 12 sinh( (a a)t), for a? > a,

\/(a2—o¢) 2

T, (t) = te—at/2, for a?®=a,
2¢—9t/? (a—a?)
W= in ( 5 t) , for a" <«

7.0 (x,t) = Zan cos (aou,t) sin (apx + ¢p), where
n=1
a +h
an = m/ f(z)sin (anz + ¢p) da

and

¢n = tan! (%2 ); o, are the roots of the equation tan al = (ag}fh,} ) .

11. u(z,t) = v(x,t) + U (x), where

v(m,t)zz_: —(%)/OU(T)bln( ) dr

and

cos ("7;“"5) sin (T)

U(x):—%sinhx+%sinh(l+k_h)%+h_

12, u(z,t) = ZHa? (1 —2) + Z(W)S (—1)" cos (nmet) sin (n7z).

14. (a) u(z,t) = _W + (2u0 + ﬁ) z— 2 b o=km*tgin ()
+Zane_’“"2”2t sin (n7z),
n=2
where

= 288 (1 (1)) + 298 1 (—1)"] 2 [(—1)" — 1],
(b) Hint: v (z,t) = e u (x,1).

u(x,t) =e M [% ap + Zan cos (27%) exp (—n27r2kt/12)] , where

n=1

= %/lf(ﬁ)cos ("Tﬂf> dg.
>

n+1 1i| e—4n27r2t

15. (a) u (z,t) =

sin (n7x).
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n3m

16, u(w,t) = > 2 [1 = (—1)"] e~ (/0% cos (272).
n=1

18, (et = C(1=§) = G (1) =3(5) +2(5)]

oo
2 2 2
2012 E eI TIkt/IT L nwT
+(7r3k) n3 Sln( l )

k=1
21. u(z,t) =v(z,t) + w(x), where
o0
2
v(z,t) =e Fsinx + Zan e~" *sin (nx), and
n=1

an = gty [(—1) =08 — 1] + 24 [L {(~1)" — 1)]
+ L femam — 1)
w(z) =4 [l-—e @+ 2 (e —1)].
36. Hint: Suppose R is the rectangle 0 < x < a, 0 < y < b and OR is
its boundary positively oriented. Suppose that u; and wusy are solutions
of the problem, and put v = (u; — uz2). Then v satisfies the Laplace

equation with v = (z,0) =0 = v (2,b), v, (0,y) =0 = vy (a,y).

8.14 Exercises

1. (a) A\, =n?, ¢, () =sinnz for n =1,2,3,...
b) Ap = (20— 1) /2)%, én (z) = sin ((2n — 1) /2) 7z for n = 1,2,3,...
c) Ap =n?, ¢p (z) = cosnx for n =1,2,3, .. ..

2. (a) A\p =0, n?72, ¢, (v) = 1, sinnmwz, cosnmr for n =1,2,3,...
A =0, n% ¢, () =1, sinnz, cosnz for n =1,2,3,...
c) Ap =0, 4n?, ¢, (z) = 1, sin 2nx, cos 2nx for n = 1,2,3, . ...
3. (a) A\, = — (3/4—|— n27r2), bn (x) = e 2sinnmz, n=1,2,3,....
4. A =1+n%72 ¢, () = (1/x)sin (nrlnz), n =1,2,3,.. ..

=)

~ Y~ Y~ o~~~ o~ o~ o~ o~
& =3
= = ~

>
3
Il
IS
+
3
3
~
5
o

)2, 6 () = [1/ (z + 2)%] sin [(n/In3) In (2 + 2)],

S
I
-
\,M
el
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(€) =35 [1 + (2nm/ ln2)2}7
on (z) = [1/(1 +m)ﬂ sin[(nr/In2)In (1 +2)], n=1,2,3,....
5. (a) ¢ (x) = sin (\f)\ lnx), A>0.
(b) ¢ (z) = sin (ﬁx) x> 0.

7. f(x) ~ i% {(7172:71} COS NT.

—

n=1
xr, r<¢
11. (a) G (z,&) =
& x> &
12. (a) u(z) = —cosz + (=) sinw + 1,
(b) u(z) = —2cos 2z — 15 (H2502) 5in 2 + L.
(23¢/2) + (x€3/2) — (92£/5) + , for 0<x<¢

16. G (z,§) =

(23¢/2) + (x€3/2) — (92£/5) + &, for ¢<z <1

24. (a) Hint: Differentiate cot § = pTy/ with respect to z to find

1 1

do 1
—cosec? Ty (py") — 7 (py?) = — <)\7" +q+ 5 cot? 9) :

de 1 d 1
7z = (q+/\r)sin29—|—1;cos29, é = % <p_q_)\7~> sin 26.

(b)AtHzmr,%zianda‘cﬂz(n—&—%)w, 90 = (¢ + Ap).

9.10 Exercises

(c) u(r,0) = Zan sinh [(n7/In3) (§ — %)] sin [(n7/In3)Inr],
where "
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— 2 In3 n
Gn = In 3 sinh(nw2/21n 3) {n27rgi4r(11n3)2 [9 (_1) - 1]

— pdnmInd g (1) — 1] 4 33 ()" 1]}.

n272+4(In 3)2 nmw

9) — Zan (Tfn'n'/a _ b72n7r/a T,nﬂ'/oz) sin (n;r@)
+ b, sinh [% 0 — a)} sin [% (Inr — In a)} :
where e

ap =2 [Oz (a_””/a — b_Q”’T/O‘a"”/O‘)]il/ f(9)sin ("T’Te) do,
0

by = =2 [In (3)sinh o/ In (b/a)}]
_|_/ f(r)sin[(nw/In[b/a))In (ra)] %

12. u(r,0) = ZaJV(a) [/ f(0)sin (227) dr} Jy (1) sin (”7”9), v =nr/a.
n=1 0
13. u(r,0) = 3 (a® —1r?)
— _1 4\ o .
14. (a) wu(r,0) =—3 (r+ 2)sin6 + constant.
16. w (r,0) = ZW}‘”* ™ sin nd.
n=1
18. u(r,0) = B + Zr” (an cosnb + b, sinnd),
n=1
where
e 2m
an:(rﬁw f(6) cosnd db, n=20,1,2,...
0
. 27
bn:ﬁm f(9)81nn9d9, 71:1,2,3,....
0
20. u(r,0) =c— —sm29+ 5 (:%fz) 72 sin 20 + & (Ti :g) rirsr=2sin 26.
21. u(r,0) = Zan (r*"”/a — b’Q"’T/ar”“/o‘) sin (”29)

+Zb sinh [ b/a) 0 - )} sin [1 ) (Inr — lna)]



22.

23.

25.

27.

29.

32.
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(a) u(z,y) = (i[;)}(ﬁ% sinnrz sinh {n7 (y — 1)}
n=1
(¢) u(zy)= Zan (sinhnmz — tanh nw cosh nwz) sin ny, where
n=1

_ 1 2nms 1—(=1)"
An = fanhnr |:n27r4—4 + nm :
oo

(a) u(z,y) =c+ Zan (cosh nz — tanh nr sinh nz) cos ny, where
n=1

an =2[1—(=1)"] /(n®r tanhnr).
(¢) u(z,y) = - [coshy — tanh 7 sinh y] cosz + C.

u(z,y) =zy( ) + Z (n:( DY sin (nmzx) sinh (nwy).

sinh nm

u(z,y) =c+ (2%/2) (— y ) NI N ) L (22 cos ("2¥).

(nm)3 sinh nw
n—

u(x,y) =x[(z/2) — 7] +Zansm{(

n=1

) y} where

)x}cosh{(

an = 4 ; {f(:c)*h(l;*ﬂx)} sin [(2%1) 2] do
with

A= (%) sinh(2”2’1)7r+hcosh(2” 1) .

Hint: The solution is given by (9.5.3) and the boundary conditions re-
quire

sin? 0 = %ao + Z [(an + by) cosnb + (¢, + dy,) sinnb]

n=1

= 1by + Zn [(an 277! = b, 27" 1) cosnb

n=1

+ (Cn 2n=l —d, 2_"_1) sin nG].
Using sin® 0 = % (1 — cos 20), we equate coefficients to obtain
ap=1, bo=0; az+by=—3, 2ay— by =0;
an + b, =

n=1,34,5,....
2n—1 an _Q—n—l bn —
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¢, +d, =0
n=1,2,3,....
2nle, —27n1d, =0
Thus, ag = 1, by = 1, ap = —35, bo = —1%, and the remaining coeffi-
cients are zero; finally
u(r,0) = f—f( + )Cos29.

33. (a) Hint: Seek a separable solution u (r,z) = R (r) Z (z) so that
r?R"+rR —M*R=0,and Z” + \Z =0, with Z (0) =0 = Z (h).
The solution of this eigenvalue problem is

)\n:(”—;)2, Zn (2) = sin (22, n=12,3,....

The solution of the radial equation is

Ry (r) = ando ("7) + bu Ko (%),

where Iy and K are modified Bessel functions. Since Ky is unbounded

at r =0, all b, = 0. Thus,

u(r,z) = Zan Io (277) sin (22

n=1
f(z) Zanfo 2T sin (272
n=1
This is a Fourier sine series for f (z) and hence,
anIO / f(2)sin "”) dz.

h
(d) u(r,2z) = aIO (3”)8111(3“) /1o (37).

§ sinh z k, Jo(knr)
35. ( T Z _8 zk smhkn Jo(kn) ~

(b) u Z 2n-1) ((227; 11))] sin {3 (2n —1) z}.

(c) u(r,z) = Zanfo () sin (272, where

n=1
h
anlo (272) = %/o f(z)sin (%22) dz.
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10.13 Exercises

1.

2.

4.

11.

sinh[(w/b)?+(r/c)?] 3 (a—z)

ulr,y,z) = sin (Z¥) sin (Z2).

( Y ) SiIlh[(ﬂ'/b)zJ’_(ﬂ-/C)Q]%a ( b ) ( c )
sinh(\/iﬂ'z) cosh(\/iﬂ—z)

u(z,y,2) = oL ~ J3ntanhvan | COSTL COSTY.

(a) u(r,0,2) = Z Z (@mn c0SMO + by SINMO) Ty (@mnt/a)

m=0n=1
sinh amn (l—2)/a
sinh amnl/a
where
9 2m a
A, = f(r,0) Jm (qmnr/a) cosmbr dr df
a?men [Jmt1 (amn)]2 /0 /0
2 2m a
bnn = / / f(r,0) Jm (qmpnr/a) sinmb r dr df
@27 [Jmst1 (amn))> Jo  Jo
with
1, for m#0
En =
2, for m=0

7

and ., is the nth root of the equation J,, (amn) = 0.

u(r,0) = 3 + (2/3a?) r*P; (cos0).

oo
o ay sinh a, (1—2)/a _ 2qu
u(r,z) = E T oshenla Jo (anr/a), where a,, = FaZ Jo(an) and
n=1

v, is the root of Jy (a,) = 0 and k is the coefficient of heat conduction.

o0

_ 4, Io(2n+1)(wr/l)] sin(2n+1)7z/l
u(r,z) = =2 %Ig(2n+1g(7ra§l)% : ((2n+1) .
n=1
_ Ul —u2 2n+1 r\"
u(r,0) = up + (“1542) Z ( i) ) Po_1(0) (£)" P, (cos®).
n=1
o0 e}
u(r,0,¢) =C + Z Z " P (cos 0) [anm coS M@ + by, sin ng],
n=1m=0

where
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9 1 27
Upm = (@n + / / f(e " (cos B) cosmepsin 6 df dp

2nr ( ner

2 1 27
by = (2n + / / f( " (cos 0) sinmep sin 0 df dy

2nr ( ner

2 1 27
ano = n+ / / f(0,¢) P, (cosf)sinfdd de.

oo
12. u(x,y,t) = Z (-2) %%Eg] cos (\/(n2 + 1)71'(:25) (sin nrax sin nmy).

n=1,34,...

o0 o0
13. u(r,0,t) Z Z In (Qmnr/a) cos (Qmnct/a) [amn cos Nl + by, sin né)]
n=0m=1

—I—Z Z In (@1 /@) Sin (Qmnct/a) [emn co0s N + dpyp sin nb)],
m=1

where "
9 21 ra
Ay, = e @l /0 /0 f(r,0) Jp (qmnr/a) cosnb r drdd
9 21 ra
Do, = m /0 /0 f(r,0) Jp (ampnr/a) sinnd rdr df

9 27
Conm = 5 / / g (r,0) Jp, (tmnr/a) cosndrdrdf
Tacmnen [, (mn)]” Jo  Jo

dmn

2 27
r,0) Jp (Qmntr/a) sinndrdr do
s | [ a0 1@

in which @, is the root of the equation J,, (@) = 0 and

2 n=20
En = .
1 n#0
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15. w(r,0,t) = Z Z In (@mnT) €xp (—mnkt) [amn cos N8 + by, sin nd],

n=0m=1
where
2 2m 1
Gnm = 2 / / [ (r,0) Jy (qmnr) cosnlr dr db,
TER [J’I{L (amn)] 0 0
2 2m 1
bnm = 72/ / f (T, 9) Jn (amn'r) sinnf rdr d9,
™ [Jr/L (amn)] 0 0

where ay,,, is the root of the equation J, (my,) = 0 and

1 for n#0
En =

2 for n=0.

16. u(x,y, z,t) = sin 7z sin 7y sin 72 cos (\/gwct).

oo o oo

18. u(r, 0, z,t) ZZZJ (mnr/a) sin (mmz/1) cos (wct)

n=0m=1[=1
X [@nmi €08 N8 + by sin nd)]

oo 0 X0

Jrz Z ZJ" (Qmnr/a)sin (mmz/l) sin (wct)
n=0m=1[=1
X [enmi cosnb + dpm sinnb),

where

27
Apml = r,0,2) Jp (amnr/a
: wa2le, [J!) (qmn)] / / /f /9)

x sin (mmz/l) cosnfrdrdf dz,

2
bpmi = / / r,0,2) Qmnt/a
: wa?l [J! (omn)] f I /9)

X sin (mwz/l) sinnf rdr df dz,

A A TS EA T
Cnml = U,2)dn(OmnT/Q
: walle, [J) (amn)]2 o Jo Jo g

x sin (mmz/l) cosnf r drdf dz,
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4(4}71 a 2 l
dnml = 2 / / / g (Ta 67 Z) Jn (amn’r/a)
wa2l[J! (amn)]” Jo Jo Jo

x sin (mzz /1) sinn@ r dr df dz,

where a;,,, is the root of the equation J,, () = 0 and

1; for n#0

Nl=

w= [(mﬂ/l) + (@mn/a) } ) = 2; for n=0.

oo oo o0

20. u(r,0,z,t) ZZZ (@nmp cOSNO + by sin nh)

n=0m=1p=1
X Jp (Qmnr/a) sin (prz /1) e,

where

4 a 27 l
Anmp = ralen [T (amn)]2 /0 /0 /0 f(r0,2) Jy (mnr/a)

x sin (prz/l) cosn@ r dr df dz

4 a 27 l
bnmp: W/o /0 /Of(T,Q,Z)Jn (Ozmnr/a)

x sin (prz /1) sinn r dr df dz,

in which
1 for n#0
En = and w= (p'/T/l)Q + (O[mn/a)2
2 for n=0
23. u(z,y,t) = Z Zumn sin me sin ny,

m=1n=1

where
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4 (=)t cos (1 — apmpe) t — 1
o () = = e [P @) 5T )
4 o8 14+ ampe)t—1
2 (1 + amnc)
sin (1 — agppe)t  sin (1 4 ampe) t
mn t I
+cos (@mnct) { 2 (1 — amnc) 2(1 4 amnc)

and  auyn = (m2 + nz)%.

25wt = 33 A LR [ bl

n=1m=1

X sin nx (sin my — m cos my).

27. u(z,y,t) =z (x —7) (1 — £)sint + Z van (t) sin nx sin my, where

n=1lm=1

a2, = (m?*+n?) and

o (£) = 8 exp (—c?a?taZ,,) [1 — (—1)"] [CQ )

2
Ay — N
m2mn (1 + c*ad,,) n? (0 )

X {cost exp (*62042750472nn) - 1}
AR

o'}
1
no

b)) >

n=1,3

30. u(z,y,t) :( [ vn (@)

_ W} sin (nmy/b), where

.

ot (1) o (P2 (252 (2o (1)
() (57 eosh (7).
32. Hint: In region 1, < —a, the solution of the Schrédinger equation
%:“2% k2 =2 (V, - E),
is
U1 (z) = Ae™ + Be ™,

where A and B are constants. For boundedness of the solution as
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x — —o0, B =0, and hence, ¥ (z) = Ae"®.
In region 2, z > a, the solution of the Schrédinger equation is

Yo (x) = C e + De "%,

For boundedness as @ — oo, C' = 0. The solution is 99 () = D e **.
In region 3, —a < x < a, the potential is zero and hence, the equation
takes the simple form 1., + k21 = 0, where k? = (QE—AQ/[) E. The solu-
tion is 13 (x) = E'sinkx + F cos kx. For matching conditions at x = a,

2 (a) = 3 (a),

or, De % = Esinka+ F cos ak. (1)
Similarly, matching conditions at = —a gives ¢1 (—a) = ¥3 (—a),
or Ae " = —FEsinak + F cos ak. (2)

Further, matching the derivatives ¢’ (a), ¢’ (—a) gives ¥} (a) = 9% (a)
and 91 (—a) = ¢ (—a),
or —kDe™ " =k (E cosak — F'sinak), (3)
kAe " =k (F cosak — Fsin ak). (4)

Adding and subtracting (1) and (2) gives

2F cosak = (A+ D) e, 2FEsinak = — (A — D)e™ ",
Adding and subtracting (3) and (4) gives

2k Ecosak = —k (A — D)e™*, 2k Fsinak = k(A+ D)e .
Setting A — D = —A; and A+ D = As, the last two sets of equations

can be combined and rewritten as

2FEsinak — Aje= % =0
(5)
2k E cosak + kA1e % =0

and
2F cosak — Ase™ =10
2k Fsinak — kAge™* =0
The set (5) has nontrivial solutions for F and A; only if
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2sinak —e”
=0 which gives kcotak = —k.

—akK

2k cosak ke

Similarly, the set (6) has nontrivial solutions for F' and As only if
ktanak = k.
Note that it is impossible to satisfy both k cot ak = —x and ktanak = k
simultaneously. Hence, there are two classes of solutions, and solution
is possible in quantum mechanics only if the energy satisfies certain
conditions.
1. Odd solutions: kcotak = —k. In this case, F = Ay = 0. In terms
of dimensionless variables, £ = ak and 1 = ax with definitions of k£ and
K, it follows that
€4 =a? (B + %) = [ (Vo - B) + 3 B) = 250 (1)
This represents a circle. In terms of & and 7, we write k cot ak = —k as
ak cot ak = —ak, or £cot & = —. (8)
The simultaneous solutions of equations (7) and (8) can be determined
from graphs of these functions at their point of intersection. It turns out
that both £ and 7 assume the positive values in the first quadrant only.

2 . .
7> there is no solution. For

Clearly, in the range 0 < o = 2]\4}1# <

(g)2 <a< (37”)2, there is one solution. Thus, the existence of solu-
tions depends on the parameters, M, V) and the range of the potential.
A simultaneous solution determines the allowed energy for which the
quantum mechanical motion is described by an odd solution.

2. Even solutions: ktanak = k. In this case, £ = A; = 0, and (5)

still holds. We can write the above condition in terms of nondimensional

variables as
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Etang = . (9)
The simultaneous solutions of (7) and (9) can be found graphically as
before. It follows from the graphical representation that (7) and (9) in-
tersect once if 0 < o < 72 in the first quadrant. There are two points of
intersection if 72 < o < (2m)°. The number of intersections (solutions)
increases with the value of the parameter a. For each such allowed
value of the energy determined from the points of intersection, there is
an even solution in the present case.
Note also that, for both even and odd solutions, ¢ (x) is nonzero out-
side the finite square well so that there exists a nonzero probability for
finding the particle there. This result is different from what is expected
in classical mechanics. Finally, if Vj — oo, it is easy to see that the
intersections occur at £ = nm, (n + %) 7 which are in agreement with
the analysis of the infinite square well potential discussed in Example
10.10.1.
Hint: The boundary conditions at x = —a yields the matching condi-

tions

Aefika + Beika = (' e + Defanv
K

A —ika_B ika _
(& € <k

) (e D).

These results give the desired solution.
Similarly, matching conditions at = a gives the desired answer.

Combining the matching relations leads to the final matrix equation.
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11.11 Exercises

2m 2
p~—1)f(B)dB
3. u(p,0) = %/0 s

7. u(z,y) =—(3) Z% {sinh{”b” (a—x)}/ f (&) sinh "T’”Edg

n=1

+ smh / £ (&) sinh { I 5)} d€| .

ZZ R/ank n (Qnir/R) (Ang cosnb + By sinnf),
n=0 k=1

where

R p27
AOk = mA /0 T'f (T', 9) J() (Oé()k-r/R) dr df
R p27
A = m/o /o rf(r,0) Jy (ankr/R) cosnd dr df

27
B, = WR?+/ / rf (r,0) J, (angr/R) sinn dr do
0

Iy g (ank) 0
n=1,2,3,...;k=1,2,3,... and o, are the roots of J (anx) = 0.

ik|r—r'| eik‘,lp—r"

9. G(r,r')=¢

=T T T

where r = (f,n,C)y r = (3?7y,2’)7 and p= (57777 _C)

ik|r—r'| ik|p—7'|
10. G (r,r) = e|r—r’\ e|P—T’| )
14. G = 4“2/ @ a2+n27r2) sin (222) sin ( 5) sin oy sin am dev.

16. u(r,z) = %/ / m% (Br) Ji (Ba) cos Az dB dA.
0 0

17. u(r,0) = Ar2sin(6/2).

osinh ob

o0
7_;2 :M in (o mmz’
18. G=-2 - sm(a)sm e,

o =/(k2+ (n272) /a2), 0<z <z <a, 0<y <y<b.
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12.18 Exercises

L (a) F (k) = (T20) e ¥4, (b) F (k) = \/2 (rsy.
2. F, (k) = /(2/7) (sinka) /k. This function F, (k) is called the band

limited function.

5 @) Fa (k) = /KL (0) F() = g [ eomda = \[2 (see),

(c) \/ﬂ/ —ka — dm— \/ﬁ/ coskxdm
-5 (1 ) cos aka) do = 2o <1fm> 4 (sngkr)
Py T

o sin2(§ak)

m (%ak)2
(d) F (k) = /T 22k,
4 (a) F (k) = /(1/2)sin (5 + 3), () F(k) = /(172 cos (5 = 7).

6. Hint: I (a,b) :/ e="*” cos ba da.
0
I

%——LI:I—CeXp(

L
a
Since I (a,0)=C = / _axdm—i

7. ( / f@)6(x—t)dt= / [t %/ etk g

:ﬁ[ 1kxdk\/127/ooe—iktf(t)dt:ﬁ[meikxF(k)d

8. (b) Omit the factor \/% in the definition of convolution.

(a,b) = LT exp (—b?/4a?) .

[ * (g h) / f(x—€) (g+h)(€) de

:/_Oof<:c—s>d£/_oog(5—t>h(t>dt
-/ [/qu—@g(f—t)}h(t)dt (€—t=n)
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b U Flx—t—n)g(n)d ]h(t)dt

/fo (£ e =Rk =[] +0) 10

(&) F7HIF = G) (k)} = e [F (k) = G (k)] dk

=ﬁ/_meik’”dkﬁ/_mF(k—f)G(f)dﬁ
— 5 | @ik [ ri-gan
- [ ook /°° DT F () dy = f () g (1),
.(a)(f*m'(@:%[ o )06 de - / 9(€) d

:/:” f (@ — &) g(€)de = (f x g) ().

(¢) Apply the Fourier transform and then use the convolution theorem.

The use of the inverse Fourier transform proves the result.

@ [ wra@a= [ [ je-gad]a
SR U_wf(x—é“)dx] ¢
[ o[ snan]ae
- [ o [ sy

(f) Apply the definition of the Fourier transform without the factor
\/127 This means that ]—'{exp (—a;v )} = \/g exp <_E)'
FGiGy) (2)} = FA{G (2)} F{Gs (z)}
= exp (—k2/<; t) exp (—k2/<; s).
=exp [k (t + s) K].

The inverse Fourier transform gives the result.
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10. (b) L.ELS. :/mg(k) ik gl —L_ /Oo =k £ () dy
/ fy dyf/ —ik(y=2) g (k) dk

=/_ Gly—2)f (v)dy

(c) Putting z = 0 in the result of 10(b) gives the desired result.
(d) sinz % e=l*l = \/% /_Oo sin (x — &) e~?léldg

=_L1 - sin (z +n) 6_a"d77+/00 sin (z — ¢ @_afdg}
L [/ ( @9

_ 1 = i @

_ﬁ/o [sin (2 4 &) + sin (x — €)] e~ % dg
:ﬁ%inx/o cosée % dE = fsinx(ﬁ)-

(€) €™ % X[o00) (7) = \/%/0 e¥@=8) ¢ = % \6/1

2m

(f) Apply the Fourier transform to the left hand side to obtain

L fow (-2)) F {ew (-2))

_ 1 —ak? | —bk? _ _—(a+b)k?
= m\/2ae V2be =e

which can be inverted to find the result.
x+ct

1L u(waﬂ=%[f<w+ct)+f(x—ct>]+§/ g(r)dr.

xr—ct

™)

12. u (z,t) = \}R/OO [e—(z—£)2/4t _ e—(w+§)2/4i| £(6) de.
0
13. u(z,t) = %/‘X’ F (&) cos (c&2t) e 7 de.

14. u (z,t) = 177/;0@9 (g;g) (sm + cos 52 ) d¢.

oo .
15. u(z,t) = %/ sinel erellvag,

16. ¢ (z,t) = 4m/ e~ (=074t £ (&) de.



19.

21.

22.

24.

28.

29.

30.

31.

32.

33.

34.

35.

36.
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_ 2y o (12+72+y2)f('r)d'r
u(x’y) o 7r/0 [y2+(a;—7')2][y2+(z+7')2]

0 2 2
1 [2°+(y+7)°]
271'/0 g (T) IOg ([w2+(y—r)2]) dr.

uwy)=2 [ " gsing / € f () drde.

wlay) =2 [ netion [7f ()singr ar de

(a) (b — a2)71 (cosat — cosbt), (b) (b* — a2)71 (sinat _ sinbt)
(¢) (a—b)"" (et —ebt), (d)1—e % —ate™ 9,
(e) L (1—emat), (f) Lsinat — 2 (sinat *sinat).

u(x,t) = slf(ct+a) = f(ct—2)] for t>u/c
| sif@+et)+ f(z—ect)] for t<z/e

0, for t<uz/c
u(z,t) =

ft—=a/e), for z/e<t<(2—2x)/c
u(z,t) = fo+ (fi — fo)erfe (\/(33‘2/4,‘€t)).

u(z,t) =z — zerfc (x/VArt).
u(x,t) = 2/0 /0 erfc (z/+/4kE) dn d€.
u(z,t) = foe " [1— erfc (m/@)]
u(z,t) = foerfe (z/VAxt).

w(o.t) = {fot, for t<z/c

fox/e, for t>z/c.

Lf@+et)— f(ct—2)], t<az/c
u(x,t) =

Lf@+et)+ fla—ct)], t>uzfe
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3. V(z,t)=Vo (t—2)H (t — £).

(i)VZVoH(t—%), (ii)VZVOCOS{w(L‘—%)}H(t—%).
38. u(z,t) = Ut [(14—2@‘2) erfc (¢) — j—%e‘gz}, where (= 5

A1, V (z,t) = Vperfe (2%)

42. q(2,1) = Set [e—hlzerfc {C — [it (292 + w)]%}
+eMzerfc {c Vit (202 + w))? H
+hemiwt [e—merfc {cj — [it (202 — w)]%}
T+eMerfe {c + it (202 — w)]? H ,

(224w
)\1,22{( Vi )}
1
2

q(2,t) ~aexp (iwt — A12) + bexp (—iwt — A92), 619 = {M} .
13. ()2 t

45. f(t) = £(0) + m/o g (@) (t—2)* " dz.

46.  =a (0 —sind), y=a(l—cosb).

%) t %)
55. u(z,t) = Z sin nx/ e (=" q, (1) dr + an (0) sinnze "¢,
n=1 0 n=1

where

an (t) = %/0 g (x,t)sinnx dz, by (0) = %/0 f (x)sinnz dz.

57. u(x,t) 2275111{ x}// —(2n—1)2(t—7)/4
n=1

xsin{(n—1)&} g(&,7)dédr.

sinh 1/c /e
61. u(z,t) =% Lmhg g; E 1 %] sint
Z 1yt ﬁ sin n?ct sin nx,

in which /1/c is not an integer.
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f(z) = /Ooog (t)h(xt)dt, where h(x)= M1 {ﬁ}

14.11 Exercises

13.

16.

17.
18.

21.

22.
24.

(c) With h = 0.2, the initial values are u; o (ih,0) = sinx (ih).

u1,0 = sin0.27 = 0.5878, ug o = sin 0.47 = 0.9511.

Also, ug 9 = u3,0 and uj,0 = Ua,0-

In each time step, there are 4 internal mesh points. We have to solve
4 equations with 4 unknowns. However, the initial temperature distri-
bution is symmetric about x = 0.5, and v = 0 at the endpoints for all
time ¢t. We have u3 1 = ug1 and ug; = uj,; in the first time row and
similarly for the other time rows. This gives two equations with two
unknowns.

3. (b)y=sinz, (c)a®+(y—pB)°=

where 3 and r are constants.

()y==

x=a(f —sinb), y=a(l—cosb).
z1
Hint: I (y (x)) = 27r/ y(1+ y'Q)% dzx.
zo
T = cit + cg, y = c¢1 cosht = ¢ cosh (‘T;C?).

(A surface generated by rotation of a catenary is called a catenoid).
(a) Viu=0  (Biharmonic equation)

(b) uy — a®V2u+ f2u=0  (Klein-Gordon equation)

(€) ¢t + ady + Bdyze =0, (¢ =u,)  (KdAV equation)

(d) ugt + PUgpre =0 (Elastic beam equation)

() &L (pu/)+ (r+As)u=0  (Sturm-Liouville equation).

vazw +(E—-V)y=0  (Schrédinger equation).

Ut — gy = F (x,t), where 2 =T%/p.
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29.

30.

31
32.

33.

34.

35.

36.
37.

40.

42.

Answers and Hints to Selected Exercises

Hint: y, = 2 (1 — z) Za,»x’”*l. Find the solution for n =1 and n = 2.

r=1
n=1: a1:15—8, vy =arx (1 —x).
n=2: alz%, a2:£7 yo =2 (1 — ) (a1 + agx).

Hint: u; (z,y) = a12y.
T) =22 (0 + 1)@+ (@ - 0], o= (552%),
Hint: us=z(1—2)(1—y) +z (1 —2)y (1 —y) (a2 + asy).

Hint: ug =z (2 — = — 2y) + a2 2y (2 — . — 2y).

N N
Hint: ¥y = Z Amn ¢mn = Z Amn COS (wg{;r) cos (%)
m,n=1 m,n=1

Hint: ¢, = cos [(2n — 1) 3Z].

Hint: I (u / / V2 —) u} dx dy = min, and
u, = (2 —a2) (y2 —a)Q(al—l—aga:Q—i—agy?’—i—...).
Hint: ¥ = (0> — y?) U ().

(a) Introduce two functions ¢ and + and two parameters « and 3 such

that U = u+ a¢ (x) andV:v—I—ﬁzb(x).Then%anndg—ézo.

(a) uy —ugy' = %

—AZ%(yq—
(b) y? = L5l (d) 2" — 3y + 3ay® = 0.
Seek an approximate solution

Up (x,y) = (a2 — x2) (b2 - yz) (a1 +asx?+asy?+... + anxz’"yQS) .
Forn=1, f=2

0= [l =1y 2 02 =) (= ) oty
a b
B 2/_a/—b [1—a1(a® —2?) —a1 (b° —9?)] (a® — 2?) (0* — y?) dw dy

= 220203 — 128 (4p)° (a2 + %) ay, ap =2 (a* + b2)_1

(U.Q—I2)(b2—’y2) .

@+5)

and uy :%



43.
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The torsional moment
M= 2G0/a /b wdzdy = () (G0) (555)
where G is the shear;goalilus and 6 is the angle of twist per unit length.
When a = b, M = (%) Gfa* ~ 0.1388 (2a)" G6. The tangential stresses

are

e =GO (G8), =GO (%),
(b) The exact solution is

a2 = cosh{(2n—1)F% t sinq (2n—1) =%
uey) =alo-v) - 2y R

n=1
[eS)

M =2G6 l“gb— 32“4Z;tanh{(2n—1)g—3 ] .

5 ‘ (2n—1)°
For a = b, M = 0.1406 (2a)" Go.
This problem deals with the expansion of a rectangular plate under
tensile forces. Make the boundary conditions homogeneous. Integrating
the boundary conditions gives
Uy = %cy2 (1 — %) .
Set u = ug-+u so that V4 = (%) and the boundary conditions become
Ugy =0=1y, for x=-+a, Upy =0 =1y, for y=+0>.
These boundary conditions hold if
u=0, Uy =0 for z=+a,
u=0, iy, =0 for y=+40b.
By the Rayleigh—Ritz method
// (V4un—f)¢kdxdy:0, k=1,2,...,n,
where the nthlzpproximate solution u,, (z,y) has the form
un (x,y) = (332 - a2)2 (y2 — b2)2 (a1 + asx® + asy® + .. ) .
For n =1,

a b
0= / / [24(11 (y2 — b2)2 + 16a; (S:E2 — a2) (3y2 — b2)
—aJ —b

+24a,q (a:2 — a2)2 — (%)} (12 — a2)2 (y2 — b2)2 dx dy,
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or

When a = b, a; = (0.04325) 5.
w ~ug + i = sey? (1- 8 ) +(0.04325) (ca®)
2 2
X (332 — a2) (y2 — b2) .

dF _ 9F | OF du  OF  du’ _ 9F 19F 1 9F
44. %_ax—i_@u dw+[‘)u’ 8$+u8u+u ou’

de
d OF\ _ ,/d (OF oF

dx (u/ au’) - u/% (8u’) + du’ .
Subtracting the latter from the former with (14.6.12) we obtain

@ (F—u'gp) = 5+ [50 — & (50)] = &5

b
45. H:I—)\J:/F(Jc,y,y')dw
a

b
- / [0 (@) ¥ - q(2) 4 — Ar (2) 4] de.

The extremum of H leads to the Euler-Lagrange equation
d (6F) _aF _
dr \ Oy’ oy —

This leads to the answer.

46. (a) For simplicity, we assume that [ is an integer and partition the
interval into [ equal subintervals. Each of the [ — 1 = n interior vertices

has the trial function v; (x) defined by

l—j+z forj—1<z <y,
vi (@) =S 14+j—z forj<z<j+1,

0 otherwise.

vj (x) is continuous and piecewise linear with v; (j) =1 and v; (k) =0

for all integers k # j.



Appendix: Some Special Functions and Their
Properties

“One of the properties inherent in mathematics is that any real progress is
accompanied by the discovery and development of new methods and sim-
plifications of previous procedures ... The unified character of mathematics
lies in its very nature; indeed, mathematics is the foundation of all exact
natural sciences.”

David Hilbert

This appendix is a short introduction to some special functions used in
the book. These functions include gamma, beta, error, and Airy functions
and their main properties. Also included are Hermite and Webber—Hermite
functions and their properties. Our discussion is brief since we assume that
the reader is already familiar with this material. For more details, the reader
is referred to appropriate books listed in the bibliography.

A-1 Gamma, Beta, Error, and Airy Functions

The Gamma function (also called the factorial function) is defined by a
definite integral in which a variable appears as a parameter

I (z) :/0 e 't""tdt, x>0. (A-1.1)

In view of the fact that the integral (A-1.1) is uniformly convergent for all
x in [a,b] where 0 < a < b < oo, I' () is a continuous function for all z > 0.

Integrating (A-1.1) by parts, we obtain the fundamental property of
I'(x)
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I'(z)= [—e_ttr_l}go +(x—1) /00 e 2 dt
=(xz-1)I(x—-1), for O:Efl > 0.
Then we replace z by x 4+ 1 to obtain the fundamental result
Fz+1)=z1I(x). (A-1.2)

In particular, when x = n is a positive integer, we make repeated use of
(A-1.2) to obtain

I'n+1l)=nI'(n)=n(n—-1)Inh-1)=
=nn—-1)(Mn-2)---3-2-171(1) =nl, (A-1.3)

where I' (1) =
We put ¢t = u? in (A-1.1) to obtain

I'(z) = 2/0 exp (—u?) v** 'du, x> 0. (A-1.4)

Letting x = %, we find

F<;)2/ exp (—u?) du = 2= = V7. (A-1.5)
0
Using (A-1.2), we deduce
3\ 1 _[1\ &
Similarly, we can obtain the values of I' (3), I' (%),...,T" (3%t2).

The gamma function can also be defined for negative values of x by
rewriting (A-1.2) as

r) = w r#0,-1,-2,... (A-1.7)
For example
r (—é) = F_(g) ——2r (;) = —2/7, (A-1.8)
3 r-% 4
r (2> = (—§2> = g\/%. (A-1.9)

We differentiate (A-1.1) with respect to  to obtain
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I'(x)

15
10
5
IU 1 1 1 1 X
—4 2 0 2 4
- —5
-—10
- —15
Figure A-1.1 The gamma function.
d , [T d
r@-rw- [ Lo
oo d —t
= / o [exp (zlogt)] —dt
0
= / t* (logt) e tdt. (A-1.10)
0
At x =1, this gives
I'a) = / e tlogtdt = —, (A-1.11)

0

where v is called the Euler constant and has the value 0.5772.

The graph of the gamma function is shown in Figure A-1.1.

Several useful properties of the gamma function are recorded below
without proof for reference.

Legendre Duplication Formula

2221 (x)T <:r + ;) =rIl(22), (A-1.12)
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In particular, when x =n(n =0,1,2,...)

1 V7 (2n)!
The following properties also hold for I" (z):
I'(x) ' (1 —2) =mcosecmx, xis a noninteger, (A-1.14)
I'(z) = pz/ exp (—pt) t“ " tdt, (A-1.15)
0
I'(z)= / exp (xt — €') dt. (A-1.16)

I'(x+1) ~V2mexp(—x) avts for large =, (A-1.17)
n! ~ v2m exp (—n) 22 for large n. (A-1.18)

The incomplete gamma function, v (x,a), is defined by the integral

v(a,x) = / e "t dt, a>0. (A-1.19)
0

The complementary incomplete gamma function, I' (a, ), is defined by the
integral

I'(a,x) = / et ldt, a>0. (A-1.20)
Thus, it follows that

v(a,z)+ I (a,x2) =TI (a). (A-1.21)

The beta function, denoted by B (x,y) is defined by the integral
t
B(z,y) :/ FL =0 d, 2>0, y>0.  (A-1.22)
0

The beta function B (z,y) is symmetric with respect to its arguments
z and y, that is,

B (z,y) = B(y,z). (A-1.23)

This follows from (A-1.22) by the change of variable 1 — t = u, that is,

1
B (z,y) :/0 W (1 —u)" du= B(y,z).

If we make the change of variable t = u /(1 +u) in (A-1.22), we obtain
another integral representation of the beta function
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B(x,y) = / W (14 u) T gy = / w1+ u) " gy,
0 0
(A-1.24)
Putting t = cos? § in (A-1.22), we derive

/2
B(z,y) = 2/ cos®* ™1 0 sin® ' 9 dg. (A-1.25)
0

Several important results are recorded below without proof for ready
reference.

B(,1)=1, B (; ;) o (A-1.26)
B(z,y) = (zi;iJ Bz —1.y), (A-1.27)
B(z,y) = Iw (A-1.28)
B(lgx,1;x>:7rsec(7;c)7 O<z<1.  (A-1.29)

The error function, erf (z) is defined by the integral
erf (z) = 2 /I exp (—t?) dt, —oo <z < oo. (A-1.30)
VT Jo

Clearly, it follows from (A-1.30) that

erf (—z) = —erf (), (A-1.31)
% [erf (z)] = % exp (—2?), (A-1.32)
erf(0) =0, erf(o0) =1. (A-1.33)

The complementary error function, erfc (x) is defined by the integral

2 o0
erfc (z) = NG /Z exp (—t) dt. (A-1.34)
Clearly, it follows that
erfc () =1 —erf(z), (A-1.35)
erfc (0) =1, erfc(o0) =0, (A-1.36)
erfc () ~ \1/7? exp (—z®) for large . (A-1.37)

The graphs of erf (x) and erfc (z) are shown in Figure A-1.2.
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J ——— erf(¥)
______ - 2r ———— erfc(x)
-
N
N\
SRR WS
LI\
\\
1 1 1 |~ 1 1
S - T 2 3
oty

Figure A-1.2 The error function and the complementary error function.

Closely associated with the error function are the Fresnel integrals,
which are defined by

C(x)/owcos (”j) dt  and S(a:)/ozsin (”;2) dt. (A-1.38)

These integrals arise in diffraction problems in optics, in water waves, in
elasticity, and elsewhere.
Clearly, it follows from (A-1.38) that

C(0)=0=S(0) (A-1.39)
C (o) = S (00) = g (A-1.40)

%c(x) — cos (”;”2> , %S(w) — sin (7“2”2> . (A-141)

It also follows from (A-1.38) that C (z) has extrema at the points where
2= 2n+1),n=0,1,2,3,..., and S (z) has extrema at the points where
2?2 = 2n, n = 1,2,3,.... The largest maxima occur first and are C (1) =
0.7799 and S (V2) = 0.7139. We also infer that both C (z) and S (z) are
oscillatory about the line y = 0.5. The graphs of C (z) and S (x) for non-
negative real x are shown in Figure A-1.3.

The Airy differential equation

d?y

oz = 0 (A-1.42)

has solutions y; = Ai (z) and yo = Bi (z) which are called Airy functions.
Using the transformation y (x) = x® f (mﬁ), where o and 3 are constants,
the Airy functions can be expressed in term of Bessel functions. Differenti-
ating y () with respect to x gives
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— S
e CW)

Figure A-1.3 The Fresnel integrals C (z) and S ().

xa—lf + 6ma+6—1f/’

=«
—a(a—1)2""2f + (208 + 52 — B) 2 H072f/ 4 B2 t2B-2

Substituting y and y” into the Airy equation (A-1.42) gives
Fraet2 M 4 (208 4 B2 — B) 2 TP 4 g2 [a(a—1) —2®] f=0.
Multiplying this equation by (xQ_D‘ﬁ_2) yields
2P+ 20+ B-1) 72 f + 72 [a(a—1) — 2% f = 0. (A-1.43)

Considering the coefficient of f, we require that =3 be proportional to

2% so that 3 = 3/2. The coefficient of f’ gives o = % Hence, y (z) =
z2f (z3/2). Consequently, equation (A-1.43) becomes
2 >
PB4 A2 KS x3/2> _ 9] —0. (A-1.44)

This equation admits solutions in terms of Bessel functions K /5 (§) and
I, /3 (€) where € = 223/2. The general solution of the Airy equation in terms
of Bessel functions is given by

y(x) = Vo [AK 3 (€) + Bls (€)] . (A-1.45)

In fact, the Airy functions can be expressed as

™

Ai) = 1[5 K ), (A-1.46)
Bi(e) = /5 (13 O+ L5 €)]. (A-147)
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The Airy equation (A-1.42) can also be solved by the method of Laplace,
that is, by seeking a solution in integral form

y(z) = /Ce“u (2)dz, (A-1.48)

where the path of integration C' is chosen such that w vanishes on the
boundary. It follows that u satisfies the first-order differential equation

d
d—erzQu:O.

The solution of this equation can be obtained in an integral form except
for a normalization factor as

y(z) = ! /m exp (mz - ;23> dz = Ai (), (A-1.49)

21t oo

or, equivalently,

, 1 [ , 1, 1 [ 1,
Ai(x) = Py exp |i | xzz+ 37 dz = = cos [ xz + 37 dz.
—o0

(A-1.50)
More generally,
: 1 [ : 2
Ai(ax) = el exp [z (xz + 3@3)] dz
L[ 08 + i d (A-1.51)
= a )y cos (zz+ g3 ) dz. .

The graph of y = Ai (z) is shown in Figure A-1.4.
Finally, the method of power series can be used to solve the Airy equa-
tion to obtain the solution as

y(x) = ao

i .1337’
1+; (3n) (3n —1) (3n — 3) (3n4)...3.2]
x3n+1

o H; (3n+1)(3n) (3n —2) (3n — 3)...4.3

, (A-1.52)

where ag and a; are constants.
The series solution (A-1.52) converges for all z rapidly due to the rapid
decay of the coefficients as n — oo.
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Figure A-1.4 Graph of the Airy function.

A-2 Hermite Polynomials and Weber—Hermite
Functions

The Hermite polynomials H,, (z) are defined by the Rodrigues formula

dTL

H, (2) = (1) exp (22) =

[exp (—2?)], (A-2.1)

where n =0,1,2,3,....
The first seven Hermite polynomials are

The generating function of H, () is
o0 tn
exp (2zt — %) = Z ] H, (x). (A-2.2)
n=0
It follows from (A-2.2) that H, () satisfies the parity relation
H, (—z)=(-1)"H, (z). (A-2.3)

Also, it follows from (A-2.2) that
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Hapi1 (0) =0, Hap (0) = (—1)" % (A-2.4)

The recurrence relations for Hermite polynomials are

Hyy1(z) =22 Hy(x)+2nH,_1 (z) =
H,, (z)

0, (A-2.5)
2x Hp—1 (). (A-2.6)

The Hermite polynomials, y = H,, (z), are solutions of the Hermite differ-
ential equation

y' —2xy +2ny = 0. (A-2.7)

The orthogonal property of Hermite polynomials is
/00 exp (—2?) Hy, (2) Hy, (2) dz = 2"nI/T §pn. (A-2.8)
With repeated use of integration by parts, it follows from (A-2.1) that
/00 exp (—2°) Hy () 2™dz =0, m=0,1,...,(n—1), (A-2.9)

/OO exp (—2°) Hy, (z) 2" dz = /7 nl. (A-2.10)

—00

The Weber—Hermite or, simply the Hermite function

2
y = hy (z) = exp <—”;) H, (z) (A-2.11)
satisfies the differential equation
Ry (z) + (A — 22) hy, (2) = 0, (A-2.12)

where A = 2n + 1. If A # 2n + 1, then h, (z) is not finite as |z| — oo.
The Hermite functions {h, (z)}  are an orthogonal basis for L? (R)
with weight function one. They satisfy the following relations:

hl () = —x hy () + 2nhy—y (), (A-2.13)
Rl () =z hy () — by (2), (A-2.14)
R (x) — 22 hy, (x) + (20 + 1) by, (x) = 0. (A-2.15)

The normalized Weber—Hermite functions are given by

Y (z) = (2}::1'(?/)7?) exp (_a;) H, (x). (A-2.16)

The functions {, ()} form a orthornormal set in (—oo, 00), that is,
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‘/j:’wm(x)ﬂ%(x)dxzzémn.
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(A-2.17)

Physically, they represent quantum mechanical oscillator wave functions.
Some graphs of these functions are shown in Figure A-2.1.
The Fourier transform of h,, (z) is (—i)" hy, (z), that is,

Fihn (2)} = (=0)" hn (2). (A-2.18)
3 A
0.8‘— Yo(x) o8k P(x)
04f 04
-2
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Figure A-2.1 The normalized Weber—Hermite functions.



Bibliography

The following bibliography is not, by any means, a complete one for the
subject. For the most part, it consists of books and papers to which reference
is made in text. Many other selected books and papers related to material
in this book have been included so that they may serve to stimulate new
interest in future advanced study and research.

Ablowitz, M.J. and Segur, H., Solitons and Inverse Scattering Trans-
form, STAM, Philadelphia (1981).

Arnold, V.I., Ordinary Differential Equations, Springer-Verlag, New
York (1992).

Bateman, H., Partial Differential Equations of Mathematical
Physics, Cambridge University Press, Cambridge (1959).

Becker, A.A., The Boundary Element Method in Engineering, Mc-
Graw Hill, New York (1992).

Benjamin, T.B., Bona, J.L., and Mahony, J.J., Model equations for
long waves in nonlinear dispersive systems, Phil. Trans. Roy. Soc.
A272 (1972) 47-78.

Berg, P. and McGregor, J., Elementary Partial Differential FEqua-
tions, Holden-Day, New York (1966).

Birkhoff, G. and Rota, G-C., Ordinary Differential Equations
(Fourth Edition), John Wiley and Sons, New York (1989).

Boas, M.L., Mathematical Methods in the Physical Sciences, John
Wiley, New York (1966).

Broman, A., Introduction to Partial Differential Equations: from
Fourier Series to Boundary-Value Problems, Addison-Wesley, Read-
ing, Massachusetts (1970).

Brown, J.W. and Churchill, R.V., Fourier Series and Boundary
Value Problems (Fifth Edition), McGraw-Hill, New York (1993).
Burgers, J.M., A mathematical model illustrating the theory of tur-
bulence, Adv. Appl. Mech. 1 (1948) 171-191.

Byerly, W.E., Fourier Series, Dover Publications, New York (1959).
Carleson, L., On the convergence and growth of partial sums of
Fourier Series, Acta Mathematica, 116 (1966) 135-157.

Carslaw, H.S., Introduction to the Theory of Fourier Series and In-
tegrals, Dover Publications, New York (1950).



Bibliography

Carslaw, H.S. and Jaeger, J.C., Operational Methods in Applied
Mathematics, Oxford University Press, London (1949).

Carslaw, H.S. and Jaeger, J.C., Conduction of Heat in Solids (Second
Edition), Oxford University Press, Oxford (1986).

Cartan, E., Lecons sur les invariants intégraur, Hermann, Paris
(1922).

Churchill, R.V.; Operational Mathematics (Third Edition), McGraw-
Hill, New York (1972).

Clough, R.W., The finite element method after twenty five years; A
personal view, Computer Structures 12 (1980) 361-370.
Coddington, E.A. and Levinson, N., Theory of Ordinary Differential
Equations, McGraw-Hill, New York (1955).

Cole, R., Theory of Ordinary Differential Equation, Appleton-
Century-Crofts (1968).

Copson, E.T., Asymptotic Expansions, Cambridge University Press,
Cambridge (1965).

Coulson, C.A. and Jeffrey, A., Waves: A Mathematical Approach to
Common Types of Wave Motion (Second Edition), Longman, Lon-
don (1977).

Courant, R., Variational methods for the solutions of problems of
equilibrium and vibrations, Bull. Amer. Math. Soc. 49 (1943) 10—
30.

Courant, R. and Hilbert, D., Methods of Mathematical Physics, Vol-
ume 1 (1953), Volume 2 (1962), Interscience, New York.

Courant, R., Friedrichs, K., and Lewy, H., Uber die partiellen dif-
ferenzengleichungen de mathematischen Physik, Mathematische An-
nalen 100 (1928) 32-74.

Crank, J., Mathematics of Diffusion (Second Edition), Clarendon
Press, Oxford (1975).

Crank, J. and Nicholson, P.; A practical method for numerical eval-
uation of solutions of partial differential equations of the heat con-
duction type, Proc. Camb. Phil. Soc. 43 (1947) 50-67.

Davis, H.F., Fourier Series and Orthogonal Functions, Allyn and
Bacon, New York (1963).

Debnath, L., On asymptotic treatment of the transient development
of surface waves, Appl. Sci. Res. 21 (1969) 24-36.

Debnath, L., Unsteady axisymmetric capillary-gravity waves in a
viscous liquid, Indian J. Pure and Appl. Math. 14 (1983) 540-553.
Debnath, L., Nonlinear Waves, Cambridge University Press, Cam-
bridge, England (1983).

Debnath, L., Solitons and the inverse scattering transforms, Bull.
Cal. Math. Soc. 84 (1992) 475-504.

Debnath, L., Nonlinear Water Waves, Academic Press, Boston
(1994).



Bibliography 763

Debnath, L., Integral Transforms and Their Applications, CRC
Press, Boca Raton, Florida (1995).

Debnath, L., Some nonlinear evolution equations in water waves, J.
Math. Anal. Appl. 251 (2000) 488-503.

Debnath, L., Nonlinear dynamics of water waves and breaking phe-
nomena, Proc. Indian Nat. Sci. Acad. Special Volume (2002) 683
753.

Debnath, L., Fractional integral and fractional partial differential
equation in fluid mechanics, Fractional Calculus Appl. Analysis 6
(2003) 119-155.

Debnath, L., Recent applications of fractional calculus to science and
engineering, Internat. J. Math. & Math. Sci. 2003, No. 54 (2003)
3413-3442.

Debnath, L., Nonlinear Partial Differential Equations for Scientists
and Engineers (Second Edition), Birkhauser Verlag, Boston (2005).
Debnath, L. and Bhatta, D., On solutions to few linear fractional in-
homogeneous partial differential equations in fluid mechanics, Frac-
tional Calculus Appl. Analysis 7 (2004) 21-36.

Debnath, L. and Bhatta, D., Integral Transforms and Their Appli-
cations (Second Edition), CRC Press, Boca Raton, Florida (2006).

Debnath, L. and Mikusinski, P., Introduction to Hilbert Spaces
with Applications (Third Edition), Elsevier Academic Press, London
(2005).

Debnath, L. and Rollins, D., The Cauchy—Poisson waves in an invis-
cid rotating stratified liquid, Internat. J. Nonlinear Mech. 27 (1992)
405—412.

Debnath, L. and Shivamoggi, B.K., Three-dimensional nonlinear
Schrodinger equation for finite-amplitude gravity waves in a fluid,
Nuovo Cimento 94B (1986) 140-148; 99B (1987) 247.

Debnath, L. and Shivamoggi, B.K., Pseudo-variational principles and
nonlinear surface waves in a dissipative fluid, Internat. J. Nonlinear
Mech. 25 (1990) 61-65.

Dennemeyer, R., Partial Differential Equations and Boundary Value
Problems, McGraw-Hill, New York (1968).

Ditkin, V.A. and Prudnikov, A.P.; Integral transforms and Opera-
tional Calculus, Pergamon Press, Oxford (1965).

Doetsch, G., Introduction to the Theory and Applications of the
Laplace Transformation (Translated by Walter Nader), Springer
Verlag, New York (1970).

Duff, G.F.D., Partial Differential Equations, University of Toronto,
Toronto (1956).

Duff, G.F.D. and Naylor, D., Differential Equations of Applied Math-
ematics, John Wiley, New York (1966).



Bibliography

Dutta, M. and Debnath, L., Elements of the Theory of Elliptic
and Associated Functions with Applications, World Press, Calcutta
(1965).

Epstein, B., Partial Differential Equations, McGraw-Hill, New York
(1962).

Erdélyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F., Tables of
Integral Transforms (Vols. I and IT), McGraw-Hill, New York (1954).
Folland, G.B., Fourier Analysis and Its Applications, Brooks/Cole
Publishing Company, Pacific Grove, California (1992).

Forsythe, G.E. and Wasow, W.R.., Finite-Difference Methods for Par-
tial Differential Equations, John Wiley, New York (1967).

Fourier, J.B.J., The Analytical Theory of Heat (Translated by A.
Freeman), Dover Publications, New York (1955).

Fox, C., An Introduction to the Calculus of Variations, Oxford Uni-
versity Press, Oxford (1963).

Garabedian, P.R., Partial Differential Equations, John Wiley, New
York (1964).

Gelfand, I.M. and Fomin, S.V., Calculus of Variations (Translated
by R.A. Silverman), Prentice-Hall, Englewood Cliffs, New Jersey
(1963).

Ghosh, K.K. and Debnath, L., Some exact solutions of nonlinear
shallow water equations, Internal. J. Nonlinear Mech. 31 (1997) 104
108.

Greenberg, M., Applications of Green’s Functions in Science and
Engineering, Prentice-Hall, Englewood Cliffs, New Jersey (1971).
Grunberg, G., A new method of solution of certain boundary prob-
lems for equations of mathematical physics permitting of a separation
of variables, J. Phys. 10 (1946) 301-320.

Haberman, R., Mathematical Models: Mechanical Vibrations, Popu-
lation Dynamics and Traffic Flow, Prentice Hall, Englewood Cliffs,
New Jersey (1977).

Hadamard, J., Lectures on Cauchy’s Problem in Linear Partial Dif-
ferential Equations, Dover Publications, New York (1952).

Haight, F.A., Mathematical Theories of Traffic Flow, Academic
Press, New York (1963).

Hellwig, G., Partial Differential Equations, Blaisdell, Waltham, Mas-
sachusetts (1964).

Hildebrand, F., Methods of Applied Mathematics, Prentice-Hall, En-
glewood Cliffs, New Jersey (1965).

Huebuer, K.H., Dewhirst, D.L., Smith, D.L., and Byrom, T.G., The
Finite Element Method for Engineers (Fourth Edition), John Wiley
& Sons, New York (2001).

Irving, J. and Mullineux, N.,; Mathematics in Physics and Engineer-
ing, Academic, New York (1959).



Bibliography 765

Jackson, D., Fourier Series and Orthogonal Polynomials, Mathemat-
ical Association of America Monograph (1941).

Jaswon, M.A., Integral equation method in potential theory. I, Proc.
R. Soc. London, A 275 (1963) 23-32.

Jeffrey, A., Advanced Engineering Mathematics, Academic Press,
Boston (2002).

Jeffrey, A. and Engelbrecht, J., Nonlinear Waves in Solids, Springer-
Verlag, New York (1994).

Jeffrey, A. and Kawahara, T., Asymptotic Methods in Nonlin-
ear Wave Theory, Pitman Advanced Publishing Program, Boston
(1982).

Jeffrey, A. and Taniuti, T., Nonlinear Wave Propagation, Academic
Press, New York (1964).

Jeffreys, H., Operational Methods in Mathematical Physics, Cam-
bridge University Press, New York (1931).

Jeffreys, J. and Jeffreys, B.S., Methods of Mathematical Physics
(Third Edition), Cambridge University Press, Cambridge (1956).
John, F., Partial Differential Equations (Fourth Edition), Springer-
Verlag, New York (1982).

Johnson, R.S., The KdV equation and related problems in water
wave theory, in Nonlinear Waves (ed. L. Debnath), 2543, Cam-
bridge University Press, Cambridge (1983).

Johnson, R.S.; A Modern Introduction to the Mathematical Theory
of Water Waves, Cambridge University Press, Cambridge (1997).
Jones, D.S., Generalized Functions, Academic Press, New York
(1966).

Kantorovich, L. and Krylov, V., Approzimate Methods in Higher
Analysis, Interscience, New York (1958).

Keener, J.P., Principles of Applied Mathematics: Transforma-
tion and Approximation, Addition-Wesley, Reading, Massachusetts
(1988).

Keller, H., Numerical Methods for Two Point Boundary Value Prob-
lems, Blaisdell, Waltham, Massachusetts (1968).

Knobel, R., An Introduction to the Mathematical Theory of Waves,
American Mathematical Society, Providence (1999).

Korteweg, D.J. and de Vries, G., On the change of form of long
waves advancing in a rectangular canal, and on a new type of long
stationary waves, Phil. Mag. 39 (1895) 422-443.

Koshlayokov, N.S., Smirnov, M.M. and Gliner, E.B., Differential
Equations of Mathematical Physics, Holden-Day, New York (1964).
Kreider, D., Kuller, R., Ostberg, D., and Perkins, F., An Introduction
to Linear Analysis, Addition-Wesley, Reading, Massachusetts (1966).
Kreyszig, E., Advanced Engineering Mathematics (Seventh Edition),
John Wiley, New York (1993).



[100]

[101]

[102]
103]
[104]
[105]
[106]

[107]

[108]

[109]

Bibliography

Lamb, H., Hydrodynamics (Sixth Edition), Cambridge University
Press, Cambridge, England (1932).

Lax, P.D., Weak solutions of nonlinear hyperbolic equations and their
numerical computation, Comm. Pure Appl. Math. 7 (1954) 159-193.
Lax, P.D., The initial-value problem for nonlinear hyperbolic equa-
tions in two independent variables, Ann. Math. Stud. (Princeton) 33
(1954) 211-299.

Lax, P.D., Hyperbolic systems of conservation law, II, Comm. Pure
Appl. Math. 10 (1957) 537-566.

Lax, P.D., Partial Differential FEquations, Lectures on Hyperbolic
Equations, Stanford University Press (1963).

Lax, P.D., Development of singularities of solutions of nonlinear hy-
perbolic partial differential equations, J. Math. Phys. 5 (1964) 611—
613.

Lax, P.D., Integrals of nonlinear equations of evolution and solitary
waves, Comm. Pure Appl. Math. 21 (1968) 467-490.

Lax, P.D., The formation and decay of shock waves, Amer. Math.
Monthly 79 (1972) 227-241.

Lax, P.D., Hyperbolic Systems of Conservation Lays and the Math-
ematical Theory of Shock Waves, Society for Industrial and Applied
Mathematics, Philadelphia (1973).

Lax, P.D., Periodic solutions of the Korteweg—de Vries equation,
Comm. Pure Appl. Math. 28 (1975) 141-188.

Lax, P.D., A Hamiltonian approach to the KdV and other equa-
tions, in Nonlinear Evolution Equations (ed. M. Crandall), Academic
Press, New York (1978) 207-224.

Lax, P.D. and Wendroff, B., Systems of Conservation Laws, Comm.
Pure Appl. Math. 13 (1960) 217-237.

Leibovich, S. and Seebass, A.R., Nonlinear Waves, Cornell Univer-
sity Press, Ithaca and London (1972).

Lighthill, M.J., Introduction to Fourier Analysis and Generalized
Functions, Cambridge University Press, Cambridge (1964).
Lighthill, M.J., Waves in Fluids, Cambridge University Press, Cam-
bridge (1980).

Logan, J.D., Applied Mathematics (Second Edition), John Wiley,
New York (1997).

Mainardi, F., On the initial-value problem for the fractional
diffusion-wave equation, in Waves and Stability in Continuous Media
(ed. S. Rionero and T. Ruggeri), World Scientific, Singapore (1994)
246-251.

Mainardi, F., The time fractional diffusion-wave equation, Ra-
diofisika 38 (1995) 20-36.

Mainardi, F., Fractional relaxation-oscillation and fractional
diffusion-wave phenomena, Chaos, Solitons, Fractals 7 (1996) 1461
1477.



[110]
[111]
[112]
[113]
[114]
[115]
[116]
[117]

[118]

Bibliography 767

McLachlan, N.W., Complex Variable and Operational Calculus with
Technical Applications, Cambridge University Press, London (1942).
McLachlan, N.W., Modern Operational Calculus, Macmillan, London
(1948).

Mikhlin, S.G., Variational Methods in Mathematical Physics, Perg-
amon Press, Oxford (1964).

Mikhlin, S.G., Linear Equations of Mathematical Physics, Holt,
Rinehart and Winston, New York (1967).

Miller, K.S., Partial Differential Equations in Engineering Problems,
Prentice Hall, Englewood Cliffs, New Jersey (1953).

Mitchell, A.R. and Griffiths, D.F., The Finite Difference Method in
Partial Differential Equations, John Wiley, New York (1980).
Morse, P.M. and Freshbach, H., Methods of Theoretical Physics, Vol-
ume 1 and 2, McGraw-Hill, New York (1953).

Myint-U, T., Ordinary Differential Equations, Elsevier North Hol-
land, Inc., New York (1978).

Nigmatullin, R.R., The realization of the generalized transfer equa-
tion in a medium with fractal geometry, Phys. Sta. Sol. (b) 133
(1986) 425-430.

Petrovsky, 1., Lectures on Partial Differential Equations, Inter-
science, New York (1954).

Picard, E., Traité d’Analyse, Gauthier-Villars, Paris (1896).
Pinkus, A. and Zafrany, S., Fourier Series and Integral Transforms,
Cambridge University Press, Cambridge (1997).

Pipes, L.A., Applied Mathematics for Engineers and Physicists,
McGraw-Hill, New York (1958).

Qiao, Z., Generation of the hierarchies of solitons and general-
ized structure of the commutator representation, Acta. Appl. Math.
Sinica 18 (1995) 287-301.

Qiao, Z. and Strampp, W., Negative order MKdV hierarchy and a
new integrable Neumann-like system, Physica A 313 (2002) 365-380.
Raven, R.H., Mathematics of Engineering Systems, McGraw-Hill,
New York (1966).

Rayleigh, Lord, The Theory of Sound, Vol. I (1894), Vol. 2 (1896),
Dover Publications, New York.

Reif, F., Fundamentals of Statistical and Thermal Physics, McGraw
Hill, New York (1965).

Richtmyer, R.D. and Morton, K.W., Difference Methods for initial-
value problems, Interscience, New York (1967).

Roach, G.F., Green’s Functions (Second Edition), Cambridge Uni-
versity Press, Cambridge (1982).

Rogosinski, W.W., Fourier Series, Chelsea, London (1950).

Sagan, H., Boundary and FEigenvalue Problems in Mathematical
Physics, John Wiley, New York (1966).

Sansone, G., Orthogonal Functions, Interscience, New York (1959).



768
[133]
[134]
[135]
[136]
[137]

[138)]

Bibliography

Schneider, W.R. and Wyss, W., Fractional diffusion and wave equa-
tions, J. Math. Phys. 30 (1989) 134-144.

Schwartz, L., Théorie des distributions, Volume I (1950) and Volume
IT (1951), Herman and Cie, Paris.

Scott, E.J., Transform Calculus with an Introduction to Complex
Variables, Harper, New York (1955).

Seeley, R., An Introduction to Fourier Series and Integrals, W.A.
Benjamin, New York (1966).

Smirnov, V.1., Integral Equations and Partial Differential Equations,
Addison-Wesley, Reading, Massachusetts (1964).

Smith, G.D., Numerical Solution of the Partial Differential Equa-
tions (Third Edition), Clarendon Press, Oxford (1985).

Smith, M.G., Introduction to the Theory of Partial Differential Equa-
tions, Van Nostrand, Princeton, New Jersey (1967).

Smoller, J., Shock Waves and Reaction-Diffusion Equations (Second
Edition), Springer-Verlag, New York (1995).

Sneddon, I.N., Fourier Transforms, McGraw-Hill, New York (1951).
Sneddon, I.N., Elements of Partial Differential Equations, McGraw-
Hill, New York (1957).

Sneddon, I.N.; The Use of Integral Transforms, McGraw-Hill, New
York (1972).

Sobolev, S.L., Partial Differential FEquations of Mathematical
Physics, Addison-Wesley, Reading, Massachusetts (1964).

Soewono, E. and Debnath, L., Asymptotic stability of solutions of
the generalized Burgers equation, J. Math. Anal. Appl. 153 (1990)
179-189.

Soewono, E. and Debnath, L., Classification of self-similar solutions
to a generalized Burgers equation, J. Math. Anal. Appl. 184 (1994)
389-398.

Sokolnikoff, I.S., Mathematical Theory of FElasticity, McGraw-Hill,
New York (1956).

Sokolnikoff, I.S. and Redheffer, R.M., Mathematics of Physics and
Modern Engineering, McGraw-Hill, New York (1966).

Sommerfeld, A., Partial Differential Equations in Physics, Academic
Press, New York (1964).

Stakgold, I., Green’s Functions and Boundary Value Problems,
Wiley-Interscience, New York (1979).

Stoker, J.J., Water Waves, Interscience, New York (1957).

Stoker, G., On the theory of oscillatory waves, Trans. Camb. Phil.
Soc. 8 (1847) 197—-229.

Strauss, W.A., Partial Differential Equations: An Introduction, John
Wiley, New York (1992).

Symm, G.T., Integral equation method in potential theory, Proc.
Roy Soc. London A275 (1963) 33—46.



[155]

[156]

[157]
[158]
[159]
[160]
[161]
[162]
[163]
[164]
[165]
[166]
[167]
[168]
[169]

[170]

[171]

[172]
[173]
[174]

[175]

Bibliography 769

Tikhonov, A.N. and Samarskii, A.A., Fquations of Mathematical
Physics, Macmillan, New York (1963).

Titchmarsh, E.C., Eigenfunction Expansions Associated with Second-
Order Differential FEquations, Oxford University Press, Oxford
(1946).

Titchmarsh, E.C., An Introduction to the Theory of Fourier Inte-
grals, Oxford University Press, Oxford (1962).

Toda, M., Vibration of a chain with nonlinear interaction, J. Phys.
Soc. Japan 22 (1967) 431-436.

Tolstov, G.P., Fourier Series, Prentice-Hall, Englewood Cliffs, New
Jersey (1962).

Tranter, C.J., Integral Transforms in Mathematical Physics (Third
Edition), John Wiley, New York (1966).

Tychonov, A.N. and Samarskii, A.A., Partial Differential Equations
of Mathematical Physics, Holden-Day, New York (1964).

Watson, G.N., A Treatise on the Theory of Bessel Functions, Cam-
bridge University Press, Cambridge (1966).

Webster, A.G., Partial Differential Equations of Mathematical
Physics, Dover Publications, New York (1955).

Weinberger, H., A First Course in Partial Differential Equations,
Blaisdell, Waltham, Massachusetts (1965).

Whitham, G.B., A general approach to linear and nonlinear disper-
sive waves using a Lagrangian, J. Fluid Mech. 22 (1965) 273-283.
Whitham, G.B., A new approach to problems of shock dynamics.
Part I. Two dimensional problems, J. Fluid Mech. 2 (1975) 146-171.
Whitham, G.B., Linear and Nonlinear Waves, John Wiley, New York
(1976).

Whittaker, E.T. and Watson, G.N.; A Course on Modern Analysis,
Cambridge University Press, Cambridge (1952).

Widder, D.V., The Laplace Transform, Princeton University Press,
Princeton, New Jersey (1941).

Zabusky, N.J. and Kruskal, M.D., Interaction of Solitons in a Col-
lisionless Plasma and Recurrence of Initial States, Phys. Rev. Lett.
15 (1965) 240-243.

Zakharov, V.E. and Shabat, A.B., Exact Theory of Two-Dimensional
Self-Focusing and One-Dimensional Self Modulation of Waves in
Nonlinear Media, Sov. Phys. JETP 34 (1972) 62-69.

Zakharov, V.E. and Shabat, A.B., Interaction Between Solitons in a
Stable Medium, Sov. Phys. JETP 37 (1974) 823-828.

Zauderer, E., Partial Differential Equations of Applied Mathematics
(Second Edition), John Wiley, New York (1989).

Zienkiewicz, O.C. and Cheung, Y.K., Finite elements in the solutions
of field problems, Engineer. 220 (1965) 370-507.

Zienkiewicz, O.C. and Taylor, R.L., The Finite Element Method,
McGraw-Hill, New York (1989).



770

[176]

[177]

[178]
[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

Bibliography

Tables and Formulas

Campbell, G.A. and Foster, R.M., Fourier Integrals for Practical
Applications, Van Nostrand, New York (1948).

Erdélyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G.,
Higher Transcendental Functions, Volumes I, II, and III, McGraw-
Hill, New York (1953).

Jeffrey, A., Handbook of Mathematical Formulas and Integrals (Third
Edition), Elsevier Academic Press, New York (2004).

Jhnke, E., Emde, F., and Losch, F., Tables of Higher Functions,
McGraw-Hill, New York (1960).

Magnus, W., Oberhettinger, F., and Soni, R.P., Formulas and Theo-
rems for the Special Functions of Mathematical Physics (Third Edi-
tion), Springer-Verlag, Berlin (1966).

Oberhettinger, F., Tables of Bessel Transforms, Springer-Verlag,
New York (1972).

Marichev, O.1., Handbook of Integral Transforms of Higher Transcen-
dental Functions: Theory and Algorithmic Tables, Ellis Horwood,
Chichester, (1982).

Zeidler, E., Ozford User’s Guide to Mathematics, Oxford University
Press, Oxford (2004).

Problem Books

Budak, B.M., Samarskii, A.A., and Tikhonov, A.N., A Collection of
Problems on Mathematical Physics, Macmillan, New York (1964).
Lebedev, N.N., Skalskaya, I.P., and Uflyand, Y.S., Problems of
Mathematical Physics, Prentice-Hall, Englewood Cliffs, New Jersey
(1965).

Smirnov, M.M., Problems on the Equations of Mathematical Physics,
Noordhoff (1967).



Index

Abel’s problem, 529

acceleration parameter, 620

adjoint, 630

adjoint operator, 143, 296

angular frequencies, 239

associated Legendre function, 307,
384, 385

backward first difference, 602

Banach space, 629

Bender—Schmidt explicit formula, 613

Benjamin and Feir instability, 586, 587

Benjamin, Bona and Mahony (BBM)
equation, 580

Bernoulli, 3

Bessel equation, 289, 375

Bessel function, 289

Bessel function of the first kind, 290

Bessel function of the second kind, 291

Bessel’s inequality, 175, 286

biharmonic equation, 64, 404

biharmonic wave equation, 64

binding energy, 389

Birkhoff, 10

Blasius problem, 527

Bohr radius, 388

Born, 10

bound state, 392

boundary conditions, 15

boundary element method, 668

boundary integral equation method,
668

boundary-value problem, 308, 329

bounded, 630

Boussinesq equation, 543, 675
Brachistochrone problem, 678
Burgers equation, 81, 563, 569

canonical form, 49, 50, 95, 96

Cauchy, 46

Cauchy data, 119

Cauchy problem, 3, 15, 36, 118

Cauchy sequence, 629

Cauchy—Kowalewskaya theorem, 6,
120

Cauchy—Poisson problem, 530

Cauchy—Poisson wave problem, 485

Cauchy—-Riemann equations, 5

central first difference, 602

CFL condition, 609

characteristic, 34

characteristic base curve, 34

characteristic curve, 2, 33, 35, 94, 537,
555

characteristic direction, 33

characteristic equation, 33, 94, 120

characteristic initial-value problem,
150

characteristic velocities, 549

Clairaut, 2

cnoidal wave, 578

commutator, 591

compatibility condition, 349

complete integral, 29

complete solution, 29

complex Fourier series, 194

conservation law, 80

conservation of vorticity, 89



772 Index

consistent, 604

continuity equation, 85

continuity theorem, 333

convergence, 602

convolution, 448, 467

convolution property, 497

convolution theorem, 448, 467

Courant, 663

Courant parameter, 608

Courant—Friedrichs-Lewy convergence
criterion, 608

Crank—Nicolson formula, 626

Crank—Nicolson implicit formula, 625

cummulative truncation, 603

cylindrical wave equation, 155, 156

d’Alembert, 3

d’Alembert solution, 3, 123

d’Alembertian, 65

damped wave equation, 84

de Broglie wave, 542

Debnath, 482, 485, 515, 517, 519, 521,
588, 590

density, 580

differential operators, 16

differentiation, 445, 464

differentiation theorem, 209

diffusion equation, 514, 566, 569

diffusion equation in a finite medium,
482

diffusion in a finite medium, 483

diffusive, 97

dilatational, 73

Dirac delta function, 446, 470

Dirichlet, 5

Dirichlet boundary-value problem, 5

Dirichlet condition, 235

Dirichlet kernel, 203

Dirichlet problem, 330, 416

Dirichlet problem for a circle, 334

Dirichlet problem for a cylinder, 363

Dirichlet problem for a rectangle, 343,
348

Dirichlet problem for a sphere, 367

Dirichlet problem for circular annulus,
340

discontinuities, 44

discrete energy spectrum, 387

discrete values of energy, 392

discretization error, 603

dispersion relation, 541, 573

dispersion relation for water waves,
542

dispersive, 97, 542

dispersive wave, 540

domain of dependence, 123, 125

double Fourier series, 212, 213

Du Fort—Frankel explicit algorithm,
614

Duhamel formula, 481, 533

Duhamel principle, 165

eigenfunction, 237, 274
eigenvalue, 237
eigenvalue problem, 236
Einstein, 10

elliptic, 92

elliptic equation, 111
energy, 241

energy density, 547
energy equation, 163
energy flux, 547
energy integral, 163
envelope, 48

equation
Benjamin, Bona and Mahony
(BBM), 580

Bessel, 289, 375

biharmonic, 64, 404

biharmonic wave, 64

Boussinesq, 543, 675

Burgers, 81, 563, 569

Cauchy—Riemann, 5

characteristic, 33, 94, 120

continuity, 85

cylindrical wave, 155, 156

damped wave, 84

diffusion, 514, 566, 569

elliptic, 111

energy, 163

Euler, 38, 65, 88, 89, 100

Fuler-Lagrange, 9, 629, 633, 634,
646

Euler—Poisson—Darboux, 598

Fokker—Planck, 62, 90, 264, 436

fractional axisymmetric wave-
diffusion, 518

fractional diffusion, 510, 514



fractional diffusion-wave, 511

fractional partial differential
equation, 510

fractional Schrodinger, 520

fractional wave, 512

Hamilton—Jacobi, 9

heat, 64, 76, 84

Helmbholtz, 64, 75, 85, 330, 372, 494

Hermite, 323

hyperbolic, 111

Klein-Gordon (KQG), 64, 542

Korteweg—de Vries (KdV), 88, 542,
574, 593

Lagrange, 8

Laguerre, 323

Laplace, 3, 64, 330, 361

Lax, 592

Legendre, 302, 384

Legendre associated, 306

linear Schrodinger, 82, 582

linearized Korteweg—de Vries
(KdV), 83

Maxwell, 3, 84

Navier, 72, 73

nonhomogeneous wave, 139

nonlinear, 29

nonlinear diffusion, 80

nonlinear hyperbolic, 550

nonlinear Schrédinger (NLS), 83,
583, 585

parabolic , 111

partial differential, 12

Poisson, 64, 85, 330, 429

potential, 3, 5

quasi-linear partial differential, 28,
89

Schrodinger, 64, 317, 330, 382, 404,
542, 581

spherical wave, 153

Sturm—Liouville, 274

Tchebycheff, 323

telegraph, 64, 84, 87, 147, 436

time dependent Schrodinger, 382

vorticity, 89

wave, 64, 67, 69, 73, 511, 535, 536,
542

wave and heat, 372

Whitham, 545, 548

equation for vibration of a beam, 542

Index 773

error function, 452

Euler, 3

Euler equation, 38, 65, 88, 89, 100

Euler’s equation of motion, 85

Euler-Lagrange equation, 9, 629, 633,
634, 646

Euler-Lagrange variational principle,
634

Euler—Lagrange variational problem,
632

Euler—Poisson—Darboux equation, 598

even extension, 192

explicit finite difference methods, 608

Fermat, 7

Fermat principle in optics, 635

Fermi—Pasta—Ulam model, 88

fine structure corrections, 389

finite difference approximations, 602

finite element method, 663

finite Fourier cosine transform, 500

finite Fourier sine transform, 499

finite Hankel transform, 505

first canonical form, 95

Fitzgerald, 10

five-point formula, 621

flood wave, 552

flux, 580

Fokker—Planck equation, 62, 90, 264,
436

Forsyth, 6

forward first difference, 602

Fourier, 4

Fourier coefficients, 173

Fourier cosine transform, 443, 456, 500

Fourier integral representation, 218,
219

Fourier integral theorem, 4, 217

Fourier integrals, 214

Fourier method, 232

Fourier series, 171, 173

Fourier sine integral formula, 443

Fourier sine transform, 443, 457

Fourier transform, 440

Fourier-Legendre series, 284

fractional axisymmetric wave-diffusion
equation, 518

fractional derivative, 480, 482, 499

fractional diffusion equation, 510, 514



774 Index

fractional diffusion-wave equation, 511

fractional partial differential equation,
510

fractional Rayleigh problem, 517

fractional Schroédinger equation, 520

fractional Stokes and Rayleigh
problem, 515

fractional unsteady Couette flow, 517

fractional wave equation, 512

fundamental harmonic, 239

fundamental period, 169

fundamental solution, 451

Galerkin approximation method, 655
Gauss, 5

Gaussian probability density, 404
general Parseval relation, 227
general solution, 30, 107

generalized coordinates, 638
generalized solution, 130

Gibbs, 186

Gibbs phenomenon, 181, 185, 208, 225
global convergence, 174

Goursat, 6

Goursat problem, 149

gravitational potential, 76

Green, 5

Green’s function, 312, 407-409, 451
group velocities, 541

group velocity, 546

Hadamard, 3

Hadamard example, 121

Hamilton, 8

Hamilton equations of motion, 8, 643

Hamilton’s principle, 8, 636

Hamilton—Jacobi equation, 9

Hamiltonian, 382

Hamiltonian function H, 642

Hankel transform, 489

harmonic, 330

harmonic function, 5, 330

harmonic oscillator, 320

heat conduction in a rectangular
volume, 381

heat equation, 64, 76, 84

heat flow in a rectangular plate, 375

Heaviside unit step function, 453, 470

Helmholtz equation, 64, 75, 85, 330,
372, 494

Helmholtz operator, 415, 418

Hermite equation, 323

Hermite function, 265

Hermite polynomials, 320

Hilbert, 10

Hilbert space, 629

homogeneous, 13, 29

hydrogen atom, 382

hyperbolic, 92

hyperbolic equation, 111

ill-posed problem, 549

implicit finite difference method, 624
implicit Richardson formula, 626
impulse function, 454

infinite square well potential, 389
initial boundary-value problem, 15
initial condition, 15, 37

initial data, 37

initial-value problem, 3, 15, 36, 118
inner product, 629

integral surface, 33

integration, 465

integration theorem, 209

inverse Fourier cosine transform, 500
inverse Fourier sine transform, 500
inverse Fourier transform, 440
inverse Hankel transform, 489, 505
inverse Laplace transform, 461
inverse Mellin transformation, 496
irrotational, 73

Jacobi, 6, 9
Jacobian, 411

Kantorovich method, 659

Klein, 10

Klein—Gordon (KG) equation, 64, 542

Korteweg—de Vries (KdV) equation,
88, 542, 574, 593

Kowalewskaya, 6

Lagrange, 2, 3

Lagrange equation, 8

Lagrange equations of motion, 639
Lagrange identity, 279, 297
Lagrangian, 8

Laguerre equation, 323



Laplace, 4

Laplace equation, 3, 64, 330, 361

Laplace operator, 65, 72, 372

Laplace transform, 461

law of the conservation of energy, 643

Lax equation, 592

Lax equivalence theorem, 604

Lax pair, 591

Lax—Wendroff explicit method, 605

Lax—Wendroff second-order finite
difference scheme, 606

leap frog algorithm, 607, 610

Legendre, 5

Legendre associated equation, 306

Legendre equation, 302, 384

Legendre function, 302, 370

Legendre function of the first kind,
304

Legendre function of the second kind,
305

Legendre polynomial, 304

Lerch, 465

Lie, 6

Liebmann iterative method, 619, 620

Lighthill, 446

linear, 13, 28, 630

linear integral superposition principle,
19

linear Schrédinger equation, 82, 582

linear superposition principle, 19

linearity, 444, 463

linearized Korteweg—de Vries (KdV)
equation, 83

Liouville, 6, 7

Liouville theorem, 352

local convergence, 174

local frequency, 546

local truncation error, 604

local wavenumber, 546

longitudinal wave velocity, 73

Lorentz, 10

lowest state energy, 319

Mach number, 86

magnetic quantum number, 385
Mainardi, 514

Maupertius, 7

maximum principle, 332
Maxwell, 3

Index 775

Maxwell equation, 3, 84

mean value theorem, 338, 618

mean-square convergence, 173, 174

Mellin transform, 496

method of characteristics, 35

method of images, 420

method of majorants, 6

method of separation of variables, 3,
51, 232

Michelson, 186

minimum principle, 332

Mittag-Leffler function, 510

mixed condition, 235

Monge, 2, 5

Monge axis, 33

Monge cone, 35

Navier, 6

Navier equations, 72, 73

Neumann, 5

Neumann boundary-value problem, 5

Neumann condition, 235

Neumann problem, 331, 341, 430

Newton, 2

Newton second law of motion, 637

nodes, 239

Noether, 10

nonhomogeneous, 13, 29

nonhomogeneous wave equation, 139

nonlinear, 13

nonlinear diffusion equation, 80

nonlinear dispersion relation, 585

nonlinear equation, 29

nonlinear hyperbolic equation, 550

nonlinear initial-value problem, 539

nonlinear Schrédinger (NLS) equation,
83, 583, 585

norm, 170, 450, 629

normal modes, 239

normal stresses, 69

numerical characteristics, 609

odd extension, 192

orbital quantum member, 385
order, 13

orthogonal, 170, 277
orthonormal system, 170
Ostrogradsky, 5, 8

overtones, 239



776 Index

parabolic, 92

parabolic equation, 111

Parseval formula, 195, 449, 497
Parseval relation, 176, 212, 491
Parseval’s equality, 286

partial differential equation, 12
particular solution, 30

period, 169

periodic, 169

periodic extension, 190, 192

phase, 541

phase function, 459

Picard, 11

piecewise continuous, 168
piecewise smooth, 168

piston problem, 558, 559

Planck constant, 318, 382

Plateau, 7

Poincaré, 8

Poincaré—Cartan invariant, 9

point phase, 459

pointwise approximations, 663
pointwise convergence, 173
pointwise convergence theorem, 202
Poisson, 4

Poisson equation, 64, 85, 330, 429
Poisson integral formula, 337, 428, 451
Poncelet, 5

positive definite, 631

potential, 5

potential energy, 382

potential equation, 3, 5

power spectrum, 450

principal quantum number, 387
principle of conservation of energy, 581
principle of least action, 7, 636
principle of linear superposition, 19
principle of superposition, 451
progressive wave, 127

quantum number, 319

quasi-linear, 13

quasi-linear partial differential
equation, 28, 89

radial velocity, 154
range of influence, 124
Rayleigh, 10

Rayleigh layer, 478

Rayleigh problem, 477

Rayleigh—Ritz approximation method,
647

Rayleigh—Ritz method, 655

regular Sturm-Liouville (RLS) system,
274

relaxation factor, 620

residual, 656

residual displacement, 129

Richardson explicit finite difference
scheme, 614

Richardson iteration formula, 620

Riemann function, 148

Riemann invariants, 557, 558

Riemann method, 142

Riemann zeta function, 189, 533

Riemann—Lebesgue lemma, 201

Robin problem, 331, 422

Rodriguez formula, 305

rotational waves, 74

round-off error, 604

Rydberg, 388

sawtooth wave function, 180

scalar potential, 74

scaling, 445, 463, 492

Schrédinger equation, 64, 317, 330,
382, 404, 542, 581

second canonical form, 95

second shifting, 470

self-adjoint, 143, 296, 630

semilinear, 28

shear stresses, 69

shifting, 444, 463

shock, 540

shock condition, 562

shock thickness, 569

shock wave, 561

signum function, 460

similarity variable, 478

simple eigenvalue, 277

simple harmonic oscillator, 637

simple wave, 553

simple wave motions, 558

singular solution, 30

singular Sturm-Liouville (SSL)
system, 297

skin friction, 479

smooth function, 31



Snell law of refraction of light, 636
solitary wave, 576, 581, 585
soliton, 83, 573, 576
solution
complete, 29
d’Alembert, 3, 123
fundamental, 451
general, 30
generalized, 130
particular, 30
singular, 30
Stokes steady-state, 478
weak, 31
solution surface, 33
solutions, 12
Sommerfeld radiation condition, 494
source point, 429
spectral function, 459
spherical harmonics, 385
spherical symmetric wave, 153
spherical wave equation, 153
stability, 602
stable, 604
standing wave, 239
stationary phase method, 458
stationary point, 459
Stokes, 6
Stokes expansion, 548
Stokes layer, 478
Stokes problem, 477
Stokes steady-state solution, 478
Stokes—Ekman problem, 528
Sturm, 7
Sturm—Liouville equation, 274
Sturm—Liouville operator, 279
Sturm—Liouville theory, 6, 273
Successive Over-Relaxation (SOR)
scheme, 620
superposition principle, 20
linear, 19
linear integral, 19

Tchebycheff equation, 323

telegraph equation, 64, 84, 87, 147,
436

thermal conductivity, 75, 481

time dependent Schrédinger equation,
382

time invariant function, 581

Index Yt

total kinetic energy, 240
total potential energy, 240
traffic flow model, 549
transform
finite Fourier cosine, 500
finite Fourier sine, 499
finite Hankel, 505
Fourier, 440
Fourier cosine, 443, 456, 500
Fourier sine, 443, 457
Hankel, 489
inverse Fourier, 440
inverse Fourier cosine, 500
inverse Fourier sine, 500
inverse Hankel, 489, 505
inverse Laplace, 461
Laplace, 461
Mellin, 496
transverse wave velocity, 72
triangular wave, 128
triangular wave function, 187, 188
truncation error, 602

undular bore, 579

uniform and absolute convergence
theorem, 208

uniform convergence, 173

uniqueness theorem, 333

variational method, 629

vector potential, 74

vibrating membrane, 67, 372
vibrating string problem, 136, 235
vibration of a circular membrane, 374
von Neumann stability, 610

von Neumann’s stability method, 605
vorticity equation, 89

wave
cnoidal, 578
de Broglie, 542
dispersive, 540
flood, 552
progressive, 127
rotational, 74
shock, 561
simple, 553
solitary, 576, 581, 585
spherical symmetric, 153
standing, 239



778 Index

triangular, 128

wave and heat equations, 372

wave equation, 64, 67, 69, 73, 511, 535,
536, 542

waves in three dimensions, 379

waves of distortion, 72

weak solution, 31

Weierstrass, 6

Weierstrass approximation theorem,
223

well-posed problem, 16, 124, 166
Weyl, 10

Weyl fractional integral, 498
Whitham, 545, 588

Whitham equation, 545, 548
Wright function, 511

Zakharov—Shabat (ZS) scheme, 594
Zienkiewicz and Cheung, 664



